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Convergence in probability
1. A sequence of real numbers a,, converges to a if for all € > 0, there exists N such
that for all n > N,
lan, —a| <€

We write lim,,_o0 a,, = a.

2. A sequence of random vectors Z,, € R¥ converges in probability to Z as n — oo,
denoted Z,, —, Z, if for all 6 > 0,

lim P{||Z, — Z|| > 6} =0
n—oo

3. An estimator 6 of 6 is consistent if 6 —, 6 as n — oo.
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Convergence in probability

Example 1:
Suppose Z,, ~ i.i.dN(0,1). Then, for any § > 0,

P{|Z, — 0| > 6} = P{|Z,| > 6} 40

as n — 00.
Example 2:
Suppose Z, = n~'Z where Z ~ N(0,1). Then, for any § > 0,

P{|Z, —0| >0} =P{|Z| >nd} — 0

as n — 00.
Example 3:
Suppose Z, ~ i.i.dN (0,2). Then, for any 6§ > 0,

P{|Zn — 0] > 6} = P{|VnZn| > v/né} — 0

as n — oQ0.
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Convergence in probability

Suppose f : R¥ — R™ is a continuous function and Z,, — ¢ € R¥. Then, we have!
f(Zn) —=p f(c)
As a special case, let Z,, —, ¢ € R*¥ and Y, —, d € R. Then, we have
ZnYn —p cd
Note that W,, = (Z.,Y,) and f : R¥*1 — R¥ defined as
fWh) = ZnYn

is continuous.

1We are not going to prove this.
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Markov Inequality
For any § > 0, we have

P{|X| > ¢} <6 'E|X]|

Proof.
Let f(x) be pdf of X. Then,

P{|X| > ¢} = f(z)dx
{z:|xz|>0}

< / Mf(x)dw
{a:[2]>5} O

< [ Eswar
< 6TE|X|

Corollary: P{|X| > §} =P{|X|" > §"} <5 "E|X|" for any r > 0.
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Weak Law of Large Numbers

If Y; € R arei.i.d. and var(Y') < oo, then as n — oo, we have

1 &
Y:azn—@EY

Proof.
For any § > 0, we have

1 — 1 — 1
P 72 Y; —EY| >4 <5*2E—§ Y; - EY —62E—§ Y; — EY;
{nizl g }_ ni:l nz:1< )
1 " ? 1 <
_ 52 - _ 2
=073 ;:1(5/@ EY;)| =6~ > Z§:1E|(Y EY3)|
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Example

Let X; e R¥.i=1,...,n bei.id. random vectors. Let X € R™** be a matrix
collecting each observations in its rows. Then, we have

1 1 &
EX’X = ; X X! =, EX;X]

as n — 00. Suppose e; satisfies EX;e; = 0. Let e € R"*! be a vector of observations.

Then, we also have

1 1 <
—X’e = g Z Xie,- —p IEXiei =0

n ;
=1
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Example

Let 3 = (X'X)~!X"Y be the sample linear projection coefficient. Suppose
1. (X3,Y;),i=1,...,nareiid.
2. (X,Y) satisfies?
Y=XB+e
E[Xe] =0

Then, we have
f=(X'X)"'X'Y
= (X'X)"'X/(X8 + e)
=B+ (X'X)"'X'e

2This does not imply that the conditional expectation function m(z) is linear in z.
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Example

Thus,
. 1o, ‘1o,
b-p=(-xXX) “Xe-,0
n n
because (1X'X) ™" =, (EX;X!)~ and 2X’e —, 0. In other words, 3 is consistent.

We need some regularity conditions for these results to hold. Sufficient conditions are
1. EX;X] invertible.
2. E[|Xi]|* <
3. IEe;1 < 00
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Convergence in distribution

Definition:

Let Z,, be a sequence of random vectors with distributions F),(u) = P{Z,, < u}. We
say Z, converges in distribution to Z as n — oo, denoted Z,, —4 Z, if for all u at
which F(u) = P{Z < u} is continuous, F,(u) — F(u) as n — co. We call F(u) the

asymptotic (limit) distribution of Z,.
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Convergence in distribution

Let Z, —4 Z € R* and f : R¥ — R™ be continuous. Then, we have

f(Zn) —d f(Z)

as n — o0o. This is called the continuous mapping theorem. Another property that we
will use (without proof) is stated in the following. Let Z, —4 Z and Y,, —, c. Then,

ZnYn —d cZ

as n — Q.
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Central limit theorem

Univariate CLT:
If X; € R arei.id., and var(X;) < oo, then

n—1/2 Zn:(XZ — EX;) —4 N(0,var(X;))

i=1

as n — o0.

Multivariate CLT:

If X; € R* are i.i.d., and E||X;||? < oo, then

n~ 23 (X - EX;) 4 N(0,Zx)
=1

where EX = E(Xl — EXZ)(Xz — EXz)/
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Central limit theorem
Note that

var (n_1/2 i(xi - ]EXQ) =n"tvar <i(XZ- — IE:Xi))

i=1 =1

=n! Zn:var (X; —EX;))

i=1
=var ((X; — EX;))
=E(X; - EX;)(X; — EX;)
where in the second equality, we've used independence, in the third, we've used

identically distributed. If we don't have i.i.d., the most general form of the limit
variance would be given by

i —1/2 _EX,
nh—>Holo var (n ;(Xl IEXl)>

assuming it exists (is finite). This is called the long-run variance of X;.
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Let 3 = (X’X)"!X'Y be the sample linear projection coefficient. Suppose
1. (X4,Y),i=1,...,n areiid.
2. (X,Y) satisfies®
Y=XpB+e
E[Xe] =0

Then, we have

B=8+XX)"Xe
A Lo i 1 /
— Vili-5) - (1xx)  Joxe

3This does not imply that the conditional expectation function m(z) is linear in z.
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Example

Note that
1 1 <
—Xe=—"— X;e;
AT R
1 n
= % ZZ:;(X,(BZ — EXZEZ‘)
—d N( aQ)
where Q = E[X; X/e?]. Thus,
Valh - 8) = (+x'x A
S \n vn

—_————— ——
—p(EX; X1)=1 —4N(0,0)
which implies
V(B = 8) =4 N(©0,Q7'eQ ™)
where Q = EX; X/.

16 /17



Example
Furthurmore, we have

V(B = B) —a N, *(EX; X)) ™)
under the added assumption of conditionally homoskedasticity, i.e.,
Ele?|X;] = 0*(X;) = o*
is independent of X;. If we do not have conditional homoskedasticity (or if we have
serial correlation in {Xje;}), we need to estimate the limit variance of

ﬁ Yo (Xie; — EXjey), ie.,

. 1< -
nh_{r;o var (ﬁ ;(Xiei - EXiei)) =:Q

Then, after estimating Q = E, X; X! = %Z?Zl X, X/, we estimate the variance of the
limit distribution of \/n(5 — ) as
Q~'QQ™!

One can do this using the Newey-West (1987) estimator. 17/17
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