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Wold Decomposition, Linear Filters, and ARMA Processes
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Throughout these notes, stationarity means covariance stationarity, all processes are indexed
by t € Z, and all random variables are defined on a common probability space (2, F,P).
Processes are centered unless stated otherwise. Infinite random-variable series are interpreted
as limits in L?. White noise means a mean-zero process with a constant covariance matrix and
zero cross-covariances at distinct dates; independence is not required.

1 Multivariate Wold Decomposition

1.1 Scalar Hilbert spaces and linear prediction

We work in the scalar Hilbert space

H=L*Q,F,R), (U V)=EUV), |U|:={EU}/
Elements of H are measurable, square-integrable real random variables, with random variables
that are equal almost surely identified. For a vector Y = (Y1,...,Y},,)’, we use the convenient
notation ||Y]|3 = 31, |Yi||3 = E(Y'Y), but every projection below is a scalar projection applied
separately to each coordinate.
Let X¢ = (X14,...,Xnt) be a mean-zero stationary process with E|| X;|? < co. Define
HY =span{X, :1<i<n, s<t} (1.1)
HY =span{X;,:1<i<n, scZ} HE = ﬂ H* (1.2)
teZ

Here span denotes the L? closure of the set of finite real linear combinations. Membership in
H;X therefore means that a scalar random variable can be approximated arbitrarily well in L2
by finite linear combinations of the coordinates of current and past observations.

Let P; be the orthogonal projection onto HyX, and write

Pth = (-PtXl,Sv cee 7PtXn,s)/-

The one-step linear innovation is
Et = Xt — Ptlet' (13)

For every coordinate i, the projection theorem gives
it € HY, E(eiY) =0 forevery Y € HY .

The predictor P;_1X; is the best linear predictor; it need not coincide with the conditional
expectation given the past.



1.2 Multivariate Wold Decomposition

Theorem 1.1 (Multivariate Wold decomposition with full-rank innovations). Let {X;}iez be
a mean-zero, stationary, R™-valued process with finite second moments. Define its one-step
innovations by (1.3), and assume that

Y. == E(gogg) = 0. (1.4)

Then {e.} is vector white noise with covariance ¥.. There are unique matrices {Oy}r>o such
that

Xi = Ope_i + Dy, (1.5)
k=0
where -
Q¢ = I, O = E(Xye, )21, D tr(043:0},) < oo. (1.6)
k=0

The matrices Oy, do not depend on t, and the series in (1.5) converges in L?. Each coordinate
of Dy belongs to HX ., and

E(Diel) =0  for all s,t € Z.

The two components in (1.5) are jointly stationary and orthogonal at all leads and lags. If the
process is purely nondeterministic, meaning ’H)foo = {0}, then Dy =0 for all t.

Proof. Step 1: Stationarity of the innovations. On finite linear combinations of the coordinates
of X, define a forward shift U by

Ul Y asXis|= D cisXist,
(i,s)eF (i,8)eF

where F' is a finite set of coordinate-date pairs. Covariance stationarity implies that this map
preserves inner products. It is therefore well defined on almost-sure equivalence classes and
extends by continuity to an onto isometry of HX. The backward shift is its inverse.

Since U ”HtX = ”Hfil and isometry preserves orthogonality, we have

UPY =P ,UY  forevery Y € H¥.

Consequently,
Usip =U(Xip — P1Xiy) = Xigr1 — PiXipr1 = €ier

Thus X and € are jointly covariance stationary. In particular,
E(gie}) = X for every t,

and E(X;e},_,) depends only on k.
For s < t, every coordinate ¢ 5 belongs to HX C H;X,. Hence

E(eiqejs) =0 for all 4, 7,



which gives E(g4e,) = 0. The innovations have mean zero because the prediction spaces are
generated by mean-zero random variables. They are therefore vector white noise.

Step 2: The one-step orthogonal decomposition. Define the finite-dimensional innovation space
T = span{eiy,...,ent}-
We claim that
HY =H ", DT, (1.7)

To see this, H;* is generated by H;¥ ; and the coordinates of X;. For each i,
Xip =P Xz +eig,

with P_1X;; € ’Htx_l and €;; € I;. Conversely, ¢;; = X3 — P1X;; € ”HtX Moreover,
T, L H;¥, and their sum is closed because it is the orthogonal sum of two closed subspaces.
This proves (1.7).
Let
& =spaniei 1 <i<n, s<t}CH.

