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1 Lebesgue Decomposition Theorem

Let (X,X) be a measure space. Let A, u be measures on a o-field X. We call A singular
w.r.t. u and denote

Alp

if and only if there exists sets A, B € X such that
A(4) = pu(B) =0

where X = AU B, AN B =@. We call A absolutely continuous w.r.t. x4 and denote

AL p
if and only if

u(A) =0 = A(A) =0

for all A € X.

Theorem 1 (Lebesgue Decomposition Theorem). Let A, u be a o-finite measures on a
o-field X. Then, there exists a unique decomposition Ay, Ay of A such that

A=A+ X2
with
)\1 1 ,u,)\g < 12

Corollary 1. Let F, i be spectral and Lebesgue measures respectively, each defined on mea-
sure space ([—m, ], B([—m,x])). By Lebesgue decomposition theorem, there exists a unique
decomposition of F such that

F=F + Fy
such that
Fy L ,u,FQ < W

This means that



1. There exists A, B with AU B = [—7, 7|, AN B = & such that
Fi(A)=F(B)=0

2. For all A € B([—m,7]), F»(A) =0if u(A4) =0.

Here, I is associated with the singular, deterministic part of Wold decomposition. Fj is
associated with the nonsingular linear process part of Wold decomposition. The nonsingular
part has a spectral density function because it is absolutely continuous w.r.t. Lebesgue
measure. Let the Wold decomposition of X; be given by

o0
X = Z OrEt—k + Dy
k=0

e Spectral distribution of Z;C:o prer— will be absolutely continuous w.r.t. Lebesgue
measure.

e Spectral distribution of D; will not have Radon—Nikodym derivative.

2 OLS

Suppose we have a pair of random variables (z,y), both of which are I(0). For any 3, we
may always write

y=2a'8+u

by defining u := y — 2’3. Since both (z,y) are I(0), u is also I(0) for any choice of 5. If
we define u so that x and u is orthogonal, by projection theorem 3 is uniquely identified by
B = (E[zz'])~'E[zy] as long as the inverse exists. Suppose we have data on (z,y) given by
(¢, y:)q collected in data matrices,

Y=Xp+U
Then, we may estimate 5 by
B = argmin(y - X8 (¥ - )

The FOC is given by

—2X'(Y = XB)=0
so that we have

B=(X'X)"'X"Y
The variance of our estimate 3 is given by

Var(3|X) = Var(8 + (X' X) "' X'U|X)
= (X'X) ' X'Var(U| X)X (X'X)!
= (X'X)" ' X'eX(X'X)!



where we assume ¥ = Var(U|X), i.e., homoskedasiticity. Furthermore, if ¥ is spherical, i.e.,

¥ = 021,, the OLS is BLUE. If we further assume that u is normally distributed, we have
Bi

~ =—d tn—p—l

se(3;)

under Hy : 8; = 0 where se(f3;) is square root of (4, j)-th element of Var(3]X) = 62(X'X)~".
If we only assume u ~ I(0), we have

P, N(0,1) (1)
se(B;
If there are heteroskedasticities or serial correlations, (1) does not hold because we do

not have Var(|X) = 02(X’X)"! and thus cannot estimate Var(3|X) using Var(5|X) =
62(X'X)~L. There are two remedies.

1. (GLS): Transform the original data so that the error terms are nicely behaved.
2. (HAC): Use an estimator for Var(5|X) that is robust to heteroskedasticity and serial

correlation.

2.1 GLS
The problem is that we have

Var(U|X) # o°1,
To remedy this, we use a transformation U* of U with the property Var(U*|X) = I,,. Let

2 =Tr
so that we have
L=r-r"!

Then, we have

'y =0'Xpg+T'U
Define Y*, X* U* so that

Y*=X"5+U"

The idea is to do OLS using the above expression. Note that we have

Var(U*|X™*) = Var(U*|X)
= Var(I'U|X)
=T"Var(U|X)T
=1'%T
=TT
—1,



GLS is BLUE because the regression Y* = X*3+U* does not suffer from heteroscedasticities
or serial correlation. The GLS estimator is given by

BGLS _ (X*/X*)*lX*/Y*
= (XTI'X)"'X'IT'Y
=Xz 'X) X'y
The variance of the GLS estimator is given by
Var(Bars|X) = Var(X 7' X)X £71U|X)
= (X2 X)TIX S WVar(U[X)S T X (X BT X) !
= (X'271x)!

