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1 Fixed Effects Model

We consider a panel model with individual and time fixed effects

yit = π + µi + νt + x′
itβ + εit

for i = 1, . . . , a and t = 1, . . . , b where xit,∈ Rm. In matrix form, we have

Y = (ιaι
′
b)π + µι′b + ιaν

′ +X · β + E, (1)

where µ = (µ1, . . . , µa)
′ ∈ Ra, ν = (ν1, . . . , νb)

′ ∈ Rb, Y = (yit)
a,b
i,t=1 ∈ Ra×b, E = (εit)

a,b
i,t=1 ∈

Ra×b. We define X ·β = (x′
itβ)

a,b
i,t=1 ∈ Ra×b.1 Recall that for row-major vectorization, we have

vec(uv′) = (u⊗ v).

Thus, vectorizing the matrix form (1), we have

y = ιnπ + (µ⊗ ιb) + (ιa ⊗ ν) +Xβ + ε

= ιnπ + (Ia ⊗ ιb)µ+ (ιa ⊗ Ib)ν +Xβ + ε,
(2)

where n = ab, y = vec(Y ) ∈ Rn, ε = vec(E) ∈ Rn and X is n×m dimensional matrix whose
j-th row is given by xit with j = (i− 1)a+ t.

1.1 Identification

Note that the matrix (
ιn (Ia ⊗ ιb) (ιa ⊗ Ib)

)
∈ Rn×(a+b+1)

has rank a+ b− 1. Without loss of generality, we assume

ι′aµ = ι′bν = 0 (3)

1In tensor decomposition literature, X ·β is defined as mode-3 product applied to the tensor X ∈ Ra×b×m,
i.e., X · β := X ×3 β

′ ∈ Ra×b.
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for identification. Let Ha ∈ Ra×(a−1) and Hb ∈ Rb×(b−1) be orthonormal eigenvectors of Mιa

and Mιb given by

Mιa = Ia −
ιaι

′
a

a
= HaH

′
a, Mιb = Ib −

ιbι
′
b

a
= HbH

′
b.

Then, the identifying restrictions in (3) imply

µ =

(
Ia −

ιaι
′
a

a

)
µ = HaH

′
aµ = Haµ

∗

ν =

(
Ib −

ιbι
′
b

b

)
ν = HbH

′
bν = Hbν

∗,

where µ∗ := H ′
aµ ∈ Ra−1 and ν∗ := H ′

bν ∈ Rb−1. Thus, the model (2) can be written as

y = ιnπ + (Ha ⊗ ιb)µ
∗ + (ιa ⊗Hb)ν

∗ +Xβ + ε.

1.2 Estimation

Note that the generated regressors(
ιn (Ha ⊗ ιb) (ιa ⊗Hb)

)
∈ Rn×(a+b−1)

now have full rank. Furthermore, ιn, (Ha ⊗ ιb), and (ιa ⊗Hb) are pairwise orthogonal, e.g.,

ι′n(Ha ⊗ ιb) = (ιa ⊗ ιb)
′(Ha ⊗ ιb) = (ι′aHa ⊗ ι′bιb) = 0.

Let P be joint projection on ιn, (Ha ⊗ ιb), and (ιa ⊗Hb). Due to orthogonality, we have

P = Pιn + PHa⊗ιb + Pιa⊗Hb
.

Note that PA⊗B = PA ⊗ PB so that

Pιn = Pιa⊗ιb = Pιa ⊗ Pιb

PHa⊗ιb = PHa ⊗ Pιb = Mιa ⊗ Pιb

Pιa⊗Hb
= Pιa ⊗ PHb

= Pιa ⊗Mιb .

More explicitly, we have

Pιa ⊗ Pιb =
ιnιn
n

, Mιa ⊗ Pιb =

(
Ia −

ιaι
′
a

a

)
⊗ ιbι

′
b

b
, Pιa ⊗Mιb =

ιaι
′
a

a
⊗
(
Ib −

ιbι
′
b

b

)
.

Using FWL theorem, we have

β̂ = (X ′(In − P )X)−1X ′(In − P )y. (4)
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Let (ȳi, x̄i), (ȳt, x̄t), and (ȳ, x̄) be the cross-sectional, time, and total averages of (yit, xit)
respectively. We may see that β̂ in (4) is the OLS estimate in the regression

yit − ȳi − ȳt + ȳ = (xit − x̄i − x̄t + x̄)′β + εit

To see this, note that

(In − P )y = (In − (Pιa ⊗ Pιb)− (Mιa ⊗ Pιb)− (Pιa ⊗Mιb))y.

