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Abstract

We propose two procedures for determining the number of dynamic factors,
extending |Bai and Ng| (2002) and |Ahn and Horenstein| (2013) to dynamic fac-
tor models where lagged factors may directly influence the observed variables.
As an intermediate step, we develop a simple and computationally efficient al-
ternating least squares algorithm that directly estimates the dynamic factors,
rather than their static representations. By working with these direct estimates,
our approach enables joint determination of the number of factors and the filter
length. Our approach does not require the exact finite-order VAR specification
maintained by Bai and Ng| (2007)) and Amengual and Watson| (2007)). We apply
our procedures to estimate the number of primitive shocks in a large panel of
U.S. macroeconomic time series.
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1 Introduction

Factor models are a central tool in empirical macroeconomics and finance for sum-
marizing co-movements in large-dimensional time series. Their appeal lies in the idea
that a small number of latent factors can explain the dynamics of many observed
variables.

A fundamental distinction is between static and dynamic factor models. In a
static factor model, the observables z; depend only contemporaneously on a low-
dimensional vector of factors f;, e.g., z; = Af; + ¢, whereas a dynamic factor model
allows lags of the factors to affect the observables, e.g., x; = Z;”:_Ol Mefi—i + €. The
dynamic specification is more general and economically informative, as it captures
delayed responses and propagation mechanisms that are central to macroeconomic
and financial dynamics]T]

While a large body of work has developed methods for estimating the number
of static factors—see, for example, Bai and Ng| (2002)), [Onatski (2010), and Ahn
and Horenstein (2013)—the literature on estimating the number of dynamic factors
remains relatively limited. Notable exceptions are Bai and Ng| (2007)) and |/Amengual
and Watson| (2007). These papers approach the problem by constructing a static
representation of the dynamic factor model. Under the assumption that the static
representations of the dynamic factors follow a VAR process with a lower-dimensional
innovation, Bai and Ng| (2007) and |Amengual and Watson! (2007) develop consistent
procedures for estimating the number of dynamic factors.

Although VAR models provide a flexible and widely used framework for capturing
time series dynamics, the literature on the study of the static factor models shows
that a VAR specification for the static factors is not necessary for either estimating
the factors or determining their number. This raises the question of whether it is
possible to consistently estimate the number of dynamic factors without imposing a
VAR model on the factors.

This paper proposes a new approach to estimating the number of dynamic factors
that does not rely on the assumption that the factors follow a VAR process. Instead,
our method requires that the second moment matrix of the static representations

of the dynamic factors be positive definite, a substantially weaker condition than

!The dynamic factor model studied in this paper allows the factor process (f;) to exhibit arbitrary
serial dynamics, provided that it satisfies the Assumption [I| to be introduced in Section [2l This is
in contrast to the generalized dynamic factor model of [Forni et al.| (2000]).



imposing a parametric VAR structure. Our approach is enabled by directly estimat-
ing the dynamic factors using an alternating least squares algorithm. The procedure
iteratively updates factors and loadings via simple least squares steps, making it com-
putationally efficient and scalable to large datasets. When applied to static factor
models, the alternating least squares estimator coincides with the principal compo-
nents estimator commonly used in static factor models. We establish consistency
under double asymptotics when both the time-series dimension and the dimension
of the observed variable diverge, obtaining the standard convergence rates typically
associated with the estimation of static factors. By leveraging consistent estimators
of the dynamic factors, we propose two procedures that jointly estimate the number
of dynamic factors and the filter length, defined as the length of the horizon over
which current and lagged factors exert a direct effect on the observed variables.

Our approach extends the criteria of Ahn and Horenstein| (2013) and |Bai and Ng
(2002) to dynamic factor models. Under general Assumptions to be introduced in
Sections 2] and 4] the number of dynamic factors and the filter length of the dynamic
factor model are jointly identified asymptotically independently of any parametric
specification for the stochastic process governing the dynamic factors. In particular,
if the dynamic factors follow a VAR (p) process, the identification of the filter length is
invariant to the choice of the lag order p. We also address the issue of VAR lag order
selection using estimated factors when the dynamic factors follow a VAR process.

The eigenvalue ratio test of Ahn and Horenstein| (2013)) identifies the number of
factors by detecting the point at which the ratio of consecutive singular values of the
data matrix diverges. We extend this idea to dynamic factor models by introducing
a notion of ’dynamic’ singular values, defined as the spectral norm of the residual
matrix after removing a given number of estimated dynamic factors. Building on
this concept, we propose the dynamic singular value ratio test, which generalizes the
eigenvalue ratio test of Ahn and Horenstein (2013)) and coincides with it when applied
to a static factor model. Moreover, the proposed framework can be used to determine
the filter length of the dynamic factor model by examining the behavior of ratios of
consecutive dynamic singular values as the filter length varies for a fixed number of
dynamic factors.

The information criterion of Bai and Ngj (2002) selects the number of static factors
by augmenting the residual variance with a penalty term that increases with the

number of static factors. Our second procedure extends this approach to dynamic



factor models by employing a penalty term that depends on both the number of
dynamic factors and the filter length. When we restrict the filter length to one, the
proposed criterion coincides with that of Bai and Ng/ (2002)), up to a constant factor

of two in the penalty term.

1.1 Related literature and contributions of this paper

There is a large literature on dynamic factor models, which can be broadly divided
into two classes. The first class comprises generalized dynamic factor models with
infinite filter length, which do not admit a finite-dimensional static representation.
The second class consists of models with a finite filter length, for which a static
representation exists. Our work falls into the second category: the dynamic factor
models with a finite filter length. What distinguishes our work from many existing
ones is that we work directly with the dynamic factors themselves, rather than the
static representations.

The generalized dynamic factor model with infinite filter length was introduced
by [Forni et al.| (2000), who proposed estimation based on frequency-domain principal
components. Subsequent work has developed one-sided representations, estimation
methods, and asymptotic theory for these models: [Forni et al.| (2015), [Forni et al.
(2017)), and Barigozzi et al.| (2024)). Methods for determining the number of dynamic
factors in the generalized dynamic factor framework have also been proposed by |Hallin
and Liska (2007) and Onatski (2010). However, the greater generality afforded by
infinite-length filters typically requires the dynamic factors to be serially uncorrelated
processes for identification. We focus our attention on dynamic factor models with
finite-length filter in this paper.

A separate strand of the literature studies the static representations of dynamic
factor models. Bail (2003) and Bai and Li (2016]) provide inferential theory for static
factors estimated by principal components and quasi-maximum likelihood, respec-
tively. Procedures for determining the number of static factors include information
criteria (Bai and Ngj, [2002) and eigenvalue-ratio tests (Ahn and Horenstein, 2013)),
among others. Despite this extensive literature, comparatively little attention has
been paid to the direct estimation of dynamic factors. An exception is|Bai and Wang
(2015)), who studies Bayesian estimation of dynamic factor models. This paper is
most closely related to [Bai and Ng (2007) and |Amengual and Watson| (2007)), who



study the estimation of the number of dynamic factors in models with finite filter
length.

To summarize, our contributions are as follows.

First, we generalize the procedures of Bai and Ng| (2002) and |Ahn and Horenstein
(2013)) to estimate the number of dynamic factors in dynamic factor models. Our
approach is more robust than those of Bai and Ng| (2007)) and /Amengual and Watson
(2007)), as it does not require imposing a VAR, structure on the static factors.

Second, our procedure provides a consistent estimator of the filter length, jointly
with the number of dynamic factors, which, to the best of our knowledge, is the first
in the literature. Identifying the extent to which primitive shocks directly affect the
economy is of independent interest. For instance, using the FRED-MD dataset of
McCracken and Ng (2015) over the sample period March 1973 to March 2025, the
filter length is estimated to be two [

Third, we examine the finite-sample performance of our selection procedures and
show that they outperform those of Bai and Ng| (2007) and |Amengual and Watson
(2007) across a range of designs in determining g.

Finally, we establish the consistency of the proposed alternating least squares
estimator in estimating the dynamic factors. Furthermore, when the dynamic factors
follow a VAR(p) process, we show that the lag order selection can also be done
using the information criteria methods, with unobserved factors replaced with their
estimates.

The remainder of the paper is organized as follows. Section [2| presents the model
and discusses representations of the dynamic factors. Section [3|describes the alternat-
ing least squares estimation procedure and the consistency of the proposed method.
Section [] develops two methods for determining the number of dynamic factors and
the filter length. Section [5| reports simulation evidence on the finite-sample per-
formance of the proposed procedures. Section [6] provides an empirical application.

