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1 Fixed Effects Model

We consider a panel model with individual and time fixed effects
Yo = T+ p; + v + 5B + €x
fori=1,...,aand t =1,...,b where z;;, € R™. In matrix form, we have
Y = (taty)m + piy, + oV + X - B+ E, (1)

where p1 = (p1,...,p1a) €ERY, v = (1v1,...,15) €ERV Y = (yit)Z’tb:l € R F = (eit)Z’tbzl €
R***. We define X - 3 = (x;tﬁ)?’f:l € R*®1 Recall that for row-major vectorization, we have

vec(ur') = (u @ v).
Thus, vectorizing the matrix form (1), we have

Y=t + (pu@u)+ (te®@v)+XB+e

2
=1, 4+ (L, @)+ (1a @ I)v + X5 + ¢, 2)

where n = ab, y = vec(Y') € R", ¢ = vec(F) € R" and X is n x m dimensional matrix whose
j-th row is given by x;; with j = (i — 1)a +t.

1.1 Identification
Note that the matrix

(Ln (L ® 1) (1o ® Ib)) e Rx(atb+1)
has rank a + b — 1. Without loss of generality, we assume

=ty =0 (3)

'In tensor decomposition literature, X - 3 is defined as mode-3 product applied to the tensor X € R*0*m
ie, X B:=X x3p3 € Roxb,



for identification. Let H, € R**(¢=D and H, € R?>*(=1 be orthonormal eigenvectors of M,
and M,, given by

Lol Lyl
e _Hg.H ., M, =1 —=%=HH.
a attar Ly a b

Mba :]a -

Then, the identifying restrictions in (3) imply

!/

= <]a_ La//a) [LZHQH,;,U:HaM*
a

[’bl’g) ! *

v= |1l — —|v=HHy=Hv,

where p* == H )y € R*! and v* := Hjv € R*"1. Thus, the model (2) can be written as

Y=t,m+ (Hy @ )" + (ta @ Hy)v* + X[ + €.

1.2 Estimation

Note that the generated regressors
(Ln (Ha ® Lb) (La ® Hb)) e Rnx(atb-1)
now have full rank. Furthermore, ¢, (H, ® ¢;), and (¢, ® H,) are pairwise orthogonal, e.g.,
1 (Hy @ 1p) = (ta @ 1) (Hy @ 1) = (1, Hy @ tj15) = 0.
Let P be joint projection on ¢,, (H, ® i), and (1, ® Hy). Due to orthogonality, we have
P=P, + Puy,s, + P.om,
Note that Psgp = P4 ® Pp so that

PLn = PLa®Lb = PLa ® PLb
PHG®Lb :PHCL®PL1) :MLH,®PLb
P,om, =P, ® Pu, =P, &M,

More explicitly, we have

/ / / /
P,®P,="" M,®P,= (Ia - LaLa) @ P oM,= g (Ib - M) |
Using FWL theorem, we have
B =(X'(I, - P)X)"'X'(I, — P)y. (4)



Let (i, %i), (¢, 74), and (y,Z) be the cross-sectional, time, and total averages of (i, z:)
respectively. We may see that 5 in (4) is the OLS estimate in the regression

Vit — Ui — G +0=(@u—Ti— T +T)0 +eu
To see this, note that
(In - P)y = (In - (PLa ® PL;,) - (MLa ® PLb) - (PLa ® MLb))y'

Here, (P, ® P,))y = yt,. Also,
/ /
(MLa ® Pbb)y = (([a _ Laba> ® %) Y
a b
/ /
= ((Ia - La;“) ® %) vec(Y)
Lol Lply
=vec| (I, — 22 )Y 22
a b ’

so that (M,, ® P,,)y averages over time and demeans over cross-section. To be explicit, let

Y1
Y =|: | € R Then,
Ya
, _
Lbljf, A1 Lbbé n
)-()ea-():
b , b -
ya ya
where (1, ...,7,) are time averages. Furthermore,
Ll Lplh Ll v o
QR ) R P
Ya Ya
so that
n (01
(M,, ® P,,)y = vec g =y | = Cl ®@w | =y (5)
Ya Ya
Similarly,
(7
(PLa ® MLb)y =|t®| : — nY, (6)
Yo



where (g1,...,9) in (6) are now cross-sectional averages. Thus,
(7} th
I=Ply=y—||:|ow]-|we|:]]+uwy
ga gb
Similar argument can be made for the term (I, — P)X after we write X = (z1,...,2,) €
R™*™ where (z;)i", denotes each columns of X. In other words, we have (P, ® P,,)X =
(P, ®P,)(x1,...,2p) = (P, ®P,)x1,...,(P, ® P,)xy) = 1,T'. Also,
(MLa ® PLb)X = (MLa ® PLb)(x17 S vmm) = ((MLa ® PLb)x17 ) (ML(L ® Pbb)mm)
j,/
1
— ® lp - Ln‘f )
j,/
M, ®

la

where the third equality follows from applying the argument in (5) to each of ((
P, )x;),. Similarly,
(PLa ® MLb)X = (PLa ® Mu,)(ffly ... ,I'm) = ((Ra & MLb)l‘l, RN (PLa X Mbb)xm)

