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1 Linear Filtering

Let T = [—7, w) denote the frequency domain, with frequencies identified modulo 27, and let
B(T) be its Borel o-field. All stochastic integrals below are understood in the mean-square
sense. We use the negative-exponential convention for spectral representations. When a
spectral measure Fx is absolutely continuous with respect to Lebesgue measure, we define
its spectral density fx by

fx(N)

Thus, for a mean-zero process, the autocovariance function satisfies

vx (h) == E[ X1 Xe) = / e A Fy (d\) = % / e A fx(N) dA.
T T

Theorem 1 (Linear filtering). Let (X¢)icz be a mean-zero, covariance-stationary scalar
process with E|X;|? < oo and spectral representation

X, = / e~ dZx (N,
T
where Zx is a mean-zero orthogonal random measure with control measure Fx. Let (o) rez

satisfy
Z lak| < oo,

kEZ

and define the transfer function

afe?) = Zakeik’\, AeT.
kEZ
Then the filtered process
V=Y arXex=a(l)Xy, o)=Y olL",
kez kez

is well defined as a mean-square limit and is mean-zero and covariance stationary. Its
spectral representation is

)/t :/Tefit)\ dZy()\) :‘/Teiit/\a(@i)\)dZX(/\), (1)



where

Zy(A) = /A aleMdZx(\), A e B(T). 2)

The spectral measure of Yy is
Fy(A) = / a(e)P Fx(d\), A€ B(T). 3)
A

In particular, if Fx is absolutely continuous with respect to Lebesgue measure, then so is
Fy, and '
Fr() = la(e™)P fx(A) (4)

for Lebesgue-almost every A € T.
Proof. First, we establish the existence of the filtered process. Let
n
th(n) = Z akthk-
k=—n
For m > n, the triangle inequality in £2(£2) and covariance stationarity imply

| < 3l Xl

n<|k|<m

=Vx(0) > ol

n<|k|<m

<Vx(0) Y x| — 0.

|k|>n

K(m) _ }/t(")

£2(2)

Hence (Yt(")) is Cauchy in £2() and converges in mean square to a random variable Y;.
Since E[Yt(n)] = 0, mean-square convergence also gives E[Y;] = 0.
Next, define

An(N) = Z et AN = a(e).

k=—n

Absolute summability gives uniform convergence:

sup [A,(A) — AN < Y x| — 0.

|k|>n
For each n, linearity of the stochastic integral yields

}/2-5(”) _ Z ak/efi(tfk)/\dZX(A)
T

k=—n

/e_“’\ ( i 04;43“”) dZx(N\)

k=—n

= / e M AL (N) dZx (N).
T



By the isometry of the stochastic integral,

E /Te*i”(An(A)—A(/\ ) dZx (A /|A N)|? Fx (d))
2
< Fx(T) | D loul
|k|>n
—0

Taking mean-square limits therefore gives

_ e—it)\ )
Y, = /T AN dZx ()

Define
:/A(/\)dZX(A), A € B(T).
A

These integrals are well defined because A is bounded and F'x is finite. Moreover, E[Zy (A)] =
0, and the inner-product version of the isometry gives

B2 (A% ()] = [ 110 )A)E Px(ay

- / A Fx ().
A1NAs

Thus Zy (A1) and Zy (A2) are orthogonal whenever A; and Ay are disjoint.
To verify countable additivity in mean square, let (A;);>1 be pairwise disjoint Borel sets
and put A = (J;5; A;. Then

E|Zy(0) -3 2y / 1 (V2 Fx(dA) — 0
j=1 MU, A
Consequently, Zy is a mean-zero orthogonal random measure with control measure
Fy ()= BIZy (W) = [ 1A Px(a).

The identity
[avazy ) = [ g4z
T T
holds first for simple functions and then, by the isometry, for every g € L2(T, Fy'). Taking

g(\) = e establishes (1).
Furthermore,

E[Yi11Y] = / e~ TR 4\ eTNALN) Fiy (dN)
T

= [ AN P @)

= / e~ A By (d)).
T



This expression depends only on h, so (Y;) is covariance stationary and Fy is its spectral
measure.
Finally, (3) implies Fy < Fx. Hence, if Fx < d\, then Fy < d)\, and

Fy (@) = () 2Fx(dy) = 2EDXA) 4,

Comparing this with Fy-(d\) = fy()\) d\/(27) proves (4). O

Nonzero means. If X; has a nonzero constant mean px, the theorem applies to the
centered process Xy — pux. The filtered process has mean

Hy = a(l):uX’ a(l) = Zakv
keZ

and

Yi—puy = Z%(Xt—k - px)-
kez

Thus the same spectral-measure and spectral-density formulas hold for the centered pro-
cesses.