Section [7] concludes. All technical proofs are collected in the Appendix.

Notations. We denote by || - || the Euclidean norm when applied to vectors and
the associated spectral (operator) norm when applied to matrices. The Frobenius

norm is denoted by ||| . For a symmetric matrix A, the notation A > 0 and A > 0

2The associated number of dynamic factors is found to be four, which increases to seven after
the onset of COVID.



indicates that A is positive definite and positive semi-definite, respectively. We denote
Py=AAA)A and My = I — P, for full column matrix A. We write [z] for the
smallest integer greater than or equal to x and |z | for the largest integer less than
or equal to x. Throughout, ¢ denotes the number of dynamic factors, m the filter
length, and r = gm the corresponding number of static factors. Finally, we denote
Z, N, Ny, and R the set of integers, natural numbers, nonnegative integers, and real

numbers, respectively.

2 Model, Assumptions, and Representations

2.1 Model

We denote the pair (g, m) representing the number of dynamic factors and the filter
length as the structure of a dynamic factor model. For a given structure (¢, m), we

consider the finite-order dynamic factor model

m—1
xit:Xit+6it7 Xit:ZA;k;ft—k’a izla"'an tzla"'aTa (]-)
k=0

where f; € RY is the vector of dynamic factors, A\;z € R? is the loading vector asso-
ciated with lag k, and m is the filter length. We assume that the factor process is
defined for all ¢t € Z, so the required presample lags are well defined.

When m = 1, (|1 coincides with a static factor model. If the finite-order restriction
is relaxed and the loading filter is allowed to be infinite under appropriate summability
conditions, the model is related to the generalized dynamic factor framework of Forni
et al.| (2000). We restrict attention to the finite-filter case m < oo, which can be
viewed as a finite-order dynamic extension of the approximate static factor models
studied in Bai (2003]) and |Stock and Watson, (2002)).

Let r = gm and define the stacked static factor and loading vectors by
!/ /
gt = <ft/ fior o ft/fm+1> eR, Vi = (Ago Ny oo )‘é,m71> €R".
Then has the algebraically equivalent static representation

Tit = ViG¢ + Eit- (2)



For each £ =0,...,m — 1, define the N x ¢ loading matrix

Ak
)\k == )
ANk
and let
L1t €1t
Ty = ) & = ) I' = <)\0 )\1 te )\m,1> c RNXT.
TNt ENt

Equivalently, the i-th row of I" is 7/. The vector form of the model is therefore
Ty = th + & (3)

Stacking the observations over time, define

T €1 9

. TxN . TxN . T
X=1:1]eR™, E=| | eR™*Y, G=1| : | eR"™.

Ty £ 9r

The model can then be written in static matrix form as

X=GI"'+E. (4)
For k=0,....m—1, let
Sk
F = : e RT>a
fron

collect the k-th lag of the dynamic factors. It follows that

G= (FO F_1 F—(m—l)) )



and hence the dynamic matrix representation is

—1
X=SN F, )\ +E. (5)
0

3
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For convenience, we write F' = Fj for the T x ¢ matrix collecting the contemporaneous
dynamic factors.

Although has the algebraic form of a static factor model with r = gm factor
coordinates, the columns of G' are not unrestricted. In particular, the m blocks of
g+ are lagged copies of the same ¢-dimensional process. If g;; denotes the jth ¢-

dimensional block of g;, then

g1t = [, i1t = Gji—1, j=1....,m—1

Relative to an unrestricted static factor model with r factors, the dynamic parame-
terization therefore uses only ¢ underlying factor series and imposes cross-time shift
restrictions on their stacked representation. This restriction is the source of its par-
simony; the number of loading coefficients remains Ngm in both representations.
The common component may admit multiple dynamic representations. To dis-
tinguish the true structure from generic candidate structures, we let gy denote the
smallest factor dimension among all exact representations of the common compo-
nent. Among representations attaining ¢y, let my denote the smallest filter length,
and define 1o = gomo. We refer to (qo, mg) as the true structure. We use (¢, m) and
r = gm to denote a generic candidate structure. The existence and characterization

of alternative observationally equivalent representations are discussed in Section [2.3]

2.2 Assumptions

Throughout, gy and mg are fixed, ro = gomp, and N, T — oo jointly. Recall that
G € R0 and T' € RY*™ denote the stacked factor and loading matrices associated
with the true structure (go, mp). The following two assumptions are used to establish
consistency of the estimated factor and loading spaces. Additional assumptions used
to establish consistency of the procedures for determining (qo, mg) are introduced in
Section [l

Assumption 1 (Nondegeneracy and pervasiveness). The stacked factor and loading



matrices associated with the true structure satisfy
1 ! ]' /
TG G —p Xy, NP I'—, %,
as N, T — oo, where ¥, and X, are finite ro X ro positive-definite matrices.

Assumption 2 (Weak idiosyncratic component). The idiosyncratic-error matriz sat-

1sfies
|E| = 0, (Vimax{N.T}) .

The two parts of Assumption [I] have distinct roles. The first requires the lag-

stacked factor vector /
gt = (ft, fion ft/fmo+1>
to have a nonsingular asymptotic second-moment matrix. The second is the usual per-
vasiveness condition, requiring each true static-factor direction to have nonvanishing
cross-sectional strength.
A convenient sufficient condition for the factor-side restriction is that (f;) is a
covariance-stationary and ergodic process with finite second moments whose spectral
density matrix is positive definite on a set of frequencies with positive Lebesgue

measure. Under this condition,
E(ge9:) > 0,

and an ergodic law of large numbers yields
1 !/ /
7GG = E(gigy).

This condition includes, for example, stable and invertible VARMA processes driven
by innovations with positive-definite covariance. In particular, a stable VAR driven
by full-rank innovations has a spectral density matrix that is positive definite at ev-
ery frequency; see, for example, (Brockwell and Davis, [1991], Sections 11.3 and 11.8).
The factor-side condition in Assumption [1]is therefore weaker than requiring a finite-
order VAR specification | Analogous nondegeneracy and pervasiveness conditions are
maintained in [Bai and Ng (2007) and |Amengual and Watson| (2007) when estimating

the number of static factors. Unlike their fixed-order VAR formulations, however,

3The factor-side condition in Assumption 1| is discussed in greater detail in Supplemental Ap-

pendix E}



Assumption [I] does not require the factors to possess an exact finite-order autoregres-
sive representation. For example, a generic invertible VMA(1) process has a VAR(c0)
representation and can satisfy Assumption [I} even though it does not generally ad-
mit an exact finite-order VAR representation. Bai and Ngj (2007)) discuss finite-order
VAR approximations to such processes but note that their fixed-order theory does
not directly cover the MA case.

Assumption [2] places a global bound on the strength of the idiosyncratic compo-
nent. It permits weak cross-sectional and serial dependence in the errors but rules out
an additional idiosyncratic component with singular values of the same order as those
generated by the strong common component. Spectral-norm and related eigenvalue
restrictions of this type are standard in the factor-model literature; see, for example,
Onatski| (2010), /Ahn and Horenstein (2013), Moon and Weidner| (2017), and Bai and
Ng| (2023)).

2.3 Equivalent Dynamic Representations
Recall that the true common component is

mo—1

Xt = Z e fi—k, fir € R,
k=0

Throughout this subsection, we restrict attention to exact finite-order causal linear
reparameterizations of the true factor process. Specifically, an alternative represen-

tation with structure (g, m) is of the form
d m—1 _
he=H(L)fy =Y Hifio,  xo= Y Tihis,
=0 k=0

for some finite d, where H, € R7*% and fk € RV*4, 'We interpret m as the maximum
candidate filter length, so some fk may be zero, and the coordinates of h; may be
redundant.

The true representation is minimal within this class: no exact representation exists
with factor dimension ¢ < ¢y, and, among representations with ¢ = ¢y, no exact
representation exists with filter length m < mg. Two dynamic factor representations

are called equivalent if they generate the same common component y; for every t.

10



When combined with the same idiosyncratic component ¢, the resulting models for
x; are observationally equivalent.

The true representation (qo, mo) always admits the static structure (ro, 1) obtained
by stacking the current and lagged values of f;. There may exist other admissible
dynamic representations that are observationally equivalent. To illustrate, consider a

model with structure (qo, mo) = (2, 3):

Xt = Aot + Aifio1 + Ao fioo, fi e R%
Its static representation is

It
Xt = <>\0 A1 )\2> G, g =1 fic1 | € R°. (6)
=

Thus, (¢,m) = (6,1) is an admissible structure. The same common component also

admits a representation with structure (¢, m) = (3,2). Define

Ji1
he=| fia+ ficin | € R?
Ji-12

and let
To= (M1 Aoz Ma=Aoi)s D= (M= duz dar daa)
where )\, ; denotes the j-th column of A;. Then
Xt = Dohy 4 Tihy . (7)

Hence, (¢,m) = (3,2) is also admissible.

