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Time Series Basics

Two different kinds of data:

1. Cross section (y;)i"_;: Independent & identically distributed
E.g., cross sectional regression

yi = Elyi| Xi = 2] + w

=m(x) + u;

2. Time series (y;)7_,: Temporal ordering, dependencies among (y;)_;
E.g., predictive regression

Yirh = Elyirn| Xe = 2] + uppn
= m(x) + Usn

Is m(x) well-defined? We want m(z) to not depend on ¢t. Under what
assumptions can we do this?
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Strict stationarity

1. Stationarity means invariance with respect to time shift.

2. A process:

Y1, Y2,Y3, - - -

is strictly stationary if for any (t1,...,tp), and for any integer h, the joint
distribution of (y,,...,¥s,) is equal to the joint distribution of (y¢, 14, .-, Ye,+n)-

3. Strict stationarity is a rather stronger concept than identical distribution since it
requires all marginal distributions to be identical.
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Weak stationarity

Joint finite distributions are difficult to work with and hard to obtain in general.

Therefore, we introduce a simple concept of stationarity which only characterizes first
two moments of the process.

Definition:

Let {y:}2°_.. be such that Ey? < oo for all t. The autocovariance function of y; is
given by

v(t,s) = E[(ye — Eye) (ys — Eys)]

> (t,t) >0

> |y(t,s)] < /() /(s s)
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Weak stationarity

Definition:

The time series {y;}72_ is weakly stationary if

—o00
> Ey? < oo forall ¢

» Ey; = c for all ¢

» ~(t,s) =~(t+ h,s+ h) for all t,s,h (invariant w.r.t. time shift)

The third property of weakly stationary process implies that

v(t,s) =v(t —s,0)

so that the autocovariance function is well defined as only a function of the lag
h=t—s.

v(h) =v(h,0) =v(h +t,t) = E[(Yt+n — Eyr+n) (v — Eyr)]

Strict stationarity implies weak stationarity as long as second moments are finite.
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Examples

White Noise:

{e+} is said to be White Noise if it is serially uncorrelated and has a common variance

with mean zero.

et ~ WN(0,0%)

Ee; =0Vt =1,2,...

0> h=0
’Ys(h):{o h+0
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Examples
AR(1) Process:
Yo = QY1 + e, &~ WN(0,07)

» |¢| < 1: (Covariance) stationary
» |4 > 1: Nonstationary

> ¢ = 1: Unit root

> ¢ > 1: Explosive process

How to find the mean and autocovariance of {y;}?
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Examples
1. Repeated substitution (when &; is assumed to exist for all t = 0,—1,-2,...)):
Y =&+ der1 + PPero + dPei_g + ...
We have
Ey: =0
and
’Yy(h) = Elynyi]
= El(eth + det4h1 + Oerpn2 + .. ) (et + der1 + P12 .. )]
— Mo? + 202 4
¢h0.2
if |o| < 1.
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Examples

2. Repeated substitution:
y=er+ et + e o+ ...+ er + dlyo
We have
Ey, =0
as long as Eyg = 0. Also,

Yy(h) = El(Yt+n — Eyern) (yr — Eye)]

when is the autocovariance function mdependent of t? = 1 is uncorrelated

with all {e,}!_, and has variance < 75
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Examples
3. Assuming stationarity, we have

Yt = dyr—1 + &
= Eyr = oEy—1 +0
so that
Ey; =0
Also, multiplying both sides by v;_; and taking expectations,
Eyi—nyr = OByr—nye—1 + Eyr_pe
= Yy(h) = dyy(h—1)+0
Squaring both sides and taking expectations, we have
Eyiye = ¢*Eyr1ye—1 + 0+ Eef