Corollary 1 (Spectrum of an ARMA process). Let (X:) be a mean-zero, covariance-
stationary solution of
a(L)X: = B(L)ey,

where a and 3 are polynomials and (g;) ~ WN(0,02) with o > 0. Then, as an equality of
measures on T,

o? ’
o) P (d)) = B PFL(a) = Z-|8(e™)[? dA (5)

If, in addition,
a(z) #0 for every |z| = 1,

then Fx s absolutely continuous and

for Lebesgue-almost every X € T.
Proof. Define the common filtered process
Ut = Q(L)Xt = B(L)&t

Since polynomial filters have absolutely summable coefficients, Theorem 1 applies to both
representations and gives

Fy(dX) = a(e™)|*Fx (dA) = |B(e™) [P F-(d)).
For white noise,

Ye(h) =®1{h =0}, fo(A) =D e(h)e™ = o>,
h€eZ



Therefore F.(d)\) = 0 d)\/(27), which proves (5).
If o has no zeros on the unit circle, continuity implies that |a(e)| is bounded away

from zero. Dividing the measure identity by |a(e?*)|? yields
o2 | 5( ei)\)‘Z
Fx(d\) = —+——— 5 dA
) = 5 aemp P
which proves absolute continuity and (6). O

Causality and invertibility. The condition that « has no zeros on the unit circle does
not itself impose causality. The stronger condition a(z) # 0 for every |z| < 1 yields the usual
causal stationary solution. No invertibility condition on the moving-average polynomial g
is needed for the spectral-density formula.

1.1 Example: ARMA(1,1)

Let o, 3 € R, suppose |a| < 1, and let (g;) ~ WN(0,0%). Consider the causal stationary
solution of

X =aXi_ 1+ + Bep—1,
(]. — CkL)Xt = (1 + BL)Et.

Applying Corollary 1 gives
11— ae?fx(\) = |1+ Be 0.

Since |a| < 1, the denominator below is strictly positive. Choosing the continuous version
of the spectral density, we obtain

o |1 + Beik|2
1 — et
(L4 BN (L4 B
T (1= ae?)(1 — aemiN)
21487+ (e +e”™)
14 a? —ale + e~
o1+ 3% +2Bcos A
1+ a2 —2acos\’

fx(A)

The additional restriction |5| < 1 imposes the usual moving-average invertibility condition,
but it is not needed for this calculation.

2 Root Flipping in ARMA Processes

Let (X¢)tez be a real-valued, mean-zero, covariance-stationary process satisfying

P q
X = Z apXi_o+ Z Oeer—e, o =1, (7)
(=1 £=0



where (g;) ~ WN(0,0?) and 02 > 0. Define the real-coefficient polynomials

P q
a(z):=1-— Zagze, 0(z) =1+ Z 02",
(=1 £=1

so that (7) becomes
O[(L)Xt = G(L)Et

We take p and ¢ to be the degrees of a and 6, respectively, and assume
a(2)0(z) #0 for every |z| = 1. (8)

Empty sums and products are interpreted as zero and one, respectively. All infinite filters
below are understood in the mean-square sense.

The original representation need not be causal or invertible. We will show that reflecting
every root inside the unit circle to its reciprocal conjugate produces a causal and invertible
model with the same autocovariance function, after an appropriate adjustment to the white-
noise variance. We will also show that the original process X; itself admits a causal and
invertible representation with respect to a suitably constructed weak white-noise sequence.

Two-sided inverse filters. Under (8), there exists an annulus ro < |z| < Ry, with
ro < 1 < Ry, on which

. ”ezb ) (9)
0(2) % ne
Moreover,
Z|an| < o0, Z|b”| < o0.
nez nez

These Laurent expansions provide two-sided inverse filters, which may involve future as
well as past observations.