The example illustrates the tradeoff between the number of factor coordinates
and the filter length. Reducing the filter length below m, requires additional factor
coordinates, while increasing the factor dimension weakly reduces the minimum ad-
missible filter length. The following proposition shows that admissibility is governed

by the factor dimension ¢ and the comparison between r = gm and the true static

11



rank ro = gomy.

Proposition 1 (Characterization of admissible dynamic structures). Let ro = gomy.

Every pair (q,m) € N? satisfying
q=qo  and  gm=>T7g

15 an admissible dynamic structure.

Conversely, every admissible dynamic structure satisfies ¢ > qo. Moreover, under
Assumption 1], an exact representation with gqm < rq is ruled out with probability ap-
proaching one as N, T — oco. Thus, admissible dynamic structures are asymptotically
characterized by

q>q and gm > gomy.

Proposition [I] implies that structures satisfying gm = ry lie on the boundary of
the admissible region and may provide nonredundant representations of the common
component. However, the true structure (go,m0) is the most parsimonious represen-
tation because its factor dimension is the smallest. Structures satisfying gm > ry are
also admissible, but necessarily contain redundant static factor coordinates or loading

directions under Assumption

Corollary 1 (Lower bounds on admissible structures). Suppose that qo, mo > 1 and

let ro = qomg. Under Assumption (1], the minimum admissible factor dimension for a
fired m > 1 is

For a fixed q > qo, the minimum admaissible filter length is

i< 2] -]

These lower bounds are asymptotically sharp.

For 1 < m < mg, the minimum number of additional factor coordinates required

12



to reduce the candidate filter length to m is

qo™mo
Gmin(M) — qo = { W — qo-
m
Moreover,
mmin(qo) = My,
and muyin(q) is weakly decreasing in g. Because of the ceiling operator, increasing ¢

need not strictly reduce the minimum filter length at every value of q.

Let Gmaz > qo and my,q, > myg be given, and let

S =10, Gumax} X {0, ..., Mmax }-
Consider the disjoint partition of S given by

51:{<Qam)€S3CIZCIOa quTO}v
Sy ={(g,m) € S:qm <ro}, (8)
53:{(QJm)€S:q<QO7 quTO}'

Proposition (1| shows that every structure in S; admits an exact representation of
the true common component. Structures in S, have static dimension smaller than
the true static rank ro = gomgy. Under Assumption [I} the matrix of true common
components has rank ry with probability approaching one, whereas a representation
with structure (g, m) has rank at most gm. Hence, structures in S, cannot reproduce
the true common component with probability approaching one. Structures in S5 have
sufficient static dimension, gm > gymg, but fewer than ¢y dynamic factor coordinates.
The static-rank argument therefore does not distinguish these structures from the true

model. Their misspecification instead follows from the minimality of ¢q.

3 Estimation

In the dynamic factor model,

m—1
I’t:Z)\kft,k—th, tzl,...,T,
k=0

13



the dynamic factors (f;) are indexed from t = 2 — m to ¢ = T to account for the
lagged factors entering the equation. We jointly estimate (f;)L,_,, and (\x)}">' by

minimizing the least squares objective

2 2

m—1 T m—1
1 1
~T I SOFLN| = WZ me— > Ak (9)
k=0 F =1 k=0

over (f;) and (A;). The first-order conditions for the factor loadings (\;) are

[y

3

MF L F =X'F, j=0,...,m—1. (10)
0

i

The first-order conditions for (f;) are

min(m—1,T—t)

m—1
Z /\; <$t+j - Z )\kft+j—k> =0 (11)
k=0

j=max(0,1—t)

fort=2—-—m,...,T.

We minimize @D using an alternating least squares procedure. We start with an
initial guess for (\,). Given (A;), we may update (f;) by solving (11). Given (f2), we
may update () by solving . We repeat the updating steps until convergence.
The first-order conditions define a multivariate regression with rank ¢m, which
has a closed-form solution. The first-order condition can be efficiently solved
using the discrete Fourier transform, requiring inversion of only ¢ x ¢ matricesﬁ Since
each step minimizes a least squares objective, the algorithm guarantees a monotone
decrease of the objective function. The minimization problem is not convex, and
the alternating least squares algorithm generally does not converge to the global
minimum. We try multiple initial values and choose the solution that obtains the

smallest objective function value in practice.

3.1 Consistency

Before introducing the selection criteria for the structure (g, m) of the dynamic factor

models, we first show that the estimated dynamic factors are consistent.

4Derivation of the discrete Fourier transform needed to solve the first order condition is given in
the Supplemental Materials |g

14



Proposition 2 (Factor-space consistency under admissible structures). Let Assump-
tions and@ hold. For any fized (g, m) € Sy, let (G,T) be a global minimizer of the

least-squares objective @D over representations with structure (q,m). Then

where G is the true stacked factor matrix.

Remark Proposition [2|establishes one-sided factor-space consistency for every fixed
admissible structure (¢, m) € S;. Thus, the estimated stacked factor space asymp-
totically contains the true factor space. When gm = ry = gogmy, this result yields the
usual consistency of the estimated factor space. When gm > ry, the estimated space
may contain additional redundant directions.

Under the restriction m = 1, the admissible structures are

Sin{lg,m) :m =1} ={(q,1) : ¢ = ro}-

For this unrestricted static-factor problem, Theorem 1 of [Bai and Ng (2002) es-
tablishes average consistency, up to a possibly rank-deficient transformation, of the
rescaled principal-component factor estimator for any fixed number of estimated fac-
tors. Proposition [2| provides a dynamic analogue of this static result by allowing every
admissible structure (¢,m) € Sy, including structures with m > 1.

For m > 1, the dynamically constrained least-squares estimator imposes the lag-
stacking restriction

fi

. finr

f t—m+1
Equivalently, the m blocks of g, are shifted copies of the same estimated g-dimensional
factor process. An unrestricted principal-component estimator of the static factors
does not impose this temporal restriction, so its estimated factor coordinates need
not satisfy the displayed relation.
This distinction is relevant for determining the dynamic structure of the model.

Unrestricted principal components identifies the static factor space and its dimension

15



ro = oMo, but it does not separately impose a decomposition into the dynamic
factor dimension qq and the filter length mgy. The dynamically constrained estimator
preserves the temporal structure used by the subsequent procedures for determining

these two dimensions.

4 Determining the Number of Dynamic Factors and
Filter Length

4.1 Selection Based on the Dynamic Singular Value Ratio

Throughout this section, 0;(X) denotes the j-th largest singular value of X. We
define a dynamic analogue of the singular-value approximation error by imposing the
lag-stacking restrictions of a dynamic factor model on the low-rank approximating
matrix. Formally, let §,41,,(X) denote the (¢ + 1)-th dynamic singular value of a
matrix X with filter length m, defined as

5q+17m(X) = Cgclf X — C’H,

where
/
m—1 )k
/o N x _ .
Cq,m = E A—k:Bk; B, e RV A, = : L Ao—my ..., a7 € RY
k=0 /
ar_g

with ¢ > 0 and m > 0. For ¢ = 0 or m = 0, we define C,,, = {0} so that ¢ ,,(X) or
d4+1,0(X) denotes spectral norm of X.

When m = 1, 6,411(X) coincides with the usual (¢ + 1)-th singular value of X
because C,; = {C : rank(C) < ¢}. For general m, every C' € C,,,, has rank at most

gm. Therefore,

Og+1,m(X) > gmi1,1(X) (12)

The inequality reflects the additional temporal restrictions imposed by the dynamic

approximation relative to an unrestricted rank-gm static approximation. More gen-

16



erally, given (qo, mg) and its associated set S;, we have

5Q+1,m (X) < 5q0+1,m0 (X)

for any integer (¢, m) € S because Cyy my C Cym due to Proposition
Let

mo—1

Co= > FX, =GI'
k=0

denote the T" x N matrix of true common components.

Assumption 3. For any € > 0, there exists a constant ¢y > 0 such that

1
Pl —§ E) < <
(m kmaz+1,1< ) CO) >¢€
for all sufficiently large N and T, where ky.x s fized.

Assumption 4. For any € > 0, there exists a constant co > 0 such that

1
P min — 5q+1,m(00) <c ) <e

0<g<q0 /NT

1<m<mmax
and for all sufficiently large N and T, where my,q, > myg is fized.