0.2

— w(0) = T—4°
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Examples
Estimation is done by either least squares or ML. We have
Py, - yrl0) = p(yrl0)p(y2lyr, 0)p(yslyr, v2,0) - - p(yelyr, vz, - - Y1, 0)
If we have AR(1) model for y;, the likelihood can be written as
P - yrl0) = p(yal0)p(y2lyr, O)p(yslyz, 0) - - p(yelye-1.0)

Assuming Gaussian errors {£,}, we have

T

log [ [ p(welye—1,0) = —
t=2

—1 log(2m) —

1 1 &
- 2
logo® — QZ_; — oY1)

so that ignoring the initial condition 31, maximum likelihood estimator is equal to the
least squares estimator.
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Examples
Multi-dimensional and multi-lag extention of AR(1) is given by the VAR(p) model

p
ve=> Awi1+e
=1

where A;,i = 1,...,p are n X n dimensional matrix, and y;,e; € R™. ¢; are given by a
multivariate White Noise process

Et ~ WN(O, E)

A;, i =1,...,p may be obtained using multivariate regression, i.e., equation by
equation linear regression. 3 may be obtained from

T P P /
~ 1 N o
Y= T—p E (yt - E Aiyt1> (yt - g Aiyt1>
t=p+1 =1 1=1
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Examples

MA(1) Process:

2
Y = €¢ + 041, € ~ WN(0,0' )
MA processes are covariance stationary regardless of the values of 6.

Ey, =0
Yy(h) = E[(esn + Oi4n_1)(et + O51-1)]
o2+ 60%?% h=0
= { fo? |h| =1
0 |h] > 1
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Examples

Assuming €9 = 0, we may invert the MA(1) process

y1=61+0 = e1=uy1
Yo =¢€2 + 01 = g2 =1y2 — Oy
Y3 = €3+ 0ea = e3 = y3 — Oya + 0%y

so that we have
t—1 '
€t =Yt + Z(_Q)]yt—j
j=1

If [#] < 1, the MA(1) process is called 'invertible'.
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Examples

We may estimate MA(1) using ML. Notice that

lo f( >_10 f(&' 5)—_Z]O (2)_T10(2)_§T:5%
gJ\Y1,...,yr) = 10g 1y, ET) = 5 g(27 5 g(o 53

t=1

where ¢; are given by
t—1
&t =yt + Z(—G)]ytfj
j=1

This is nonlinear optimization problem that does not have a closed form solution.
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What does stationarity give us?

Suppose we have a univariate time series y;,t = 1,...,T that we model as a joint
normal random vector. Let object of interest is the random vector Y = (y1,...,yr)
with mean u = (1, ..., pur) and variance
2
01 g2 ... O1T
0921 O'% ... 09T
¥ = i :
9
orir o0r2 ... Op

The joint pdf of Y is given by
T 1 1 _1
log p(Y0) = —5 log(2m) — S log [X] — S (Y — )T (Y — )

We only have one sample realization but around 72/2 number of parameters to
estimate.
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What does stationarity give us?

Stationarity gives us 'parameter sharing’. Because joint distribution of y1, 32 is same as
that of y11x, Yo for all h, we have that

021 =032 = ... =07 T-1

Similarly, we may show that if y; is stationary process, we must have u; = fi, 02 = &

for all ¢, and that diagonals of X should all be the same (Toeplitz matrix).

2
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What does stationarity give us?

2 ¢O’2 ¢T710.2
— — b2 e —h2
¢ (l; lo_g) ¢%"7 0.2
o | =  T-&# o T
¢T—-1o.2 ¢T;20.2 . 0_.2
1_¢2 1_¢2 R 1_¢2

so that we are only left with 2 parameters (¢, 0?) to estimate.
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What does stationarity give us?

Consider the MA(1) example. Here, we have = (0,...,0) and

o2 + 0252 fo? 0 . 0

Ho? o2 + 0252 Ho? .. 0

= 0 fo? o2 + 0252 o 0
0 ... . o2 + 6%52

so that we are only left with 2 parameters (6, 0?) to estimate.
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