Reflecting the roots. Because «(0) = 0(0) = 1, the fundamental theorem of algebra

gives
u z g z
= 1-— 0(z) = 1——
o(2) y( az), (=) g( 92>,
where roots are counted with multiplicity. Order the roots so that

a7l >1 (£=1,...,7), loaj] <1 (=r+1,...,p),
7] >1 (£=1,...,s), 071 <1 (L=s+1,...,q).
For each root a inside the unit circle, replace a by 1/a. This replaces the factor 1 — z/a by
1 —az. Define
T p
- z —
a(z) ::H(l—a*> H (1-aj2),
= /) =
e;1 t=r+1 (10)
0(z) :== H (1 - 9*) H (1-6;z).
£=1 7 p=s41



All roots of & and 6 lie outside the unit circle. Since nonreal roots of a real-coefficient
polynomial occur in conjugate pairs, reflecting all interior roots preserves real coefficients.

Also, a@(0) = 6(0) = 1.
Define the positive constants

p q
Co:= ][I leil.  Co:= ] 1021 (11)
l=r+1 l=s5+1

Theorem 2 (Root flipping). Under the preceding assumptions, let

- C
0'2 = 700_2'
Cy

For any weak white-noise sequence (£;) ~ WN(0,52%), the causal stationary solution of
A(L)X, = 6(L)E (13)

is also invertible and has the same autocovariance function as X;.
Furthermore, the original process itself satisfies

a(L) X = 0(L)ng, (14)
where _
ne = 0(L) " ta(L) X, (15)

2

is weak white noise with variance o=. This representation is causal and invertible, and n; is

the one-step linear innovation of X;.

Proof. For any nonzero a and any z on the unit circle,
11— az| = |1 —az| = |af ‘1— 3\.
a
Applying this identity to every reflected root yields
|a(e™)|? = Calale™)?, (16)
10(e™)? = Col6(e™) .

Since all roots of the reflected polynomials lie outside the unit circle, the rational func-
tions

_ 0 _a(2)
YO=50 DTG,
have power-series expansions
V) =D 4, () =) m,
j=0 7=0

with
(o) o0
o =mo =1, Z|¢j|<007 Z|7Tj\<00-
=0 =0



Thus
- oo
X = Z Vjt—j
§=0

defines a causal stationary solution of (13), and
e ~
&= miXig
7=0

establishes invertibility.
Under the spectral-density normalization used in the preceding section, white noise with

variance o2 has spectral density 2. By Corollary 1, we may therefore take

ei)\ 2
fX(A) = 02 ||2((61>‘))||2 .

Using (16) and (12), the spectral density of X, is

e
|o(e)[?
= fx(\)
Consequently,
oy L —ihA p_ _ 1 —ihA _
1) = 5= [P 0= 5o [P A= x ()

for every h € Z.
To obtain a new representation of the same process X;, define

m = (L)X, = 0(L) *a(L)X,.
This is a well-defined filter of current and past observations. By Theorem 1,

£ = R )

16(e™)?
B Ca|a(ei/\)\2 02 |9(€i/\)|2
 Colo(e)]? ( Ia(e“)IQ)
— Ca 2
= C—@o’

=32

Since 7, is centered,

1 ihA~ ~
E[nnm) = %/Teﬂh’\f d\ = 3?1{h = 0}.



Hence (1;) ~ WN(0,52). Its definition gives (14), and the absolutely summable inverse
filters imply

o0 o0
Xt = Z%‘Tlt—jy N = ZWth—j~
=0 =0

Thus the representation of the original process is both causal and invertible.
Finally, let

HY | =span{X,:s <t— 1}, M, :=span{ns:s <t—1},
where the closures are taken in £2(£2). The two one-sided representations imply
Htx—l = H?A-
Since g = 1,

o0
Xy =m+ ijntfj'
j=1
The sum belongs to Hy ; = H;X,, whereas 7, is orthogonal to this space because (1) is
white noise. Therefore, if P,_; denotes the orthogonal projection onto H; |,

oo
P 1 Xy = ijnt—ja =Xy — P_1X,.
j=1
Thus 7, is the one-step linear innovation. O

A new process versus a new representation. One possible choice in (13) is

gt = %5
t—\/cg t-

This constructs a process )}t with the same autocovariance function as Xy, but generally
X: and X; are different random variables. In contrast, (14) leaves the original process
unchanged and replaces its driving noise by 7;. In general, 7, is not a scalar rescaling of ;.