. . . . 1
Assumption [3| requires that the leading singular values of —\/WE be bounded

away from zero in probability. Under conditions such as those in /Ahn and Horenstein
(2013)), a positive fraction of the singular values of \/#} remain bounded away
from zero. Assumption [3| which requires this property only for a fixed number of
leading singular values, is correspondingly weaker.

Assumption [4] imposes a corresponding lower bound on the dynamic approxima-
tion error of the true common component under every underfactored structure. Part
of this condition follows directly from Assumption [I] For every (¢,m) satisfying

0<g<qyand 1 <m < mg, we have
gm < (qgo — 1)mg < 7y.

Therefore, by ,
Og+1,m(Co) = Tgm+1(Co) = 07, (Co).

17



The smallest nonzero singular value of Cy = GI" satisfies

2 / /
7o) o\ (GGY (T
NT T N

Assumption [I] implies that the right-hand side is bounded away from zero in proba-

bility. It follows that

) 1
min - ——= 6441,m(Co)

0<g¢<q0 /NT

1<m<mg
is bounded away from zero in probability.
Thus, Assumption (1] already provides the required separation for underfactored
structures whose candidate filter length does not exceed mg. For m > mg, however,
it is possible to have

qgm > 1y

even when ¢ < qo. In this case, static rank alone does not provide a lower bound on
the approximation error. Assumption [ strengthens the minimality of ¢y by requiring
underfactored representations to remain uniformly separated from the true common
component at the v/ NT scale over the fixed candidate range

I <m < Mpax.

Supplemental Appendix[B] provides sufficient conditions for Assumption[d] In par-
ticular, under the assumption that the optimized sample mean-squared approximation
criterion converges to its population counterpart, a stable and invertible VARMA fac-
tor process driven by innovations with positive-definite covariance satisfies the spectral
component of these sufficient conditions. The resulting frequency-domain condition is
related to the dynamic-eigenvalue restrictions used in the generalized dynamic factor
literature; see, for example, Forni et al| (2000)), Forni et al. (2015]), and |Forni et al.
(2017).

We construct ratio-based selection criteria constructed with residuals obtained
from the Frobenius norm least-squares estimator. For each (¢,m) with ¢,m > 1,

let (Fﬁzém),j\,gq’m))km:’ol form any global minimizer of the least-squares objective (9)).
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Define the fitted common component by

3
L

Clon = S e 3@y,

0

B
Il

For ¢ =0 or m =0, set C'%m = 0. We define 5q+17m(X) as

A

5q+1,m(X) = HX - éq,m

) qameNO'

It is important to note that the minimizer of the Frobenius norm generally differs from
the minimizer of the spectral norm. When m = 1, the Frobenius norm minimizer
also minimizes the spectral norm, i.e., gives a best rank-q approximation solution
With 0g411(X) = 0ge11(X). For m > 1, d1.m(X) # Ggs1m(X) in general. While
dynamic singular values can in principle be computed by directly minimizing the
spectral norm, we rely on the Frobenius-norm solution for computational tractability.

It can be shown that under Assumptions [T} [2] B and [], there exists ¢q, and

Mumae Such that for all 0 < ¢ < ¢nee and 0 < m < Mypez, 6‘%%(;() is bounded above

and away from zero in probability for (¢,m) € S;, whereas %L\/%X) is bounded above

and away from zero in probability for (¢, m) € Sy U S;. This behavior of Sqﬂ,m(X )
motivates the dynamic singular value ratio tests given in Theorem (1| and [2| below.
In Theorem [I, we fix m and estimate the number of dynamic factors using a

ratio-type statistic based on adjacent estimated dynamic singular values.

Theorem 1 (Consistency of the factor-dimension estimator). Suppose that gy, mg > 1
and that Assumptions[1} [3 [3, and[{] hold. Let qmax, Mmax, and kmax be fized positive

integers satisfying
qo S (max, mo S Mmax;, qomo + GmaxTmax S kmax-

Fixm € {1,...,Mmax} and define g5, = max {qo, (mw } Suppose that qF, < Gmax-

m

Forq=1,...,qumax, define

bgum(X)

DR,y (X) = —ami2)
! 5Q+1,m(X)

If a denominator is zero, set the corresponding ratio equal to +0o. Using the smallest
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mazimizer as a deterministic tie-breaking rule, define

A~

¢(m) = minarg max DR, ,,,(X).

1<g¢<gmax

Then
P{G(m)=gqy,} —1

as N, T"— oo.

For a fixed m, the quantity ¢, is the smallest factor dimension for which (¢, m)
belongs to S;. Hence, at ¢ = ¢, the numerator of DR, ,,(X) corresponds to the
inadmissible structure (g%, — 1,m) and is of order v/NT, whereas the denominator
corresponds to the admissible structure (g%, m) and is of order /N + T. The ratio
therefore diverges at ¢, and remains stochastically bounded at every other candidate
value.

When m > my, the admissibility boundary satisfies ¢, = ¢o, so the estimator
consistently identifies the true number of dynamic factors. When m < my, it selects
the minimum number of factor coordinates required to represent the true common
component with candidate filter length m, as characterized by Proposition [1}

When m =1,
oq(X)

Og+1 (X) ‘

The eigenvalue-ratio statistic of Ahn and Horenstein| (2013) is based on

DR,1(X) =

04(X)

q

1~ 7 — DR? (X).
‘73+1(X) q’l( )

The two criteria therefore have the same maximizer. In this case, Theorem [I] consis-

tently estimates the true static dimension

To = qo™Myg-

The theorem extends this static ratio criterion by allowing the candidate filter length
to exceed one and by imposing the lag-stacking restrictions of a dynamic factor model.
We next fix the factor dimension and estimate the minimum admissible filter

length.

20



Theorem 2 (Consistency of the filter-length estimator). Suppose that gy, mg > 1 and
that Assumptions(1], (3, and[d hold. Let ¢max, Mmax, and kmax be fixed positive integers
satisfying

4o S Gmax; mo S Mmax, qo™myg + Gmax"Mmax S kmax-

Fiz q € {qo, - - -, Gmax} and define m}; = {%W . Form=1,... Mmpa, define
dqt1m1(X)

MR, (X) =— .
: ( ) 5Q+1,m<X)

If a denominator is zero, set the corresponding ratio equal to +00. Define

m(q) = min argmax MR, ,,(X).
1<m<mmax
Then
IP’{ﬁ’L(q) = mg} —1

as N, T — oo.

For a fixed ¢ > qo, the quantity my is the smallest filter length for which (g, m)
belongs to Si. At m = my, the numerator of MR, ,,(X) corresponds to the inad-
missible structure (¢, m} — 1), while the denominator corresponds to the admissible
structure (g, my). The ratio therefore diverges only at m;.

Theorem [2| consistently estimates the admissibility boundary m;j; for a fixed factor
dimension g > ¢o. In particular, it consistently estimates the true filter length my
when ¢ = ¢o. When g > qq, it selects the smallest candidate filter length required to
represent the true common component using ¢ factor coordinates.

To recover (go, mp) using Theorem [I] and 2 we may start with any m sufficiently
large so that m > mg. Using m > mg, we may recover ¢ using Theorem [T} Then,

using Theorem [2| we may recover mq using ¢ = qo.
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4.2 Selection Based on Information Criteria

Let V (g, m) denote the mean squared errors when the structure (¢, m) is used to

estimate a dynamic factor model, i.e.,

2

AR Py

F

where C’q,m = ;”:_01 Fgc’m);\,(fq’m)' is the least squares estimator obtained under the

structure (g, m).

Following Bai and Ng| (2002)), we augment the residual variance with a penalty
term. The key is to construct a penalty sequence that vanishes asymptotically, yet
dominates the difference in the residual sum of squares between the true model and
any overparameterized alternative. In this spirit, we define the following two infor-

mation criteria:

PC(q,m) =V(g,m)+ (r+q)g(N,T),

1 -
DC(q,m) = ﬁ&?ﬂm(?{) + (r+q)g(N.,T),

where r = gm and g(N,T) is a vanishing penalty function. Compared to Bai and
Ng| (2002)), the main differences are: (i) model fit is evaluated after estimating the
dynamic factor model, not its static representation, and (ii) the penalty accounts for

both the number of static factors » = ¢m, and the number of dynamic factors ¢.