Here, (Pιa ⊗ Pιb)y = ȳιn. Also,

(Mιa ⊗ Pιb)y =

((
Ia −

ιaι
′
a

a

)
⊗ ιbι

′
b

b

)
y

=

((
Ia −

ιaι
′
a

a

)
⊗ ιbι

′
b

b

)
vec(Y )

= vec

((
Ia −

ιaι
′
a

a

)
Y

(
ιbι

′
b

b

))
,

so that (Mιa ⊗ Pιb)y averages over time and demeans over cross-section. To be explicit, let

Y =

y′1
...
y′a

 ∈ Ra×b. Then,

Y

(
ιbι

′
b

b

)
=

y′1
...
y′a

(ιbι
′
b

b

)
=

ȳ1
...
ȳa

 ι′b

where (ȳ1, . . . , ȳa) are time averages. Furthermore,

(
Ia −

ιaι
′
a

a

)
Y

(
ιbι

′
b

b

)
=

(
Ia −

ιaι
′
a

a

)ȳ1
...
ȳa

 ι′b =

ȳ1
...
ȳa

 ι′b − ȳ(ιaι
′
b)

so that

(Mιa ⊗ Pιb)y = vec


ȳ1

...
ȳa

 ι′b − ȳ(ιaι
′
b)

 =


ȳ1

...
ȳa

⊗ ιb

− ιnȳ. (5)

Similarly,

(Pιa ⊗Mιb)y =

ιa ⊗

ȳ1
...
ȳb


− ιnȳ, (6)
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where (ȳ1, . . . , ȳb) in (6) are now cross-sectional averages. Thus,

(I − P )y = y −


ȳ1

...
ȳa

⊗ ιb

−

ιa ⊗

ȳ1
...
ȳb


+ ιnȳ

Similar argument can be made for the term (In − P )X after we write X = (x1, . . . , xm) ∈
Rn×m where (xi)

m
i=1 denotes each columns of X. In other words, we have (Pιa ⊗ Pιb)X =

(Pιa ⊗ Pιb)(x1, . . . , xm) = ((Pιa ⊗ Pιb)x1, . . . , (Pιa ⊗ Pιb)xm) = ιnx̄
′. Also,

(Mιa ⊗ Pιb)X = (Mιa ⊗ Pιb)(x1, . . . , xm) = ((Mιa ⊗ Pιb)x1, . . . , (Mιa ⊗ Pιb)xm)

=


x̄′

1
...
x̄′
a

⊗ ιb

− ιnx̄
′,

where the third equality follows from applying the argument in (5) to each of ((Mιa ⊗
Pιb)xi)

m
i=1. Similarly,

(Pιa ⊗Mιb)X = (Pιa ⊗Mιb)(x1, . . . , xm) = ((Pιa ⊗Mιb)x1, . . . , (Pιa ⊗Mιb)xm)

=

ιa ⊗

x̄′
1
...
x̄′
a


− ιnx̄

′,

where the third equality follows from applying the argument in (6) to each of ((Pιa ⊗
Mιb)xi)

m
i=1. Thus,

(I − P )X = X −


x̄′

1
...
x̄′
a

⊗ ιb

−

ιa ⊗

x̄′
1
...
x̄′
b


+ ιnx̄

′.

The OLS estimates of π, µ, and ν are given by

π̂ = ȳ − x̄′β̂

µ̂i = (ȳi − ȳ)− (x̄i − x̄)′β̂

ν̂t = (ȳt − ȳ)− (x̄t − x̄)′β̂.

To see this, note that the OLS estimates of π, µ∗, and ν∗ can be obtained from the regression

y −Xβ̂ = ιnπ + (Ha ⊗ ιb)µ
∗ + (ιa ⊗Hb)ν

∗ + ε.

Since the regressors are orthogonal, we may run three separate regressions. For example,

π̂ = (ι′nιn)
−1ι′n(y −Xβ̂) = ȳ − x̄′β̂,

4



and

µ̂∗ = ((Ha ⊗ ιb)
′(Ha ⊗ ιb))

−1(Ha ⊗ ιb)
′(y −Xβ̂)

=

(
(H ′

aHa)
−1 ⊗ 1

b

)
(Ha ⊗ ιb)

′(y −Xβ̂)

= (Ha ⊗
1

b
ιb)

′(y −Xβ̂).

Here, we have

µ̂ = Haµ̂
∗ = (HaH

′
a ⊗

1

b
ιb)

′(y −Xβ̂)

where

(HaH
′
a ⊗

1

b
ιb)

′(y −Xβ̂) = ((Ia − Pιa)⊗
1

b
ιb)

′(y −Xβ̂)

= ((Ia − Pιa)⊗
1

b
ιb)

′y − ((Ia − Pιa)⊗
1

b
ιb)

′Xβ̂

The first term on the right hand side can be written as

((Ia − Pιa)⊗
1

b
ιb)

′y = vec

(
(Ia − Pιa)Y

1

b
ιb

)

=

ȳ1
...
ȳa

− ιaȳ.

(7)

For the second term on the right hand side, note that we have

((Ia − Pιa)⊗
1

b
ιb)

′Xβ̂ =
m∑
i=1

((Ia − Pιa)⊗
1

b
ιb)

′xiβ̂i

=


x̄′

1
...
x̄′
a

− ιax̄
′

 β̂,

where we’ve used (7) applied to each of (xi)
m
i=1 in place of y. We may similarly get ν̂.

