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Kernel

A symmetric, real-valued function K : T'x T' — R is said to be positive definite if, for
allaq,...,ap, € Rand t1,...,t, €T

ZZala] tz,t] >0

=1 j=1
is satisfied for any n > 1. Here, we call the function K symmetric if it satisfies
K(t,s) = K(s,t)

for any t,s € T. Here, T may be regarded as a compact subset of RP.
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Kernel

The usual inner product (t;,t;) = tt; defined in RP is a positive definite kernel. To see

this, note that for all a1,...,a, € Rand ¢1,...,t, € T, we have
/ n
>3 it = (Y] (Sows | =1
=1 j=1 7j=1

Other examples of positive definite kernels include the radial basis function kernels
K(t,s) = e l=slP s
and polynomial kernel

K(t,s) = (aft,s) +1)%, deN,a>0
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Kernel trick

Kernel trick: Formulate an estimation problem only in terms of inner products, i.e.,
o
<xia I]) = I;T;

fori,j =1,...,n. Replace the inner product 2}z, with a positive definite kernel
K(z,z;) foralli,j=1,...,n.
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Kernel tricks for linear regression models
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Original formulation of OLS

Suppose X is n X p dimensional data matrix. Recall that OLS estimator is defined as

pott = argmin(Y — X8)'(Y — X)

1. Suppose p < n. Then, (X'X)~! exists, and we have a unique solution given by
f=XX)"X'Y

2. Suppose p > n. Then, (X’X)~! does not exist, and we do not have a unique
solution. Any f such that the squared error becomes zero is a solution.

7/35



Original formulation of OLS

2. (Conti.) The solution is characterized by the equation
Y = X5
Let X = UDV"’ be the singular value decomposition of X. Then, 3 given by
B=XtY
=VD'U'Y

is a solution. Here, X+ = VD~1U’ is the Moore-Penrose inverse of X and
B =VD 'Y gives the minimum (Euclidean) norm solution to Y = X3.

8/35



Original formulation of OLS
2. (Conti.) The full set of solutions can be written as
B=VDWUY +v
where v is any p dimensional vector in the null space of X.i.e.,
{veRP:Xv=0}
The squared norm of 3 is given by

1812 = YUD 'W'VD'U'Y + 20'VD U'Y + v'v
=YUD 'WWV'VD W'Y + v

where the second equality follows because the null space of X is equivalent to the
null space of V. Thus, the minimum norm estimator 3 is given by taking v = 0.
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Inner product fomulation of OLS

Let us formulate the OLS as

@ = arg min (Y — XX'a)'(Y — XX'a)

acR”

Here, XX’ is what's called the Gram matrix and is given by

XX = : (xl o :rn)

XX’ is n x n dimensional matrix with z/z; as its (i, j)-th element. The inner product
formulation is only done so that we may use the kernel trick.
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Inner product formulation of OLS

@ = arg min (Y — XX'a)(Y — XX'a)
aER™?

After o has been estimated, we'd predict a new sample ¢,,.1 using the formula

N / /A
Unt1 = Ty X&
n
— / A
= Tni1 E T
i=1

n
=Y m
i=1
Thus, we may regard
n
f(z) = Z ;' x;
i=1

as an estimator for the conditional mean function f(z) = E[y|X = z].
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Inner product formulation of OLS
1. Suppose n > p. Then, the solution & is not unique and any & that satisfies
X'a=p=(XX)"'XY
is a solution. The minimum norm solution to the above equation is
a=XH)""X'X) "' XY

=UD'V(VDU'UDV') 'V DU'Y
=UD'V'(VD*V)VDU'Y
=UD?U'Y

and the full set of the solution is characterized by

a=UD?U'Y +v

for some vector v in the null space of X'. Here, (XX')T = UD2U" is the

Moore-Penrose inverse of XX'.
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Inner product formulation of OLS
2. Suppose n < p. Then, the solution & is unique and is given by
& = (XX)2XX'Y = (XX)" 'Y
In this case, 3 is not unique. However, we still have
XB=XX'a=Y

Thus, we have a perfect in-sample fit in both the original and inner product
formulation of OLS. If we predict ¢,,11 with