Theorem 3. Suppose Assumptions[1], [9, and[4] hold. Let Guar > qo be a fized integer

and let My > Mo be given as in Assumption[fl Let ¢ and m be given by
(G, m) = argmin PC(q,m)
0<q<gmaz,0<m<mmax

or

(g,m) = argmin DC(q,m).

0<q<qmaz,0<m<mmaz

If g(N,T) — 0 and (NN—JFTT) g(N,T) — o0 as N,T — oo, we have
P{(q, ) = (q0,mo)} — 1

as N, T — oo.
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The key to determining the true structure (qo,mg) is penalizing both the number
of static factors r = gm and the number of dynamic factors ¢q. Penalizing only
the number of static factors would select the static representation of the dynamic
factor model, since among the structures (¢, m) with the same static factors, the
structure (gm, 1) has the smallest squared error. Including ¢ as a separate term in
the penalty ensures recovery of the most parsimonious dynamic structure. In fact,
we may use any penalty function of the form ¢(q, m)g(N,T') as long as g(N,T) — 0,
(NN—JFTT) g(N,T) — o0 as N,T — oo, and

©(q0, mo) < (g, m)

for all (¢g,m) € S; with strict inequality when (¢, m) # (g0, mo). For example, any
function of the form ¢(q, m) = agm+Sq with «, 8 > 0 can also be used to consistently
recover (qo, myp).

Theorem [3] shows that Assumptions [T} 2| and [ suffice to asymptotically identify
(g, m). The result does not require a particular finite-dimensional parametric model,
such as a finite-order VAR, for the factor process. Assumptions|l|and [2/are commonly
used to identify the number of static factors, e.g., (Chamberlain and Rothschild| (1983)),
Bai and Ng| (2002), Bai and Ngj (2023)). To recover the number of dynamic factors,
along with the corresponding filter length, the only additional assumption required is
the Assumption [4]

Note that when gy = 0 or my = 0, so that there does not exist a common compo-
nent with factor structure, the information criterion consistently recovers (qo, mg) =

(0,0).

Assumption 5 (Nondegenerate average idiosyncratic variance). There exists a con-
stant
o2 € (0,00)

such that

1
WHEH% —p 02

Corollary 2. Suppose Assumptions [}, [2 [4, and[J hold. Let qma. be a fized integer

and let Mypq, be given as in Assumption[]. Let

(¢, m) = argmin I1C(q,m),

0<¢<gmax,0<m<mmax
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where

IC(qg,m) =1ogV(g,m) + (r +q)g(N,T).

If g(N,T) — 0 and (NN—JFTT) g(N,T) — oo, then

P{(4,m) = (q0,m0)} — 1.
As in Bai and Ng| (2002)), we may use three candidate penalty terms:
N+T NT
N, T) = 1
91N, T) ( NT > Og(N+T)

0(N, T) = (N N+TT) log (min(N, T))

g3(N, T) = ( ) log (min(N, T)).

min(N,T')

We also scale the penalty term with 62, = V (Gmaz, Mimae) and d2, = ﬁ(gio(X ) for

PC and DC respectively. Under Assumptions 2] and [, we may show that

2
€

6hc —p O
as N, T — oo. Also, we have

X~ NGl | _ 2]
VNT /NT|~ V/NT

so that
dpc —rp Amas(Z275,5Y2)

as N,T — oo when go,mg > 1. The DC criterion with the scale d2,, = ﬁgio(X)
does not depend on (¢ynaz, Mmaz) through the scale term. However, it may not recover
the true structure under (go,mg) = (0,0). Under the null structure, this scale is only
of order %, making the effective penalty too small to dominate the noise-scale
reduction from fitting spurious factors.

Both PC' and IC can be viewed as dynamic extensions of the original criteria in
Bai and Ng (2002): if m = 1, they reduce numerically to the criteria in Bai and Ng

(2002), up to a multiplicative factor of two in the penalty term.
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4.3 Determining the Lag Order of the VAR Model

Although our method does not require the dynamic factors (f;) to follow a VAR
process, it may still be useful in practice to model their dynamics using a VAR
model. For instance, one may be interested in estimating the dynamic responses
of macroeconomic variables to structural shocks identified using residuals of a VAR
model for (f;), as in [Forni et al.| (2009).

In this context, modeling (f;) directly using a VAR is substantially more parsi-
monious than working with the static representation (g;). As shown by Bai and Ng
(2007) and Forni et al.| (2009)), if the dynamic factors (f;) follow a VAR(p) process,
then the associated static factors (g;) follow a VAR(p) process, where p = 1if m > p
andp=p—m+1if m <np.

When m > p, estimation based on the static representation requires fitting a
VAR(1) in dimension gm, involving ¢*m? parameters. In contrast, direct estimation
of (f;) requires fitting a VAR(p) in dimension ¢, involving only ¢*p parameters. Since
m > p, and m > 1 in genuine dynamic factor models, the reduction in dimension-
ality can be substantial. When m < p, the estimation of the static representation
requires (p—m+1)g*m? parameters, which again strictly exceed pg? whenever m > 1.
This highlights substantial reductions in dimension and parameter count by directly
modeling the dynamic factors.

In this section, we assume (f;) follows a VAR(p) process, and show that the lag

order p can be selected consistently using the estimated factors.

Assumption 6 (Nondegeneracy of the augmented factor stack). Let

J() = (IT—l O(T71)><1> ) Ji = (O(Tfl)xl IT—1> )

so that Jy and Jy select the first and last T — 1 rows, respectively. Define

—(m+1

amh _ Ji (Fo Foq - F—m> € RT-Dxa(m+1).

Then
I =(m+1)'=(m+1)

—C G

- —p B > 0.

Assumption 7 (VAR lag-order regularity). The dynamic factor process follows a
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stable VAR(po) model,
Po
ft:ZAjft—j+ut> OSPO Spmam
j=1

where q, po, and pmax are fized. The order py is minimal, and the innovation sequence
satisfies

E(u | Fio1) =0, E(ugu;) = 3, > 0,

together with uniformly bounded fourth moments and the weak-dependence conditions

needed for the usual fized-dimensional VAR laws of large numbers and central limait

theorems.
For every £ =1, ..., pmax, the population covariance matrix of
/
=1y o £
1s positive definite. Moreover, for every { = py + 1,. .., Pmax, the population covari-
ance matriz of the additional lag regressors after projecting them on fi_1, ..., fi—p, s

positive definite.

Assumption [6] rules out an exact linear relation among m + 1 consecutive factor
vectors. It is used to identify a common ¢ X ¢ rotation across the m lag blocks of the
static factor representation.

Proposition [2] only gives consistency of static representations g; of dynamic factors
ft, 1.e., consistency up to a gm x gm dimensional invertible matrix. Assumption [0]
is used to identify and consistently estimate the dynamic factors f; up to a ¢ x ¢
dimensional matrix. Bai and Wang (2014)) uses a similar assumption for identification.
After establishing consistency of the dynamic factors f; in Proposition [3] we use the

result to establish consistency of the VAR lag order selection in Theorem [4]

Proposition 3 (Consistency of the dynamic factors and lag loadings). Let (¢, m) =

(qo, mo) be the true structure, with q and m fized. Let
é = <F0 F—l Ff(mfl))7 f = (5\0 5\1 5\m-1>

be constructed from a global minimizer of @ Choose a normalized representative
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satisfying

Define

Then Hy is nonsingular with probability approaching one,

[H | + [1H | = Op(1),

and .
— |F=FH,|| =0
\/TH lp p(
Moreover, for each k =0,...,m — 1,

1
vl

R

Suppose we use the common effective sample

t:pmax+1a"'>T

for all candidate lag orders in the VAR regression. Define

/
Pmax+1

Y = : € R,
fr
For ¢ > 1, define
Zy = <F_1 ‘.- F_g) c Rnxqf,

27
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where all matrices are restricted to the common effective sample. For ¢ = 0, the

regressor matrix is empty. For ¢ > 1, let

and define
S 1 A0\ / 1 Ot >
Bo= (Y ZEB£> <Y ZEBK> = VMY
For ¢ = 0, set
A 1 ~ o~
Yo = Y'Y
‘ T — Pmax
Define

PICyar({) = log(det(f]g)) + ¢ g(N,T), (=0,...,Pmax-

Theorem 4 (Consistency of log-determinant VAR lag-order selection using estimated
factors). Suppose that the true dynamic structure (qo,mo) is used to estimate the
factors and that Assumptions @ @ and@ hold. Let g(N,T) satisfy

NT

N, T) =0 N, T
g(N,T) = 0, N+Tg( ,T) — o0
and define
p = min arg min PICyag ().
nggpmax
Then

as N, T — oo. No restriction on the relative rates at which N and T diverge is

required.