2 Random Effects Model

We consider the random effects panel model given by

yit = π + x′
itβ + µi + νt + εit
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for i = 1, . . . , a and t = 1, . . . , b where xit,∈ Rm are not random and (µi), (νt), (εit) are
mutually independent random variables with variances given by σ2

µ, σ
2
ν , σ

2
ε . We may write

the model in vector form as

y = ιnπ +Xβ + u, (8)

where
u = (Ia ⊗ ιb)µ+ (ιa ⊗ Ib)ν + ε.

The variance Σ of u is given by

Σ = σ2
µ(Ia ⊗ ιbι

′
b) + σ2

ν(ιaι
′
a ⊗ Ib) + σ2

εIn.

To analyze the GLS estimates of β and π, we define the following orthogonal projections that
are mutually orthogonal and sum up to I:

P1 =

(
Ia −

ιaι
′
a

a

)
⊗
(
Ib −

ιbι
′
b

b

)
P2 =

(
Ia −

ιaι
′
a

a

)
⊗ ιbι

′
b

b

P3 =
ιaι

′
a

a
⊗
(
Ib −

ιbι
′
b

b

)
P4 =

ιaι
′
a

a
⊗ ιbι

′
b

b
.

Note that we have

In = (Ia ⊗ Ib) = ((Pιa +Mιa)⊗ (Pιb +Mιb))

= (Pιa ⊗ Pιb) + (Pιa ⊗Mιb) + (Mιa ⊗ Pιb) + (Mιa ⊗Mιb)

= P4 + P3 + P2 + P1.

We may rewrite Σ as

Σ = σ2
µ(Ia ⊗ ιbι

′
b) + σ2

ν(ιaι
′
a ⊗ Ib) + σ2

εIn

= σ2
µb(P2 + P4) + σ2

νa(P3 + P4) + σ2
ε(P1 + P2 + P3 + P4)

= σ2
εP1 +

(
bσ2

µ + σ2
ε

)
P2 +

(
aσ2

ν + σ2
ε

)
P3 +

(
bσ2

µ + aσ2
ν + σ2

ε

)
P4

=
4∑

i=1

λiPi

Since (Pi)
4
i=1 are orthogonal projections on orthogonal spaces, they form eigenspaces of Σ

with eigenvalues given by (λi).
2 The GLS transformation of the model (8) is given by

Σ−1/2y = Σ−1/2ιnπ + Σ−1/2Xβ + Σ−1/2u, (9)

2Note that (λi) are defined differently here, compared to lecture notes.
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where var(Σ−1/2u) = In by construction. Here, note that

Σ−1/2ιn =
4∑

i=1

λ
−1/2
i Piιn = λ

−1/2
4 ιn

because ιn = (ιa ⊗ ιb) is orthogonal to Pi, i = 1, 2, 3. Thus, by applying FWL to the model
(9), we have

β̂gls = (X ′Σ−1/2MιnΣ
−1/2X)−1X ′Σ−1/2MιnΣ

−1/2y.

Also, Mιn = In − (Pιa ⊗ Pιb) = In − P4, so that

β̂gls = (X ′Σ−1/2MιnΣ
−1/2X)−1X ′Σ−1/2MιnΣ

−1/2y

=

(
X ′

(
3∑

i=1

λ−1
i Pi

)
X

)−1

X ′

(
3∑

i=1

λ−1
i Pi

)
y

=

(
X ′
(

1

σ2
ε

P1 +
1

bσ2
µ + σ2

ε

P2 +
1

aσ2
ν + σ2

ε

P3

)
X

)−1

X ′
(

1

σ2
ε

P1 +
1

bσ2
µ + σ2

ε

P2 +
1

aσ2
ν + σ2

ε

P3

)
y

=

(
X ′
(
P1 +

σ2
ε

bσ2
µ + σ2

ε

P2 +
σ2
ε

aσ2
ν + σ2

ε

P3

)
X

)−1

X ′
(
P1 +

σ2
ε

bσ2
µ + σ2

ε

P2 +
σ2
ε

aσ2
ν + σ2

ε

P3

)
y.

Here, the projection matrix is approximately

P1 +
σ2
ε

bσ2
µ + σ2

ε

P2 +
σ2
ε

aσ2
ν + σ2

ε

P3 ≈ P1 = In − P4 − P2 − P3

= In − (Pιa ⊗ Pιb)− (Mιa ⊗ Pιb)− (Pιa ⊗Mιb).

for a, b large. This implies that fixed effects and random effects estimators are similar when
the sample size is large. The GLS estimate of π can be obtained from the OLS in

Σ−1/2y − Σ−1/2Xβ̂gls = Σ−1/2ιnπ + Σ−1/2u

so that

π̂ =
(
ι′nΣ

−1ιn
)−1

ι′nΣ
−1(y −Xβ̂)

=

(
1

λ4

)−1(
1

λ4

P4

)
(y −Xβ̂)

= P4(y −Xβ̂)

= ȳ − x̄′β̂.
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