2.2 HAC
Instead of GLS, we may find a consistent estimator for Q2 = %X’EX. Let this estimator be
given by Q). Then, we may construct
Var(8|X) = n(X'X)"1Q(X'X) !
How do we estimate Q7 Refer to Newey-West (1987).

3 The Riemann-Stieltjes Integral
! Definitions Let [a,b] be a given interval.
1. A partition P of [a,b] is a finite set of points P = {x,z1,...,2,} such that
a=T9 <11 <...<Tp_1<Tp=0">
We write Az; = x; — x;_1 for i = 1,2,...,n and define the mesh ,, as

T, = max |x; — zi_1|
1<i<n

2. Let « be a monotonically increasing function on [a, b], f a bounded function on [a, b].
Corresponding to each partition P of [a,b], we define

U(P, f, o ZM )Aaj, L(P, f,« ij )Aa

as the upper and lower Riemann-Stieltjes sum where

M;(f)= sup f(z), m;(f)= inf  f(x)

x€[xj_1,z ] €[z j—1,2;]
and
Aaj = afzj) — alzj-1)

forj=1,...,n

1Please refer to "Principles of Mathematical Analysis" by Rudin for more details.



3. We define the upper and lower Riemann-Stieltjes integral as
7b

/ fda = inf{U(P, f,«)|P is partition of [a, ]}
ab

/ fda = sup{L(P, f,«)|P is partition of [a,b]}
Ja

If f is bounded so that there exists m, M such that m < f(z) < M for all z € [a, b],
we have

m <m;(f) < M;(f) <M
for all j =1,...,n and hence

m(a(b) — a(a)) < L(P, f,a) S U(P, f,a) < M(a(b) — afa))

Thus, the upper and lower Riemann-Stieltjes integral exists for every bounded function

f.

4. We say that f is Riemann-Stieltjes integrable on [a, b] with respect to « if we have

/abfda:/abfdoz
/abfdoz::/abfdoz:/abfda

A Riemann-Stieltjes integrable function f on [a, b] with respect to the identity function
a(z) = z is called Riemann integrable.

In this case, we write

Theorem 2. A bounded function f is Riemann-Stieltjes integrable on [a,b] if and only if
for each € > 0, there exists a partition P of [a,b] such that

UP, f,a) — L(P, f,a) <€

Theorem 3. If a bounded function f is Riemann-Stieltjes integrable on [a,b], there exists
a partition P = {xo,z1,...,2,} of [a,b] such that

n b
Zf(ti)Aai —/ fda| < e
i=1 a

for any arbitrary points t; € [x;—1,x;] for alli=1,...,n.

Theorem 4. Let f be a bounded function on [a,b]. Suppose f has only finitely many points
of discontinuity on [a,b] and that a is continuous at every point at which f is discontinuous.
Then f is Riemann-Stieltjes integrable on [a,b).



The proofs of the theorems above are given in p.124-p.127 of Rudin (1976).
We define the total variation of « on [a, b] as

V(a, la,b]) = sup {Z la(x;) — a(ziz1)| : P = {zo,...,xs} is a partition of [a,b]}
i=1

Recall that in all of the discussions above, we’ve assumed that « : [a,b] — R is a
monotonically increasing function. However, we may instead assume that « : [a,0] — R
is of bounded variation, i.e., V(a,[a,b]) < oo. This is because a function is of bounded
variation if and only if it is the difference between two (bounded) increasing functions. To
see this, note that if « is of bounded variation, the function «; : [a,b] — R defined as

ai(z) = {(‘)/(a, le,2]) z i(aa, °
is an increasing function. Also define oy : [a,b] — R as
as(x) = a1(x) — a(x)

Then, we see that for any z,y such that a <z <y < b, we have

a1(y) — an(z) = V(a, [y, z])

> a(y) — alz)
which implies
as(y) = ax(z)

Thus, we may write @ = oy — g where both a7 and as are increasing functions.
Next, we prove the fundamental theorem of calculus for the Riemann integral.