Gnt1 = @ X'& = 2], X/ (XX')~1Y. This is equivalent to the prediction
obtained in the orlgmal formulation if we use the minimum norm solution

B =VDU'Y because

X'a = X' (XX)'Y = VD WU'Y = 3
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Kernel Trick

Kernel trick in OLS is done by replacing 2}z, with K (z;,z;) in the inner product
formulation of OLS.

ahernelols — arg min (Y — Ka)'(Y — Ka)
acR™

where a = (a1,...,a;,)" and K is an n x n dimensional matrix with K (z;, z;) as its
(i, 7)-th element. The solution is always unique (if we are using a strictly positive
definite kernel) and is given by

dkernel,ols — K- lY

We always get a perfect fit. If we are given a new sample x,,.1, the predicted value will
be given by

n
ni1 =Y 6K (ny1, ;)
i=1

However, we usually wouldn't want to use this model for prediction because K1 is not

well-behaved.
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Original formulation of ridge regression

The ridge regression is given by
B =arg min (Y — XB)' (Y —XB) + \3'f
BERP

If X > 0, the solution always exists uniquely as

B=(X'X+A,) XY
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Inner product formulation of ridge regression
Consider the inner product formulation of ridge regression

& = arg m%Rn (Y — XX'a) (Y — XX'a) + \a'XX'«
acR™
As before, we predict 9,11, using
Unt+1 = $%+1B

0 /A
=T, 1 X«

= i iy, 41T
i=1
The FOC is given by
—XX'(Y - XX'a) + XX'a=0
so that the solution is characterized by
XX'Y = XX/'(XX' 4+ A\«

16/35



Inner product formulation of ridge regression

The solution is characterized by

XX'Y = XX/(XX' + M)

1. Suppose n > p. Then, (XX’)~! does not exist. The solution is not unique and
the solution is characterized by

&= XX+ ML) Y v

for some v in the null space of X'.
2. Suppose n < p. Then, (XX’)~! exists and the unique solution is given by

a=(XX'+\,)" 'Y
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Inner product formulation of ridge regression

Note that we have
(X'X + M\, X' = X'(XX' + A\I,)
pre- and post- multiplying both sides by (XX’ 4 AI,,)~!, we obtain
(X'X + A\,) ' X = X/(XX' 4+ AI,) !
Thus, regardless of the size of n, p, we always have

X'a=X'(XX'+ \,,)" 'Y
= (X'X + \I,) X

=5
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Kernel Trick

In the inner product formulation of ridge regression, we replace XX’ with K. Then, we

have
& = arg min (Y — Ka)' (Y — Ka) + A\d’Ka
acR™
where o = (a1, ..., ay)" and K is an n x n dimensional matrix with K (z;,z;) as its

(1, 7)-th element. The solution is always unique and is given by
=K+, 'Y

If we are given a new sample x,,11, the predicted value will be given by

n
ni1 =Y 6K (ny1, ;)
i=1
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Original formulation of PCA

Let P, be n x n dimensional projection matrix given by
P, = tn(thn) " e,
and M, =1I,, — P,. Then,
1 /
~-X'(I, - P)X
n

is p X p dimensional sample variance. PCA sequentially finds the direction v € RP such
that the linear combination v'z; has maximum sample variance.
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Original formulation of PCA

The sample variance of v'z; is given by

1 ¢ 1 / _\/
EE (W'z; —v'E)? ﬁg v'( x; — )
1=1 i=1
1
= —'X/(I,, — B)Xv'
n

Thus, the first problem is written as

maxv'X'(I, — P)Xv st vv=1
vERP

and solution is given by the first eigenvector v; of X'(I,, — P,)X. We denote

f1i = vjx; as the first principal component.
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Original formulation of PCA

The next problem is given by

maxv'X'(I, — P)Xv st vjv=0,0"v =1
vERP

and the solution is given by the second eigenvector vy of X'(I,, — P,)X and we denote
f2i = vha; as the second principal component. We may proceed in this way until all p
number of principal components (fi;, ..., fpi)" are found.
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Original formulation of PCA
Let the singular value decomposition of (I, — P,)X be given by