If Y € H;¥ is orthogonal to &, then (1.7) first implies Y € H;*,, because Y L Z;. Since also
Y 1 Z;_1, it follows that Y € H;¥,. Repeating gives Y € HX__.
Conversely, if Y € HX_, then Y € HX | for every s, so Y is orthogonal to every innovation
coordinate. Therefore
HY =HE @& (1.8)

Step 3: Projection coefficients and convergence. The coordinatewise projection of X; onto Z;
can be written as Oe;_. Its scalar orthogonality conditions, one for each pair of coordinates,
are equivalent to

E{(X; — Orer—r)et_1} = 0.

Since ¥, > 0, these conditions uniquely determine

O, = E(Xse)_ )5

€
Step 1 shows that these coefficients do not depend on ¢. Also,
E(Xt&“;) = E{(Pt—lXt + Et)e’f;} = 26,
so ©g = I,,.

The spaces Zy,Z;—1, ... are mutually orthogonal. Therefore

K
StFK) = Z Okei—k
k=0

is the coordinatewise projection of X; onto Z; @ - - - & Z;_i. Pythagoras gives

K

K
3 (0,2.0)) = 1513 < |1 X413 (1.9)
k=0



The nonnegative series is consequently summable. For M > K|

M
IS — T2 = 3 tr(045.0)) — 0
k=K+1

as K, M — oco. Completeness of L? gives a limit S; = > k>0 OkEt—k-

Each coordinate of S; belongs to &:. For every fixed k, the residual Xt—St(K) is coordinatewise

orthogonal to Z;_j whenever K > k. Taking limits shows that X; — S; is coordinatewise
orthogonal to &. Thus S; is the coordinatewise projection of X; onto &;.

Step 4: The remote-past component and uniqueness. Set Dy = X;—S;. By (1.8), each coordinate
of D; belongs to H)fOO. In fact, Dy = P_X¢, where P_, denotes coordinatewise projection
onto HX .

For any s,t, the coordinates of D; belong to HY ;, so E(Dse,) = 0. Taking L? limits in the
series defining S also gives E(D.S%) = 0 for every s, t.

The shift U maps H)_(OO onto itself and hence commutes with P_., on H~X. Thus U D=
D; i1 and US;; = S; 441, which proves joint covariance stationarity of the two components.
The remote-past component is unique by uniqueness of orthogonal projection. Finally, if

HX_. = {0}, then D; = 0 for every t. O
Remark (What the theorem does and does not imply). Positive definiteness gives
/\min(zs)H@kH% < tr(@kze@;c) < /\maX(Es)H@kH%-

Thus the Wold coeflicients are square summable. The theorem does not assert absolute
summability. Also, (1.5) gives the useful prediction formula

oo
Pt—lXt = Dt + Z ekgt—k.
k=1
The innovation is exactly the part of X; that cannot be predicted linearly from its past.
Remark (The full-rank assumption is a genuine restriction). Stationarity alone does not imply
(1.4). For the process in Question 1 of Problem Set 1, write X; = (u¢, us + 0.5u;—1)" with
{us} ~ WN(0,0?%) and 02 > 0. Its one-step innovation is (uy, u;)’, with covariance

11
2

which is singular. The Wold decomposition can be extended to a process with reduced-rank
innovations. In this case, © is not uniquely determined.

Example 1.2 (A deterministic component can be random). Let X; = Z + u;, where Z is a
mean-zero, square-integrable random variable orthogonal to {u;} ~ WN(0, 02) with o2 > 0.
For any fixed r,

1 N—1 1 N—-1
N X =245 > wy—Z il
j=0 j=0

Hence Z € H.X for every r, so Z € H*X_. The innovations are u; and the Wold decomposition
is X; = uy + Z. Here “deterministic” means linearly predictable from the arbitrarily remote
past, not necessarily nonrandom.



2 Causality and Invertibility of M A and AR Processes

In this section, €; denotes a specified driving white noise. It is not automatically the one-step
innovation of X; defined as (1.3). Unless explicitly stated otherwise, its covariance is positive
definite in the vector case, and its variance is 02 > 0 in the scalar case.

2.1 Linear processes and terminology

Consider the two-sided VMA representation

o

Xe= > Oy Y 165lF < oo, 2.1)

j:—oo j:—oo

where X;,e; € R" and ©; € R™*". Orthogonality across dates implies convergence in L?. In
particular,

E(XX{)= > ;5.0

j=—o00

More generally, with I'x (h) = E(X; X]_,),

()= Y 0,050,  Tx(-h)=Tx(h. (2.2

j=—o0

The covariance series is absolutely convergent entrywise by the Cauchy—Schwarz inequality and
square summability. Since it depends only on A, the process is covariance stationary.