Theorem 5 (FTC). Let f be a Riemann integrable function on [a,b]. If there is a differ-
entiable function F on [a,b] such that

for all x € [a,b], we have

b
F(b) — F(a) = / f(x)dx

Proof. Let € > 0 be given. Choose a partition P = {xzo,...,z,} of [a,b] satisfying the
condition given in Theorem 3, i.e.,

n

b
Zf(ti)Axi_/ f(z)dx

i=1

<€

for any arbitrary points t; € [z;—1,2;],4 = 1,...,n. Note that due to the mean value
theorem, we may write



for some t; € (x;_1,x;) for all i = 1,...,n. Using F'(¢;) = f(¢;), we see that

- /abf(x)dx

Since this holds for any € > 0, the proof is complete. O

<€

Theorem 6 (Integration by Parts). Suppose F' and G are differentiable functions on [a,b],
and both F' = [ and G' = g are Riemann integrable. Then,

b b
[ F@lg@iis = FOGO) - F@)Glo) - [ fa)Glods
Proof. Write H(xz) = F(z)G(x) and apply the fundamental theorem of calculus to H and
H' O

Note that in writing the Riemann integral

/ab f(z)dx

x is a variable of integration and plays no essential role in the definition of the integral.

We may as well write f: f(y)dy or f f(t)dt with no confusion as to what they mean.
Furthermore, as long as g : [a,b] — R is continuous and strictly increasing, we have

/ f(x)dz = /A F(o(v))dg(y) ()

where A = g~1(a) and B = g~!(b) by the change of variables formula. Using the funda-

mental theorem of calculus on f: f(z)dzx and taking notice of the equality in (2), we may
write

/ Fa())dg(y) = F(g(B)) — F(g(A)) (3)

in particular since F(g(A)) = F(a) and F(g(B)) = F(b). Although we have derived Equa-
tion (3) starting with g continuous and strictly increasing, we may relax this condition to g
continuous and of bounded variation by regarding

/ F(a(w))da(y) = / hdg (4)
A A

as a Riemann-Stieltjes integral of the function h : [A, B] — R defined as h(y) = f(g(y))
with respect to ¢ : [4, B] — R. To see this more clearly, we present and prove a generalized
fundamental theorem of calculus, as shown below.

Theorem 7 (GFTC). Letg: [A, B] = R be of bounded variation. Let h : [A, B] — R defined
as h(y) = f(g(y)) be a Riemann-Stieltjes integrable function with respect to g. Suppose there
is a differentiable function F' on [a,b] such that

F'(z) = f(x)
for all x € [a,b], where a = g(A) and b = g(B). Then, we have

B
F(g(B)) — F(g(4)) = /A F(9())dg ()



Proof. Let € > 0 be given. Choose a partition P = {yo,...,yn} of [A, B] satisfying the
condition given in Theorem 3, i.e.,

<€

n B
Zlﬂg(ti)mgz-— /A F(o(w))da(y)

1=

for any arbitrary points ¢; € [y;—1,¥i],4 = 1,...,n. Note that by the mean value theorem,
we may write

n

F(g(B)) — F(g(A)) = > [Fg(y:)) = Flg(yi-1))]

=1

=Y F(3)Ag

i=1

for some g; on the line connecting ¢(y;) and g(y;—1) for alli = 1,...,n. Since g is continuous,
we may find ¢; € [y;—1,y;] such that g(¢;) = g; for all i. Thus, we may write

F(g(B)) = Flg(4) = 3 F'(g(t:))Agi
for some t; € [y;—1,y;]. Using F'(z) = f(x), we see that

<€

B
F(g(B))—F(g(A))—/A f(a(y))dg(y)

Since this holds for any € > 0, the proof is complete. O

Thus, we obtain a generalized fundamental theorem of calculus in the case where h(y) =
h(g(y)) is Riemann-Stieltjes integrable w.r.t. g and g is continuous and of bounded variation.

4 Stochastic Calculus

4.1 Riemann integral of Stochastic Process

Riemann integral of a Brownian motion is well defined as a random variable. Consider

1
/ W (r)dr (5)
0

We see that for any outcome w € Q, W(r)(w) is continuous w.r.t. r and that r is of bounded
variation. Thus, the Riemann integral exists for each w € Q. If we define (5) as a function
that maps an outcome w € €2 to the value fol W (r)(w)dr, it is a well-defined random variable.