Remark. Ezisting structural-factor and FAVAR applications generally select the VAR
lag order using conventional AIC or BIC applied to estimated factors. [Forni and
Gambetty (2010), for example, choose two lags as the midpoint between the orders
selected by AIC and BIC applied to estimated factors.

The dependence of the penalty on N arises because the VAR is estimated using
generated regressors. If the factors were observed, the reduction in the log-determinant

criterion from adding finitely many irrelevant lags would be O,(T~), and an ordinary
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time-series BIC penalty would suffice. With estimated factors, additional lags may
also fit factor-estimation error. Under Proposition[3, the resulting contribution to the

nested criterion comparison is bounded by

1 1

The panel-adaptive penalty in Theorem [J] dominates this rate without requiring a

restriction on the relative growth of N and T'.

For the conventional time-series BIC penalty ggic(N,T) = 1°§T to yield consistent

model selection in Theorem [, we need an additional rate condition

T

0
NlogT -

to hold so that the squared factor estimation error O, (% + %) 15 megligible compared

to the penalty term.

5 Simulations

We conduct Monte Carlo simulations of dynamic factor models to evaluate the finite-
sample performance of estimators for the number of dynamic factors and the filter

length. Specifically, we simulate the model

m—1
Ty = Z NeSi—k + €ty
k=0
where the idiosyncratic errors satisfy

0(1 — p?
it = 1(+—2Jpﬂ3 Cit €it = PCig—1 T Vit + Z Bui—jz.
1<|j]<J

The innovations v; and the factor loadings Ay are drawn independently from a stan-
dard normal distribution. This data-generating process is similar to those considered
in [Bai and Ng| (2002) and |Ahn and Horenstein| (2013), except that we allow the filter
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length m to exceed one. The common factors f; follow a VARMA(1, 1) process,
Je=Afeo1r +ug + Ougy,

where u,; follows independent standard normal under the following four specifications:
l.p=pf=J=0and A=060=0.
2. p=03,8=01,J=10,and A=06 =0.
3. p=p=J=0, A= Diag(0.7,0.5,0.3), and © = 0.
4. p=p=J=0, A=0, and © = Diag(0.7,0.5,0.3).

By construction, the variance of ¢;; equals §. The variance of the common com-
ponent S0 A fiok is given by m - tr(X;), where X; = E[f,f/]. We therefore set
6 = m - tr(Xy), ensuring that the expected signal-to-noise ratio equals one in all
specifications.

The first specification corresponds to an exact dynamic factor model, in which
both the dynamic factors and idiosyncratic errors are serially uncorrelated. The sec-
ond specification represents an approximate dynamic factor model, allowing for serial
and cross-sectional dependence in the idiosyncratic errors. The third and fourth spec-
ifications examine settings in which the dynamic factors follow VAR(1) and VMA(1)

processes, respectively.

5.1 Selection Based on the Dynamic Singular Value Ratio

We use the four specifications described in the previous section with (g, mo) = (3, 3).

30



DGP1 DGP2 DGP3 DGP4

N T m=2m=3m=4m=2m=3m=4m=2m=3m=4m=2m=3m=4

100 100 0.92 099 096 | 0.17 0.28 0.23 | 0.00 0.79 047 | 0.12 0.93 0.81
100 2001 0.99 098 1.00 | 0.17 040 0.24 | 0.04 098 0.86 | 0.36 1.00 1.00
100 300 1.00 1.00 1.00 | 0.20 0.55 0.29 | 0.09 1.00 0.98 | 0.58 1.00 1.00
200 100{ 1.00 1.00 1.00 | 0.52 0.88 0.61 | 0.10 0.88 0.66 | 043 1.00 0.88
200 200{ 1.00 1.00 1.00 | 0.89 0.99 093 | 043 1.00 0.99 | 090 1.00 1.00
200 300{ 1.00 1.00 1.00 | 0.93 1.00 0.95 | 082 1.00 1.00 | 0.98 1.00 1.00
300 100{ 1.00 0.99 1.00 | 0.85 0.99 0.86 | 0.18 1.00 0.89 | 0.72 1.00 0.98
300 200{ 1.00 1.00 1.00 | 0.99 099 1.00 | 0.81 1.00 1.00 | 0.99 1.00 1.00
300 300{ 1.00 1.00 1.00 | 1.00 1.00 1.00 | 093 1.00 1.00 | 1.00 1.00 1.00

Table 1: Monte Carlo frequency with which §(m) = ¢¥,, for each fixed candidate filter
length m.

Table [I| reports the Monte Carlo frequency with which §(m) = ¢f,. For m = 2, we
have gy, = [®20] = 5. For m = 3,4, we have ¢}, = qo = 3. The estimator performs
very well in DGP1. DGP3 and DGP4 also perform strongly when m > mg as the
panel dimensions increase. DGP2 is more challenging, particularly when N is small,
reflecting the serial and cross-sectional dependence in the idiosyncratic component.

The short-filter case m = 2 is also difficult under persistent factor dynamics.

DGP1 DGP2 DGP3 DGP4

N T |g=3qg=4q=5|q=3 qg=4q=5|q=3 qgq=4q=5|q=3 qg=4q=5
100 100 0.99 0.54 097 | 0.16 0.06 0.30 | 0.02 0.00 0.02 049 0.00 041
100 200 0.98 0.94 1.00 | 0.17 0.07 0.28 | 0.10 0.00 0.04 | 0.88 0.01 0.76
100 300| 1.00 0.99 1.00 | 0.29 0.06 0.38 | 0.26 0.00 0.07|0.97 0.14 0.95
200 100| 1.00 0.98 1.00 | 0.73 0.20 0.81 | 0.21 0.00 0.13 ]0.91 0.05 0.79
200 200| 1.00 1.00 1.00 | 1.00 0.77 0.99 | 0.49 0.00 0.26 | 1.00 0.39 0.98
200 300| 1.00 1.00 1.00 | 1.00 0.89 1.00 | 0.76 0.00 0.56 | 1.00 0.79 1.00
300 100| 0.98 1.00 1.00 | 0.97 0.69 0.95|0.29 0.00 0.15]0.97 0.15 0.94
300 200| 1.00 1.00 1.00 | 0.99 0.98 1.00 | 0.83 0.02 0.61 | 1.00 0.70 1.00
300 300| 1.00 1.00 1.00 | 1.00 1.00 1.00 | 0.95 0.12 0.90 | 1.00 0.91 1.00

Table 2: Monte Carlo frequency with which 7(q) = m}, for each fixed factor dimen-
sion q.

In Table [2| we use DR test to estimate the filter length m given ¢. For ¢ = 3,4,
we have mj = [£72¢] = 3, whereas for ¢ = 5, we have my = [©0] = 2.

The particularly difficult case is ¢ = 4 in DGP3. The candidate structure (4, 2)
has static dimension eight, only one below the true static rank gymg = 9. When the
factors follow a VAR(1) process, factor persistence can make the final required static

direction relatively weak. Consequently, the dynamic approximation error under (4, 2)
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can be small in finite samples, limiting the separation between m = 2 and m = 3.

5.2 Selection Based on Information Criteria

We see finite sample performance of the PC, DC, IC criteria in selecting (g, m). We
compare the results with the two existing methods given by |Bai and Ng| (2007)) and
Amengual and Watson| (2007)f]

In Table 3] and [, PC, DC, and IC denote the information criterion methods pro-
posed in this paper. BN and AW denote methods proposed in Bai and Ng (2007)
and Amengual and Watson (2007)), respectively. To illustrate the attainable perfor-

mance of each procedure, the tables report the best-performing penalty variant among

g1, 92, g3 for each method. In particular, PC and AW use g;(N,T) = (5F) log(NN—fT),
BN uses g2(N,T) = (%) log(min(N, 7)), and DC, IC use g3(N, T) = (5w log(min(N, 7).

Results for selecting filter length are missing in BN and AW, as they only select the

number of dynamic factors.