The sequence (7:) need not be independent over time, even when (g;) is independent.
Accordingly, root flipping preserves the second-order structure but does not generally pre-
serve an independent-noise specification or the finite-dimensional distributions. If both X;
and X; are Gaussian processes, their equal means and autocovariance functions do imply
equality of their finite-dimensional distributions.

The resulting ARMA orders. The reflected polynomials retain degrees p and ¢, but
they may have common factors, even if the original polynomials were coprime. Canceling
common factors gives a causal and invertible representation of orders at most p and g,
respectively. For example,

(1 — 2L)Xt = (1 - L)gt

1
2
has reflected polynomials

a(z)=0(z) = 1—%2’

2 = 02 /4. The reflected representation is

and adjusted noise variance o
(1-Li0)X, =0 - 3L, (ne) ~ WN(0,0%/4).

The common factor cancels, leaving X; = 7;. Thus the minimal causal and invertible
representation in this example is white noise rather than ARMA(1,1).



2.1 Example: MA(1)

Consider
Xt :€t+65t—1, (é}) ~ WN(0,0'z),

where 6 € R and |6]| > 1. Its autocovariance function is

(14 6%)0%, h=0,

vx (h) = 002, | =1,
0, |h] > 1.
The moving-average polynomial
0(z) =140z
has root z* = —1/6, which lies inside the unit circle. Reflecting this root gives
1
= = —0,
Z*
so the reflected polynomial is _
0(z) =140z
Since [§7!| < 1, the reflected representation is invertible. Here
Co=1 Co=~ 7° = 60"
a— 1 0 — 92’ o = g
To obtain an invertible representation of the original process, define
mei=(1+07'0) 7 X, =Y (=07 Y X,
j=0

The series is well defined because |§~!| < 1. By Theorem 2,
(1) ~ WN(0,6%0%),
and the same process X; satisfies
Xe=n+0 "y

This representation is both causal and invertible, and 7; is the one-step linear innovation.
Alternatively, define a rescaled copy of the original noise by

gt = ‘0|5t7
and construct the new process
Xt =&+ gilgtfl
10|

= |9|Et + ?Etfl.

Since Var(g;) = 0202,
Y5 (0) = (14+67%)6%0 = (1+6°)0?,
— 07192

0% =602,

10



and yg(h) = 0 for |h| > 1. Therefore X, and X, have the same autocovariance function,
although the processes generally differ.

When |0] < 1, the original MA(1) representation is already invertible and no root needs
to be reflected. The case § = 0 is white noise, while |#] = 1 is excluded by the no-unit-
circle-root assumption.

2.2 Example: AR(1)

Consider a stationary solution of
Xt = OéXt_l + Et, (€t) ~ WN(O,O'Q),

where oo € R\ {0} and |a| # 1. Backward iteration when |a| < 1 and forward iteration
when |a| > 1 give the mean-square representations

o0

> dley, laf <1,

X = jzooo

7Za7j€t+j, || > 1.
=1

Thus the stationary solution is causal when |o| < 1 and noncausal when |a| > 1. Its
autocovariance function is

2 ,|R|
&, o] < 1,
1—a2
vx (h) = a2a Ikl
wEo1 lel>

Now suppose |a| > 1, so that the original representation is noncausal. The autoregressive
polynomial
alz)=1—az
has root z* = 1/« inside the unit circle. Reflecting this root gives «, and the reflected
polynomial is

a(z)=1-a 'z

Here )
1 -
C, = — Co=1, 2=

a?’ o?

For a causal representation of the original process, define
N = Xt — O[ilXt_l.

Theorem 2 gives
(Ut) ~ WN(O7 02/a2)v

and

o0
Xe=a X1 +m = Za‘jnt,j,
j=0

11



Since |a~!| < 1, this is a causal representation, and 7, is the one-step linear innovation.
The original driving noise €; is not the one-step innovation in the noncausal representation.
Indeed, the forward-noise expansion gives

0.2
E[tht—l] = —E 7& 0.

Alternatively, define

and let X; be the causal stationary solution of
Xt = Olil)zt_l + gt
Its autocovariance function is

(0?/0?)a "

x(h) = "——"=
o2aq bl
T a2—1
=yx(h).