But what is the random variable represented by fol W (r)dr? Notice that we have

1 n
/0 W(r)dr = ”EIEOZ; Wi(si)(ti —ti-1)

= lim, ; W(ti_1)(ti —ti1)

. . 1
wlﬂlglo (; W<ti1)> n

where the first equality holds for any choice of partition (¢;) and any s; € [t;—1,t],i =
1,...,n. We just fix s; = t;_1 in the second equality. For the third equality, we use (¢;)
such that ¢; — t,_1 = % for all ¢ = 1,...,n. Now, we introduce a new random variable
Z; =W(t;) — W(ti—1). We see that Z; is distributed as

1
Z; =4 N(0,t; —t;—1) =N (0, n)

and that Z; L Z; for ¢ # j due to orthogonal increment property of W(r). Thus, we may
write

1 n
. 1
/0 W (r)dr = WEI_Y}O (; W(ti1)> o
1
= lim (anl + 227172 +...+ TLZO)
T —0

. (O’n(n+1)(2n—|—l)> 1 "

Tpn—0 6n n
= lim N (0, n(n + 1)((2” + 1))
Tn—0 61},‘3

1
N(o0,=
(03)
We see that fol W (r)dr is a normal random variable with variance 1/3.

4.2 TIto Integral
Defining the integral of the form

/0 KB o /0 BB

is much trickier. These are not well defined as a path-by-path Riemann-Stieltjes integral
because, for any w € Q, B(r)(w) is of unbounded variation. For generality, consider a
continuous stochastic process K = (K (t)) and a continuous martingale M = (M(t)). We
define Ito integral of K with respect to M as

/O K(s)dM(s) = plim, o> K (ti1)(M(t:) — M(ti-1)) (6)

=1



where 0 = t9 < ¢, < ... < t, = t is a partition of [0,¢]. For the Ito integral to exist,
Equation (6) should be uniquely defined regardless of the choice of the partition. On this
note, we will not worry too much about the existence of the Ito integral and assume that
the integral exists.

4.3 Total and Quadratic Variations
1. For a stochastic process X = (X (t)), we define

n

V(t) = WEIEOZ | X (t:) — X(ti-1)]

as the total variation of X.

2. For a stochastic process X = (X(t)), we define
[X](t) = plim, o » (X (t:) — X (ti-1))”
i=1

as the quadratic variation of X.

Note that both the total variation and quadratic variations, whenever they exist, are also
stochastic processes.

4.4 TIto Formula

We are interested in characterizing an integral of the form

/0 F(M(s5))dM (s)

Recall the generalized fundamental theorem of calculus.

F(g(B)) — F(g(4)) = /A F(g())dg(y)

We do not have
F(M(t)) — F(M(0)) = / F(M(s))dM (5)

because M = (M(t)) is of unbounded variation. Notice that we have

10



for some s; € [t;—1,;] because M (t) is continuous. However,

n

D F(M(si)[M(t:) — M(t;-1)]

i=1

will not converge to either the Riemann-Stieltjes integral (because M (t) is of unbounded
variation) or the Ito integral (because s; # t;—1). To remedy this, we may consider the
second order Taylor approximation of F(M(¢;)) at F'(M(t;—1))

= ZF'(M(ti—l))[M(ti) = M(ti—1)] + % ZF”(M(Si))[M(ti) = M(t;-1))?

where the second equality holds for some s; € [t;_1,t;] because M (t) is continuous. Now,
we have

t
S P (1) = M) [ SO ()M ()
by the definition of the Ito integral and

% S F(M(s:))[M(t;) — M(ti-1)]> —aus. /0 F"(M(s))d[M](s)
=1

because the partition P = {to,...,t,} defines A[M]; = [M](t;) — [M](t;—1) ~ [M(t;) —
M (t;—1)]?. Notice that [M](t) is of bounded variation and fot F"(M(s))d[M](s) is a well-
defined Riemann-Stieltjes integral, which is unique regardless of the choice of s; € [t;—1,;].
Thus, we obtain the Ito formula given as

FOMO) = 1010) = [ Ore)aM ) + 5 [ FOre)ae)
Symbolically, we may write
(M) = §/ (MM + o (M)d[M],

by writing M (t) = M;.

4.5 Ito’s Isometry

We have
2
E

t t
( XSdWs> =E </ des)
0 0

where W; is standard Brownian motion and X; is an adapted process with respect to the nat-
ural filtration F; = o((Wy)u<¢). This is useful in computing variances of random variables
that are given as Ito integrals.