(I, — P)X =UDV'

Then, the n x p dimensional matrix collecting the demeaned principal components is
given by

-7 (z1 — @)V 7V -z'v fi-f
UD=(L,-P)XV=| = |v=[ o f=| =]
o =2 W) \ev-av) \f-7
because
oV =xi(v1,...,0p) = (fris- s fpi) = [}
and

SMH

_ 1 ¢
(i) -
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Original formulation of PCA

PCA gives a basis expansion of x; € R? as

p

x; = Z(Ué'lﬁz’)%‘

where the sample variance of fj; = v}xi are decreasing in j and where f;; = U;-:L’i and
fii = vjz; are orthogonal for j # I.
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Inner product formulation of PCA

Recall the singular value decomposition (I, — P,)X = UDV’'. We can formulate the
estimation of PCA only in terms of XX’. Notice that from

(I, — P)X'X(I, — P,) = UD*U’
we may compute

=7
. | =uD
fo=f
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Kernel trick

Replace XX’ with K. Let the spectral representation be given by
(I, — P)K(I, — P,) = UD*U’
We can compute the kernel principal components as

fi-f
: =UD
fa=F
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Kernel tricks for linear classification models
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Linear SVM

The dual Problem of the linear SVM is given by

n
e Z IS o) st {0<§Z<1Clyzv -
Z .

=1 k=1

with the decision function
f(x) = Bo+42'p
n
= B + Z iy’ T
i=1

because we have = 37" | a;y;z; at the optimum.
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(Kernel) SVM

The dual Problem of the linear SVM is given by

Z LSS copi K (s )} st {0 S
maxg 9 QG OEYi Yk Ty Ll S.T. OSQiSC Vi:l,,,_

i=1 k=1

with the decision function
f(x) = Bo+2'B
= /60 + Z azyz 55 1:1

because we have =37 | a;y;z; at the optimum.

20/35



Kernelized Logit Model

Primal Problem:
n
min lo 1—|—e_yi(x§5+50) +A 2
nin ) o )+ M3

Dual Problem:

H}XE?X—CZ G (%) — % Z Z aiakyiykx;xk s.t. ; a;y; =0
where G(d) = dlog(d) + (1 — 9) log(1 — §), and the decision function is given by
flx) =2'8+ By
= z": iz + fo
i=1

where we've used 3 = >"" | a;y;x;, which is satisfied at the optimum.
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Basis Expansion
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Basis Expansion

How do we go from linear models to nonlinear models? One popular way is to enlarge
the original space of X through some nonlinear transformations h,,(X) : R? — R,
m=1,...,M. Then, we model f(X) using a linear model in h(X).

M
m=1

Examples:

1. hp(X) = ij or hpm(X) = X;X;: Quadratic term or terms capturing interactions.

2. hin(X) = 1{X,>c,,}): Indicator functions

Here, we assume that h,,,(X),m =1,..., M is known and fixed. While f(X) is
nonlinear in X, note that it is still linear in 3,,.
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Basis Expansion

Using the transformed variables h(X) = (h1(X),...,hp (X)), we may perform OLS,
ridge regression, PCA, SVM, or logistic regression.
oLS:

o = argmﬁm;m — B'h(X:))?

Ridge:

B’I‘idg€ — argmﬁln;(x _ ﬁ/h(Xz))2 + /\6,5
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Basis Expansion

PCA:

SVM:

o1 - & > 1 —yi(B'h(x;) + Bo)
min — +C i sS.t.
B,80,(&:) 2”ﬁ” ;5 {gi >0, i=1,...,n

(Penalized) Logit:

Ignénz log(1 + efyi(ﬂ’h(riﬂﬁo)) +23'8
520 —1
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Kernel Trick

Recall that all of the estimation problems given above can be written only in terms of
inner products (h(X;), h(X;)). Instead of specifying the basis h,(X),m=1,..., M
directly, let's only specify how the inner product of A(X) behaves. We specify h(X) as
some function h : R? — RM that satisfies

(h(Xi), h(X5)) = K(Xi, X;)
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