Causality relative to the driving noise. The representation (2.1) is causal when ©; =0
for all j < 0, so that

o
Xt = Z @jEt_j.
§=0
Under > > 0, this is equivalent to
E(ex X{) =0 for all k£ > 0,

because
E(€t+kX£) = 286Lk

Thus a causal representation uses current and past, but not future, driving noise.

Invertibility of an MA representation. An MA representation is invertible if there are
matrices {II;} ;>0 such that

() )
gt = ZHth_j, Z HHJHF < o0. (23)
j=0 =0

The driving noise can then be recovered through a one-sided, absolutely summable filter of
the observations. This implies €;; € H,}X for every coordinate i. The converse need not hold:
membership in a closed linear span is weaker than the existence of an absolutely summable
inverse filter.



Invertibility of an AR process For a VAR(p) equation

P
X = ZAthfj + &,
j=1
the lecture notes use invertibility of the AR process to mean that the AR filter can be inverted
to obtain

o o0

Xy = Z \I/jzft_j, Z H\I/]HF < Q. (2.4)
j=0 §=0

This is a causal, absolutely summable MA representation. Notice the different directions:

AR-invertibility expresses X; in terms of the driving noise, whereas MA-invertibility expresses
the driving noise in terms of X;.

2.2 MA models

A finite-order vector MA model is
q
Xt = Z ejet—j‘ (25)
=0

It is causal relative to the specified noise and covariance stationary for every fixed collection of
finite coefficient matrices. Stationarity does not require MA-invertibility. From (2.2),
q—h
Tx(h) =) 0,50 (0<h<q), Tx(h)=0 (h>q).
§=0

Negative lags are obtained by transposition.
For a scalar MA(1),

Xt =¢e¢+ 051,
the inverse filter is -
&t = Z(—Q)th,j
=0

when |0 < 1. The coefficients are absolutely summable, and the root of 1 + 6z lies strictly
outside the unit circle when 6 # 0. The case § = 0 is trivially invertible. The general MA root
condition is developed in Section 3.3.

Remark (Driving noise versus innovations). For a causal, MA-invertible representation with
O¢ = I, the driving noise coincides with the one-step innovation. Causality makes €, orthogonal
to the past observations, while invertibility ensures that each coordinate of },~, ©;e;—; belongs
to H;* ;. Thus

[ee]
P11 Xy = Z Ojer—j, Xt — P 1 Xy = ¢4
=1

A qualification about timing. For any integer k, the process X, = Z?:o ©jei_k—; has the
same autocovariance function as (2.5). Thus, autocovariances alone do not identify the time
labels attached to latent driving shocks. Choosing k = 0 fixes this arbitrary shift, but whether
a shock has a contemporaneous effect depends on its loading in ©¢. This timing issue should
not be confused with MA-invertibility or with the definition of the one-step innovation.



2.3 AR models: the AR(1) example

An AR equation does not by itself imply stationarity. We ask whether it admits a stationary
solution and, if it does, whether that solution is causal relative to the specified driving noise.
Consider the scalar model

Xy =aXi 1 +e, {e} ~WN(©0,6%), o2>0. (2.6)

Case 1: |a|] < 1. The series

[e.@]
Xi =) ale (2.7)
§=0
converges in L2, since for M > N,
M-1 2 M—-1 ‘
E Z aler_j| =o? Z la|*) — 0.
j=N j=N

Its limit is stationary and satisfies (2.6), as can be checked by subtracting aX;_; from (2.7).
To establish uniqueness among stationary solutions, iterate the recursion for any such

solution:
N—1

j N
X, = Z a’ei—j+a” Xy n.
j=0

Stationarity gives
la™ X;-nll2 = la| V(| Xoll2 — 0.

Hence every stationary solution equals (2.7). It is AR-invertible because _;~ laly < oo. Notice
that the remainder argument uses the uniform second-moment bound supplied by stationarity.

Case 2: |a| > 1. Rewrite the recursion forward as
Xt = CLilXH_l — a71£t+1.