11



Proof. We first express the Ito integral as a partial sum:

t
/ X, dW, = lim ZXt (Wy, = Wi, )
0

T —0

t 2 2
— (/ X‘SdWS) = hm (Z th | th Wti1)>
0

Note that
n 2
(Z Xti—l(Wti - Wtil))
= ZE [X2 - Wy, } + QZE [Xti_lth_l(Wti Wi, )Wy, — Wtj—l)]
j>i
Here,
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as m, — 0 where we’ve use the law of iterated expectation, adaptedness of X;, independent
increment of W;, and variance of W in each equalities. Also,

ZE I:Xti—lth—l(Wti - Wti—l)(Wt ZE (Wh - Wtifl)(Wt]’ - Wtj—l)"th—l]:I
Jj>i j>i
= B [Xo Xoy o (Wh = Wil ) E [(Wh, = Wi, )R]
Jj>i
= ZE I:Xti—lth—l(Wti - Wti—l)E [(Wt]‘ - Wtj—l)}:l
Jj>i
=0
where we’ve used the law of iterated expectation, adaptedness of X; and W, independent
increment of Wy, and zero mean of W; in each inequality. Thus,

2
t
E(/ XSdWs> = lim E (ZXM (W, = W, 1)>
0 TTn—>
=E (/ des>
0

12



which completes the proof. Note that Ito isometry is due to the “conditional uncorrelated-
ness" of Wy, — Wy, , and o(Wy)u<t, . )- O

4.6 Examples

L [ WedW,
Let f(W;) = W?. Using Ito’s formula,

d(W7) = 2WdW; + %Zdt

because [W]; = t. Thus, we have
1 1 1
/ 1d (W2) :2/ Wtth+/ 1dt
0 0 0
1
szz/ WidW; +1
0
! 1
/ W dWy = (Wi — 1)
0 2
2. Consider

/0 f()aw,

We know that this is a normal random variable because it is the limit of a weighted
sum of increments of Brownian motion. Thus, to find its distribution, we just need to
find its mean and variance. The mean is zero. The variance is given by

( / 1 f(S)dWs>2 —E [ / 1 f<s>2ds} -/ f(s)ds

where we’ve used Ito isometry in the first equality. Therefore, we have

/0 ' fs)aW, =N (o, /O 1 f(8)2d8>

E

5 Appendix

Stratanovich Integral

Consider again a continuous stochastic process K = (K(t)) and a continuous martingale
M = (M(t)). We define Stratanovich integral of K with respect to M as

[ o) oant) = piimg, Lo Y- (K e - e

where 0 = tg < t1 < ... < t, = t is a partition of [0,¢]. We want to prove that the usual
fundamental theorem of calculus holds for the Stratonovich integral. In other words,

(M) — (M) = /O F/(M,) 0 dM,

13



Proof. As in the proof for the Ito formula, we first expand the difference f(M;) — f(My) by
creating a telescoping sum and use second-order Taylor expansion to obtain

F(My) = f(Mo) = [f(My,) — f(M,_,)]
=1
- n (7)
= ; f’(Mti_1)(Mti - Mti—1) + % ; f//(Msi)(Mtqz i Mti_1)2

for some s; € [t;—1,t;]. Now, because the Stratanovich integral is defined with the integrand
My, +Ms, . .
at ————=+, we rewrite the first term in (7) as follows:

NE

f/(Mtq‘,—l )(Mt7 - Mtz—l)

1

Zf/ <W) (Mti - Mti—l) + Z |:f/(Mtil) - f/ (W)] (Mt’i a Mtifl)
i=1

i=1 2
(8)

.
I

The first term in (8) limits to the Stratanovich integral by definition.

. - My, + M, t
To characterize the second term of (8), we use the mean value theorem to obtain

My, + My, M, + M,
Fi(My )= f (”f) = (M) (Mti_l - t+2t>

which holds for some s} € [ti,l, %} by continuity of M;. Thus, the second term of (8)
can be written as

° Mt- Mt.71
S| - (F ) o - )
=1
i Mt' Mt’—l
=307 0) (M, - ) - ) o)
=1

1
= _5 Z f/,(MS;-k)(Mti - Mti—1)2
=1

Now we can see that when we take limit as m,, — 0, the s} € |t;_1, % and s; € [ti_1,t;]

converge to the same point for each i = 1,...,n so that (9) cancels out the second term in
(7), resulting in usual fundamental theorem of calculus. O
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