=/
Ty

= 1¢,® : — LT,

where the third equality follows from applying the argument in (6) to each of ((P,,
M, )x;)r™,. Thus,

(I-P)X=X— N VA S o + 1,7

The OLS estimates of 7, u, and v are given by

=y-p
=5 —9) — (T, — 3)B
= (G —9) — (@ —1)B

To see this, note that the OLS estimates of 7, u*, and v* can be obtained from the regression
y—XB = 1,7+ (Hy @ tp) " + (1q @ Hy)V™ + €.
Since the regressors are orthogonal, we may run three separate regressions. For example,

7= (then) My — XB) =5 — TP,



and

A

= ((Hy ® 1) (Hy @ 1)) " (Hy @ 1) (y — X )

- ((H;Ha)—l ® %) (Ha ® )/ (y — XB)
1

= (H, ® gbb),(y - XB)

Here, we have

R ok 1 N
ji= Hofi' = (HH, @ 1)y~ XD)
where
1 N 1 R
(HaHZL ® Ebb)/(y - Xﬁ) = ((Ia - PLa) ® gbb)/@ - Xﬁ)

~

= (= P) @ 30)y — (= P.) @ )/ X5

The first term on the right hand side can be written as

1 1
(I, - P, ® be),y = vec <(]a — PLa)YELb)

(0 (7)

=1 | —ty.

Ya

For the second term on the right hand side, note that we have

I Loy 1,
((Ia - PLa> ® gbb) XpB= izl(([a - PLa) ® gbb) x5
T )
= W | B,
f/

a

where we've used (7) applied to each of (z;)!, in place of y. We may similarly get .

2 Random Effects Model

We consider the random effects panel model given by

Vit = T+ T B + i + Vg + €it



fori = 1,...;a and t = 1,...,b where z;,€ R™ are not random and (u;), (1), (€;) are

mutually independent random variables with variances given by o7 02, 02. We may write

the model in vector form as
y=t,m+ X5+ u, (8)

where
u= (I, @u)u+ (1, ® I)v +¢.

The variance Y of u is given by
Y =0l @ wiy) + 0o (taty, @ Ip) 4 021,

To analyze the GLS estimates of 8 and 7, we define the following orthogonal projections that
are mutually orthogonal and sum up to I:

/ /
H:(@—Wﬂ®(h—ﬂ0
a b
Py = <]a — LaLil) ® %
a b

/ /
P= o (1= 10
a b

! li

Lol Lyl

P, =22 g 20t
a b

Note that we have

L=(0&®L) =((P,+M,)® (P, +M,))
= (PLa ® PLb) + (PLa ® MLb) + (MLa ® PLb) + (MLa ® MLb)
— P+ P+ P+ Pr.

We may rewrite X as

Y= ai(la ® tyty) + 02 (1athy @ I) + 021,
:Uib(P2+P4>+O'BCL(P3+P4)+O'§(P1+P2+P3+P4)
=o2P + (bai +02) Py + (ac), + 02) Py + (bai +ao, +02) Py

4
=> AP,
=1

Since (P;)}_, are orthogonal projections on orthogonal spaces, they form eigenspaces of X
with eigenvalues given by (\;).2 The GLS transformation of the model (8) is given by

STy = STV, m + DTAX B+ 5T 2, (9)

2Note that ();) are defined differently here, compared to lecture notes.
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where var(¥~1/2u) = I,, by construction. Here, note that
4
271/2% _ Z A;l/ZPiLn _ )\Zl/zbn
i=1

because ¢, = (1, ® tp) is orthogonal to P;,7 = 1,2,3. Thus, by applying FWL to the model
(9), we have

Bgls _ (X/Efl/QMLn271/2X)flxl271/2Mbn271/2y.
Also, M,, =1, — (P,, ® P,)) = I, — Py, so that

Bgls _ (Xlzfl/ZMbnzfl/QX)lelzfl/QMLnEfl/2y
3 -1 3
i=1 1=1
1 1 1 ! 1 1 1
=X | =P P Pl X X' =P P P
( (03 1+baﬁ+a€2 2+a0§—|—0§ 3) ) (U? 1+b02—|—0§ 2+a03+0§ 3)y

(x (-2 —2 ) x) x(p+
B ! b02+032 ao? + o2 ° "

2 2
o o
26 2P2+ 2E 2P3>y.
z Ju+05 ao; + oz

Here, the projection matrix is approximately

o? o?

P = _p © _Py~P=1,—P,—P—P
1+baﬁ+a§ 2+aa§+02 ° ! s

S

:‘[n_(PLa@PLb)_(Mla®PLb>_(PLa®MLb>‘

for a, b large. This implies that fixed effects and random effects estimators are similar when
the sample size is large. The GLS estimate of © can be obtained from the OLS in

E_I/Zy . E—I/QXﬁAgls — E—I/QLnﬂ_ + Z—I/QU

so that