Repeated substitution gives

N

—J —-N
Xt:—Za J€t+j+a Xt+N-
=1

For any stationary solution, |la™¥X;, |2 = |a|™V||Xo|l2 — 0. Therefore the only possible
stationary solution is

oo
Xt = — Z a_J5t+j. (28)
J=1

This series indeed converges in L?, since Y ;5 |a|™* < oo, and its limit is stationary and
satisfies (2.6).
The solution is not causal relative to this driving noise. In particular,

52
E(et41Xy) = Y # 0.

7



Consequently the AR equation is not invertible in the one-sided sense used in the course, even
though it has a stationary, two-sided-filter solution. Furthermore,

0,2
E(EtXt_l) = —; # O,

so the driving noise is not the one-step innovation of X. There is no conflict with Wold’s
theorem, which uses innovations defined by projection, not an arbitrary driving white noise.

Case 3: |a| = 1. There is no finite-variance stationary solution under o > 0. Indeed, since
a € R, this case means a = 1 or a = —1, and iteration would imply

N-1 2
E‘Xt - (lNXt,N|2 =E Z CLjEt_j = NO'2.
7=0

But stationarity and the triangle inequality imply
E|X; — oV X,_n|? < 4E| X%,

which contradicts No? — oo.

3 How to Check Invertibility for General AR and M A Processes

3.1 Taylor and Laurent expansions
We use two facts from complex analysis.
1. If f is analytic in the disk |z — 29| < R, then its Taylor expansion is

0 £() (4 .
fe =S ) i (el < R).

= !

2. If f is analytic in the annulus r < |z — 29| < R, then it has a Laurent expansion

f(z)= Z bi(z — z)? (r <l|z— 20| < R).

j=—o0

The Laurent coefficients are unique on the specified annulus. A function can have different
Laurent expansions on different annuli. These series converge absolutely and uniformly on
compact subannuli.

There is an important distinction between the following two domains:
{z:]z] =1} (unit circle), {z:]z] <1} (closed unit disk).

If f is analytic on an open neighborhood of the closed unit disk, its Taylor expansion about
zero is valid on a disk of radius greater than one. If f is analytic only on an open neighborhood
of the unit circle, there is an annulus r < |z| < R with r <1 < R on which it has a Laurent
expansion; negative powers may be needed.



For example, for a # 0,

1 o
Tear Zajz] when |az| < 1,
j=0
1 > _
R —Za‘jz_j when |az| > 1.
j=1

These two expansions correspond to the causal and noncausal AR(1) solutions. If |a| = 1, the
pole lies on the unit circle, so neither domain contains a neighborhood of the entire unit circle.

Lemma 3.1 (Absolute summability of Laurent coefficients). Suppose f is analytic in an
annulus 7 < |z| < R with r <1 < R, and write its Laurent expansion as f(z) = Y ;c7 b2’
Then

o)

Z ‘bj| < 00.

j=—o0

Proof. Choose rp, Ry such that r <rg <1 < Ry < R. Convergence of the nonnegative-power
part at z = Ry implies that b; R} — 0 as j — co. Hence there is a finite constant C such that

bj| < CLRy?  (j = 0).

Similarly, convergence of the negative-power part at z = ro implies that b_;rq I 0, so there is
a finite constant C_ such that

bojl<Corg (1)
Both bounds are geometrically summable, giving

D e L PN
jez. 1—Ra 1—7’0

O

If f is analytic on a neighborhood of the closed unit disk, the same argument applies to its
Taylor coefficients, and there are no negative-power terms. Thus analyticity on a neighborhood
of the circle produces an absolutely summable two-sided filter, whereas analyticity on a
neighborhood of the closed disk produces an absolutely summable one-sided filter.

3.2 AR(p): scalar polynomials and lag operators
Consider a scalar AR(p) equation
P
Xt = Z Oszt_j + &¢.
j=1

For a stationary process, the lag operator L is first defined on finite linear combinations by
LX, = X;_; and then extended continuously to HX. Covariance stationarity makes L an onto
isometry. In particular,

ILY[]a = |[Y]2  for every Y € HX and every j € Z.



Negative powers are leads: L™ X; = Xiyj for j > 0.
The AR equation becomes

p
a(L) Xy = &4, a(L)=1-> o;L7.
j=1
We associate with this operator the scalar polynomial
p .
alz)=1- Zajzj.
j=1

The polynomial a(z) is a function of a complex number; (L) is an operator on random
variables. A convergent coefficient expansion connects the two.