DGP1 DGP2

PC DC IC [BN[AW]| PC DC IC [BN[AW
N T lg m|qg m|gqg m|qg|q|qg m|qg m|qg m|(q

100 100[0.97 0.99]0.98 0.98[0.97 0.98]0.34]0.23]0.47 0.50[0.15 0.18[0.26 0.26[0.04[0.45
100 200/0.99 0.99/0.98 0.99/0.98 0.99]0.55/0.89|0.91 0.91]0.18 0.18]0.93 0.93]0.00|0.01
100 300/1.00 1.00|/1.00 1.00|1.00 1.00|0.890.99|0.98 0.98|0.20 0.22]0.99 0.99(0.00|0.00
200 100|1.00 1.00{1.00 1.00[1.00 1.00|0.82[0.98|0.97 0.99|0.57 0.66|0.98 0.99|0.45|0.94
200 200{1.00 1.00{1.00 1.00{1.00 1.00|1.00|1.00|1.00 1.00|0.98 0.98|0.75 0.75(0.33|0.99
200 300|1.00 1.00{1.00 1.00|1.00 1.00|1.00|1.00|1.00 1.00|1.00 1.00|1.00 1.00{0.01|0.68
300 100[0.99 1.00[0.98 0.98[0.99 1.00[0.97[0.98|1.00 0.990.91 0.94|1.00 1.00{0.98|1.00
300 200(1.00 1.00{1.00 1.00|1.00 1.00|1.00|1.00|0.99 0.99|1.00 1.00|0.99 0.99|0.93|1.00
300 300(1.00 1.00{1.00 1.00{1.00 1.00|1.00|1.00|1.00 1.00|0.99 0.99|1.00 1.00|0.79|1.00

Table 3: Marginal Monte Carlo selection frequencies under DGP1 and DGP2. For
PC, DC, and IC, the columns labeled ¢ and m report Pr(¢ = qo) and Pr(m = my),
respectively. BN and AW estimate only ¢q.

Table [3] reports marginal selection frequencies under DGP1 and DGP2. All three

proposed selectors perform very well in DGP1, even in the smallest panel, and their

°In both Bai and Ng| (2007) and |Amengual and Watson| (2007), we used IC test whenever it was
needed to test for the number of static factors. When the lag order of the VAR (p) model needed to
be specified, we used p = 1 for the first three specifications and p = 2 for the fourth specification.
For Bai and Ng| (2007), we used the default parameters (6,m) = (0.1,1) with covariance matrix
method. For Amengual and Watson| (2007), we used the residuals from direct regression, i.e., V;Z in
Amengual and Watson| (2007)).
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factor-dimension selection frequencies are substantially higher than those of BN and
AW in the smaller samples. DGP2 is more challenging because the idiosyncratic
component is serially and locally cross-sectionally dependent. PC is the most robust
criterion in this design and improves rapidly with the panel dimensions. DC and IC
are more conservative in small panels but also become accurate as both N and T

increase.

DGP3 DGP4

PC DC e BN | AW PC DC e BN

AW

N T | g m|qg m|qg m|q]| q]|(q

m q

m q

m q

100
100
100
200
200
200
300
300
300

100
200
300
100
200
300
100
200
300

0.90
0.96
0.99
0.96
1.00
1.00
0.99
1.00
1.00

0.34
0.18
0.07
0.82
0.97
0.99
0.98
1.00
1.00

0.31
0.39
0.51
0.41
0.99
1.00
0.34
1.00
1.00

0.08
0.11
0.22
0.29
0.98
1.00
0.18
1.00
1.00

0.91
0.92
0.93
0.82
1.00
1.00
0.86
1.00
1.00

0.49
0.21
0.02
0.61
1.00
1.00
0.70
1.00
1.00

0.51
0.10
0.08
0.60
0.32
0.54
0.86
0.87
0.82

0.01
0.58
0.88
0.44
0.98
1.00
0.88
0.99
1.00

0.94
0.98
1.00
1.00
1.00
1.00
1.00
1.00
1.00

0.82
0.66
0.70
0.97
1.00
1.00
1.00
1.00
1.00

0.72
0.94
1.00
0.87
1.00
1.00
0.95
1.00
1.00

0.55
0.86
0.98
0.82
1.00
1.00
0.93
1.00
1.00

0.99
0.97
0.99
0.97
1.00
1.00
0.98
1.00
1.00

0.92
0.71
0.63
0.94
1.00
1.00
0.99
1.00
1.00

0.62
0.67
0.84
0.96
0.99
1.00
1.00
1.00
1.00

0.02
0.80
0.99
0.68
0.99
1.00
0.94
1.00
1.00

Table 4: Marginal Monte Carlo selection frequencies under DGP3 and DGP4. For
PC, DC, and IC, the columns labeled ¢ and m report Pr(¢ = qo) and Pr(m = my),
respectively. BN and AW estimate only qq.

Table ] reports results under serially dependent factor processes. For the common
task of estimating ¢o, PC has a higher or equal selection frequency than BN and
AW in all reported designs. DC and IC also perform strongly in many moderately
large panels, although DC does not uniformly dominate the benchmark procedures
in unbalanced panels. Filter-length selection is generally more difficult than factor-
dimension selection, particularly for PC under DGP3 when N is small relative to 7.
Because BN and AW do not estimate mg, comparisons with these methods concern

only the selection of qq.

6 Empirical Analysis: Shocks in the United States

In this section, we estimate the factor structure (g, m) of dynamic factor models
estimated using a large panel of U.S. macroeconomic variables. The Supplemental
Materials [D| additionally reports the estimated impulse responses of these variables

to monetary policy shocks identified as in |[Eichenbaum and Evans (1995)) within the
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dynamic factor model framework.

The empirical analysis is based on the FRED-MD dataset of [McCracken and Ng
(2015)), covering the period from March 1959 to March 2025. The sample comprises
T = 793 observations on N = 126 macroeconomic time series. All variables are
transformed in accordance with the procedures recommended by [McCracken and Ng
(2015)).

To determine the factor structure, we implement the PC2, DC2, and IC2 criteria
using a rolling window of fixed length equal to 10 years. The evaluation period begins
in March 1969 and extends through March 2025. For the March of each year in this
period, the criteria are computed using the information set consisting of the preceding

10 years of observations.

PC
DC

AL A A

0= I ! I | |
1970 1980 1990 2000 2010 2020

Figure 1: Estimated ¢ using PC2, DC2, and IC2.

The PC2 criterion tends to select a larger number of factors, whereas the DC2
and 1C2 criteria typically yield a more parsimonious specification. Based on the PC2
results, we find evidence in favor of four dynamic factors prior to the COVID-19
period. In contrast, the post-COVID-19 period is characterized by an increase in
the estimated number of factors, with the criterion indicating the presence of seven

dynamic factors.
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Figure 2: Estimated m Using PC2, DC2, and 1C2.

The PC2 criterion consistently selects m = 2 across the sample. The DC2 and

IC2 criteria fluctuates around selecting m = 1 to m = 3.

Explained Variation
0.7 T T T T

= (q.m)=(4,2)

065 (q.m)=(8,1)
(@m)=(4,1)

0.55

0.5

045

|
“1970 1980 1990 2000 2010 2020

Figure 3: Explained variation of the common component.
Based on the PC2 criterion, we find evidence supporting the specification (¢, m) =

(4,2) for the majority of the sample period. The corresponding common component

explains approximately 52% of the total variation in average, with this share increas-
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ing to about 65% in the post-COVID-19 period. A similar, but less drastic, increase
in explained variation is also observed during the 2008 global financial crisis.

When adopting the static specification, (¢,m) = (8,1), the explained variation
increases by approximately 3.6 percentage points. This gain can be interpreted as
reflecting improved in-sample fit due to the greater flexibility of the model.

In contrast, holding the number of factors fixed while reducing the filter length
to (¢,m) = (4,1) leads to a substantial decline in explained variation, on the or-
der of 11.1 percentage points. This deterioration can be interpreted as evidence of

misspecification.

7 Conclusion

This paper develops methods for determining the structure of finite-filter dynamic
factor models. Because a common component may admit multiple observationally
equivalent representations, the number of dynamic factors and the filter length cannot
be considered separately. We characterize the admissible structures by showing that

a candidate pair (¢,m) can represent the true common component when
¢=¢q and  gm = gomo.

The true structure (qo, my) is identified as the representation with the smallest factor
dimension and, among such representations, the shortest filter length.

We propose an alternating least-squares estimator that directly imposes the lag-
stacking restrictions of the dynamic factor model. Under the maintained nondegener-
acy, pervasiveness, and weak-idiosyncratic-component conditions, the estimated fac-
tor space is consistent for every admissible structure. When the true structure is used,
the underlying dynamic factors and lag-loading matrices are consistently estimated
up to a common nonsingular rotation.