Thus X, is a causal process with the same autocovariance function as the original noncausal
process.

In this example, root flipping changes causality, not invertibility. Both representations
of X; are invertible because their driving noises can be recovered from current and past
observations:

gy = Xy —aXi 1, m=X—a "X, 1.

When |a| < 1, the original representation is already causal and no AR root needs to be
reflected. The case o = 0 is white noise, while || = 1 is excluded by the no-unit-circle-root
assumption.

3 Estimation of the Spectral Density

Let (X;) be a real-valued, mean-zero, covariance-stationary process with autocovariance
function ~(k) satisfying >, ., |v(k)| < oo. Under our normalization, its spectral density is

f) = Zv(kz)eik’\, AeT=[-mm).

keZ

The periodogram. Define the normalized finite Fourier transform and the periodogram

by ,
-~ , 1| ,
dy(N) = —= > Xee™, L) = da (VP == D Xpe'™
\/ﬁ t=1 n t=1
Let

- 1 ¢
Vn (k) = Z X Xk, k=0,....,n—1,
t=k+1

12



and define 3, (—k) := 7, (k). Grouping terms according to k =t — s gives

n n

I,(\) = %ZZXtXSe“‘*s)A = > Aulk)e™

t=1 s=1 |[k|<n

Thus the periodogram is the Fourier transform of the sample autocovariances. The denom-
inator n, rather than n — |k|, is essential for this identity.

Why smoothing is needed. Since E[7, (k)] = (1 — |k|/n)v(k),

Bl = 3 (1= ) awe — s,

|[k|<n

where convergence follows from absolute summability. Nevertheless, the periodogram is not
generally consistent because its random fluctuations need not vanish.
For example, if X; bk N(0,02), then f(A\) = o2, and at Fourier frequencies \; = 2mj/n
with 1 < j < n/2,
L) X
o? 2’
This nondegenerate distribution persists as the sample grows. In particular, it holds at the
fixed frequency A = 7/2 whenever n is divisible by four, ruling out consistency there. The
problem is accumulated estimation error across many lags.

Var(I,(\;)) = o*.

Lag-window estimation. To control this accumulated error, use
n LAPS ik
fa) = w () An(R)e™, (17)
n
[k|<ln
where [, < n is a positive integer and w is a lag-window kernel. Assume that w is real,
even, bounded, continuous at zero, satisfies w(0) = 1, and vanishes for |u| > 1. Choose

lp, — 00, %" — 0. (18)

The first condition removes truncation and weighting bias; the second controls variance.

These bandwidth conditions require accompanying moment and dependence assump-
tions. For example, if (X;) is Gaussian and its autocovariances are absolutely summable as
assumed above, then, for every fixed A,

E[f,(M)] = f(A) — 0,  Var(fn(A) =0 (i’;) —0.

Consequently, fn()\) — f()\) in mean square and in probability. Gaussianity can be replaced
by suitable fourth-moment and weak-dependence conditions.

13



Choosing the lag window and truncation parameter. A larger [,, retains more au-
tocovariances and typically reduces bias but increases variance. A smaller /,, gives stronger
smoothing and lower variance but may obscure spectral peaks. For standard windows, the
frequency-smoothing width is of order 1/1,,, containing approximately n/l,, Fourier frequen-
cies. Thus (18) makes the smoothing window narrower while allowing an increasing number
of frequencies to contribute.

Kernel choice affects bias, variance, and nonnegativity. A common choice is the Bartlett
lag window,

w(u) = (1 —[ul)1{|u| <1},

whose nonnegative spectral window guarantees fn()\) > 0. Arbitrary lag windows, including
hard lag truncation, need not produce nonnegative estimates.
Unknown mean. When the mean is unknown, replace X; by X; — X,, in the sample au-
tocovariances and periodogram. Under the preceding sufficient assumptions, this preserves
pointwise consistency of the lag-window estimator. Although the centered raw periodogram
equals zero at frequency zero, its smoothed version need not.

14