Why an absolutely summable filter is well defined. Let } ;.7 [bj| < oo, with real
coefficients, and define

By(L)= Y bl

lil<N
For M > N,
IBm(L) = BN(D)llop < > |bjl — 0,
N<[jl<M
where || - ||op is the operator norm induced by || - ||2. Thus By (L) converges in operator norm

to a bounded operator B(L) on HX. For every Y € HX,
B(L)Y =) bL’Y,  [BL)Yl[2 < | X151 Y]
JEZL JEZL
In particular, the filtered series belongs to the same closed space and satisfies

2 2
< E|Xo/? (Z |bj!) : (3.1)

JEZ

E

> biXi

JEZ

A two-sided inverse when there are no unit-circle roots. Suppose

alz) #0 for every |z| = 1. (3.2)
Because « is a finite polynomial, 1/a(z) is analytic on an annulus containing the unit circle.
Write 1
= b2l
a(z) 20

JET
Lemma 3.1 gives }; |bj| < oo. Since « has real coefficients, uniqueness of the Laurent expansion
implies that the b; are real as well.

Note that b; — >)_; asbj_¢ is the coefficient on the j-th power of z in the identity
a(z) 3, bjz7 = 1. The uniqueness of Laurent coefficients thus gives

P 1, j=0
bj — aeb'e—{’ o
’ Z{ ’ 0, j#0

10



Absolute convergence permits multiplication and regrouping of the corresponding operator
series. Hence
a(L)B(L) = B(L)a(L) =1,  B(L)=>_b;L’.
JEZ
This proves that B(L) is actually the inverse, not merely a well-defined filter. Every stationary
solution must therefore satisfy

Xt = O[(L)ilﬁt = Z bj€t_j. (33)
JEZ

Conversely, starting with white noise, this series constructs a stationary solution: it converges
in L2, and the coefficient identities verify the AR equation. Thus (3.2) guarantees a unique
stationary solution, possibly involving future driving noise.

A one-sided inverse when all roots are outside the closed disk. Suppose the stronger
condition

’a(z) #0 for every |z| < 1‘ (3.4)

holds. Then 1/a(z) is analytic on a neighborhood of the closed unit disk and has a Taylor
expansion

(12) =Y i, D |yl < oo
=0 =0

«
Consequently,
o
Xi =Y ey,
j=0

so the AR process is invertible.

The condition is also necessary for such an absolutely summable one-sided representation
when o2 > 0. Indeed, substituting the representation into the AR equation and using orthogo-
nality of the white noise forces the convolution coefficients to equal those of the identity filter.

Thus, with ¥(2) = >>;5 2R
a(z)Y(z) =1 for every |z| < 1.

Absolute summability makes 1/(z) continuous and finite on the closed unit disk, so o cannot
vanish there.

Examples. For AR(1), a(z) = 1 —az has its finite root at z = 1/a when a # 0. The one-sided
condition is |a| < 1; a = 0 is trivially included. For AR(2),

alz) =1—ar1z — asz?,

and every finite root must have modulus strictly greater than one. Roots on the unit circle
are excluded. Analyticity merely on |z| < 1, without a neighborhood of the closed disk, is not
enough.

11



3.3 MA(¢) and ARMA root conditions
For a scalar MA(q), write

q
Xp=B(L)e,  Bl2) =1+ Bz

j=1
If
’5(2) #0 for every |z| <1, (3.5)
then
N
— = T2, | < 00,
B & =
and the operator argument gives
oo
e =BL) "X =) mXi
j=0

Conversely, an absolutely summable one-sided inverse implies 3(z)m(z) = 1 on the closed unit
disk by the same white-noise coefficient argument as for AR(p). Hence (3.5) is necessary and
sufficient for MA-invertibility.
For a scalar ARMA(p, q),
a(L) Xy = B(L)ey,

assume «(0) = 5(0) = 1 and that « and  have no common roots. The two distinct inversions
are

X = fzgg £t if a(z) # 0 for |2 <1,
£ = gégXt if B(z) # 0 for |z| < 1.

Each fraction denotes the corresponding absolutely summable one-sided filter. The first gives
a causal MA representation; the second recovers the driving noise from the observations of a
stationary solution.

3.4 A different approach: companion matrices

For the scalar AR(2), define

_ Xt _[G1 a2 (et

Then
)/;f = A)/t—l + €t,
and repeated substitution gives
N-1
V=Y Aej+AVY, y.
§=0

12



If every eigenvalue of A has modulus strictly less than one, then p(A) < 1, where p(A) is the
spectral radius. For any r with p(A) < r < 1, there is a finite constant C,. such that

|A9|op < Cor? (5 > 0).

This also holds when A is not diagonalizable: the polynomial factors arising from Jordan blocks
are dominated by a geometric bound with ratio 7.

It follows that Y- ;5 [[A7[lop < 00 and 3,5 [|A7]|3, < oo. Since the e; are orthogonal across
dates,

M-1 2 M—1
E| Y Aey| <Elleof® Y 147]2, — 0.
j=N =N

Thus ;> Ale;_ ;j converges in L? and defines a stationary solution. For any stationary solution,
the remainder satisfies
IANY;-nl2 < Cor[[Yoll2 — 0.

Consequently,
V=Y Ale;. (3.6)
j=0

Which roots are inside and which are outside? The companion eigenvalues solve
det(A\y — A) = A2 — g\ — ag = 0.

On the other hand,
det(lo — zA) =1 — a1z — a2® = af2).

Thus a nonzero companion eigenvalue A corresponds to the finite AR-polynomial root z = 1/A.
Therefore

’p(A) <1l <= «fz)#0 for every |z| < 1.‘ (3.7)

The companion eigenvalues must be strictly inside the unit circle; the AR-polynomial roots
must be strictly outside.

3.4.1 The AR(2) coefficient region

For real a1, ag, the equivalent coefficient restrictions are

’042 > —1, a1 +ag <1, g — o < 1.‘ (3.8)

Here is a direct verification. Let A1, Ay be the roots of g(\) = A2 — a1\ — ay. If both have
modulus below one, then

|| = [M 2] < 1, ¢(1)=1—0a1 —ag >0, ¢(-1)=1+0a3 —az > 0.

The positivity statements hold for real roots in (—1, 1) and for a complex-conjugate pair, where
the products are squared moduli. These inequalities imply (3.8).

Conversely, (3.8) implies |az| < 1 and ¢(1),¢(—1) > 0. If the roots are nonreal, they are
conjugates and satisfy |\1|> = [A\2|? = —ag < 1. If a real root were greater than or equal to one,

13



positivity of ¢(1) would force both roots to exceed one, contradicting |[A\;A2] < 1. The same
argument using g(—1) excludes a root less than or equal to minus one. Hence both roots lie in
(—=1,1).

Equivalently, the admissible region is —1 < ag < 1 — |aq]|. It is the interior of the triangle
with vertices (—2,—1), (2,—1), and (0, 1); its boundary is excluded.

3.4.2 AR(2) autocovariances

Under (3.8), let v(h) = E(X:X;_p). Since the stationary solution is causal, &; is orthogonal to
past observations. Multiplying the AR(2) equation by X;_j and taking expectations gives

011’7(0) + O‘QFY(l)?
7(2) = a1y(1) + azv(0),
a1y(1) + agy(2) + o2

Solving yields

02(1 — 042)
(1+a2){(1 - a2)? —aj}’

7(0) = 1) =

The remaining autocovariances are obtained recursively from

V(h) =ary(h=1) +axy(h=2)  (h=2),  ~y(=h)=r(h)

The autocorrelation function is «y(h)/+(0). This connects the root conditions to the autocovari-
ance calculations in Problem Set 1.

3.4.3 Extension to VAR(p)

For X; € R" satisfying X; = A1 X1 +--- 4+ A, X;_), + €4, use the block companion matrix

Ay Ay - Ay A,
L, 0 -~ 0 0
A—| O I, - 0 0
0 0 I, 0

For p =1, simply take A = A;. With
p .
Az) =1, — ZAjz],
j=1
block elimination gives

det(Ip, — zA) = det A(2).

Therefore the causal, absolutely summable VAR representation is obtained under

’p(A) <1 <= detA(z) # 0 for every |z| < 1.‘ (3.10)

14



The resulting MA coeflicients satisfy

min(p, )

S
Vo = I, \Ilj = Z AE\I]j—f (.] > 1)7 Z ||\IIJHF < 0.
/=1 j=0

The root condition concerns the full matriz polynomial, or equivalently the block companion
matrix, not the eigenvalues of the individual lag matrices considered separately.

For a square vector MA polynomial ©(z) = Og + - - - + 042, the analogous sufficient and
necessary condition for an absolutely summable one-sided inverse, with full-rank driving noise,
is

det©(z) #0 for every |z| < 1.
This includes nonsingularity of ©¢y. The inverse matrix function is analytic on a neighborhood
of the closed unit disk, so its Taylor coefficients supply the inverse filter.

Course references

These notes accompany Stationary Processes in the Time Domain, Sections 2.1-2.4, and
Problem Set 1 (Fall 2026). The term “invertible AR process” follows the convention in Section
2.3 of the lecture notes.
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