Using these estimates, we develop dynamic singular-value-ratio and information-
criterion procedures for selecting (qo, m¢). The ratio procedures extend the eigenvalue-
ratio method of|Ahn and Horenstein| (2013), while the information criteria extend [Bai
and Ngj (2002) by penalizing both the dynamic factor dimension ¢ and the associated
static dimension ¢gm. Both classes of procedures are consistent over a fixed candidate

grid. Importantly, the selection results do not require the factors to follow an exact
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finite-order VAR process. When a VAR specification is subsequently imposed, its lag
order can also be consistently selected using the estimated dynamic factors.

The simulations show that the proposed procedures improve as both panel di-
mensions increase, although serial and cross-sectional dependence and weak sepa-
ration near the admissibility boundary can make filter-length selection difficult in
finite samples. Empirical results using the FRED-MD dataset indicate evidence of
filter length m = 2 with four dynamic factors prior to the COVID-19 period, which
increases to seven post-COVID-19.
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8 Appendix

Proof of Proposition [[] and Proposition [ are in Supplemental Materials.

8.1 Proof of Proposition

Proof of Proposition[Z Let
C =Gr’

denote the true common-component matrix, so that X = C' + F, and set

1 1 1
any = —F— + —=, eyt = —=||MaG||
MTVUN VT M \/TH ¢llr

Note that the minimization problem can be concentrated as

. 1 / 2 . 1 2
min o= X - G = min o | Ma X,

Because (¢, m) € Sy, Proposition [1| implies that C' has an exact representation with

structure (¢, m). Hence, by the optimality of (G,T') and the definition of Py,

M7 < X - e T < oElL
NT" G NE = NT F — NT"TEC

Using X = GI" 4 E and the orthogonal decomposition ' = PsFE + M4 FE, we obtain

1 | )
0< = G7IMeGT 2 + 716l
2

— 7 tr[(MuGY BT (13)

For the first term,

1 / 2 F/F G/MéG
WHMGGPHF—H[(N)( ! )}

T
Z /\min (W) :L‘?VT-
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By Assumption [I] there exists a constant ¢ > 0 such that

T
)\min (W) 2 (&

with probability approaching one. Next, letting r = gm, we have rank(Pg;) < r.
Because (¢, m) is fixed,

0< —||PsE — B2

1 1
=0,
<N )
= Oy(axr),
where ||-|| denotes the spectral norm and the second equality follows from Assumption

2l

For the cross term, the Frobenius Cauchy—Schwarz inequality gives
2
St [(MGY BT < | MGl BT

M E||T
_NTII Gl NENT -

Assumptionimplies || = Op(v/N), while Assumptionimplies | E| = Op(y/max{N,T}).

Therefore,

v B vmax{N,T}
MqG) EF]‘ =0, (—m ) INT

= Op(aNT):z:NT.

vl

Combining these bounds with , there exist nonnegative random variables

Anr = O,(1) and By = O,(1) such that, with probability approaching one,

2 2
cryy < Ayrayr + Byranranr.

By Young’s inequality,

32
NT 2
BNTaNTxNT < 2$NT + 2 —apnT-
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It follows that

2A B?
e < (2204 ) o = 0y(cko)

Consequently,

1 1 1
—||M:G| . = =0, —+—=].
TR MeGllp = anr p(m ﬁ)

O
8.2 Proof of Theorem [1] and [2]
Lemma 1 (Lower bound on the fitted residual). For every (q,m) € S,
3q+1,m(X) > Orgtrqmi11(E) = Orgrqmi1 (E).
Proof. Since
rank(Cp) < 79 and rank(Cy) < gm,
we have
rank (CA'(Lm — C'()) < 1o+ qm.
Using X = Cy + F, it follows that
Sosin(X) = |E = (Con =)
> inf |E— Al
rank(A)<rg4+gm
= Uro+qm+1(E)
= To+qm+171(E>7
where the third equality follows from the Eckart—Young theorem. m

To apply Assumption [3 to the preceding bound uniformly over S, it is sufficient
to choose

kmax Z To + GmaxMmax-

Lemma 2 (Consistency of the fitted common component). Let Assumption @ hold.

Then
N+T
OP( NT )

N

Cq,m - C’0 .

1
max

(qvm)esl V NT
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Proof. Fix (¢,m) € Sy and define

By Proposition , Cy admits an exact representation with structure (¢,m) and is

therefore feasible in the least-squares problem defining CA’q,m. Global optimality gives
A 2 2 2
|X = Cam|| < 1x = Goll2> = 121

Since

we obtain
1A gl < 21tr (B'Agm)l.

By spectral-nuclear norm duality,
[t (B Aqm)| < [1E][Agamlls,
where || - ||« denotes the nuclear norm. Moreover,
[Agmlle < 3/ rank(Agm)[| Agmll g,
and

rank(A,,,) < rank(éqm) + rank(Cy) < gm + 1.

Therefore, if A, ,, # 0,
[Agmllr < 2v/gm + 7o || E]].

The same inequality holds trivially when A, ,, = 0.
Since

qm + To S GmaxMMmax + To

uniformly over (¢, m) € Sy, it follows that

~

max HOq,m - CO“F < 2\/qmaxmmax + 7o HEH
(g:m)eS:
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Assumption [2] gives

|E| = 0, (Vimax{N.T}) .

Consequently,
1 A max{N, T}
——||Cym — Collr = O —_—
s, | Com — ol p<V NT )
N+T
which proves the result. O

Lemma 3 (Upper bound on the fitted residual). Suppose Assumptions|1| and @ hold.
We have

1 - N+T
—_— X) = .
o, g )C%< NT)

Proof. Let

mo—1

CO - Z ka)\;g
k=0

For every (¢, m) € S,

dat1m(X) = | X = Copm
< 1B+ [|Cqm = Coll
< 1Bl + [|Cqm = Collr-

1El _,, ( [N+T
VNT P NT |’

s ||C'q,m — Collr _o, ( N+T> .

Assumption [2] gives

while Lemma [2] gives

(q7m)651 V NT

The result follows. 0

44



Lemma 4. Suppose Assumptions|[q and Assumption[q hold with gomo + GmazMmaz <
kmaz- Let (¢g,m) € S1. Then, for all e > 0, there ezists ¢y, c; > 0 such that

1 R
P{Co < \/N:Hﬁqﬂ,m(X) < ¢ forall (g,m) € Sl} >1—¢

for all N, T large.

Proof. By Lemma [3] A
Og+1,m (X)

max —————— = 0,(1).

(gm)esSt /N +T

Hence, for every € > 0, there exists ¢y > 0 such that

Og1,m(X)
P max LM .

<

[NRINe

for all sufficiently large N and T
Moreover, Lemma [l and the ordering of singular values give, uniformly over

(QJm> € Sl7

~

5q+1,m(X> > Uro+qm+1(E) > UkmaxH(E)-

Assumption [3] therefore implies that there exists ¢z, > 0 such that

()
P min LM e <
<<q,m>esl VN+T ")~

for all sufficiently large NV and 7. Combining the two bounds proves the result. [

Lemma 5. Suppose Assumption [1, [, and [§] hold. For every e > 0, there exist

constants cr,cy > 0 such that

VNT

for all sufficiently large N and T

Ogrm(X
P(CLSL()SCU for every (q,m)ESQUS;;) >1—c€

Proof. First, because 0 is feasible in every candidate model and CA'qvm is a global

least-squares minimizer,

A

dr1m(X) S N1X = Comllr < IX |5
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Assumptions [I] and [2] imply

1 X1 r
—0,(1).
var - oW
Hence, R
Syirm(X)

max A 7 — O 1 )
(g,m)€S2US3 \/W p( )

For the lower bound, for every (g, m),

dpr1n(X) o Sprim(Co) B
vVNT NT NT

Assumption [2] gives
1]l

VNT

If (q,m) € Sy, then gm < rg, and hence

= 0,(1).

6q+1,m<00) > 0qm+1<00) > 0‘7,()(0()).

Moreover,

2 / /
70(Co) o\ (GGY (TN
NT T N

which is bounded away from zero in probability by Assumption
If (¢g,m) € S3, Assumption {4 implies that

dq+1,m(Co)
vVNT

is uniformly bounded away from zero in probability.
Since S, U S5 is finite, the preceding bounds imply that, for every ¢ > 0, there

exist constants ¢y, cy > 0 such that

- VNT

for all sufficiently large N and T O

Ogs1.m(X
P<CL<L()§CU for every (q,m)652U53> >1—e€

Proof of Theorem [1]
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Proof of Theorem [l Fix m € {1,..., Mupax} and define

qd,, = maxy qo, .
m

By the definition of 57,
(g,m)e S <= q>q,.

Thus, for the fixed candidate filter length m, structures with ¢ < ¢, belong to S;US3,
whereas structures with ¢ > ¢, belong to ;.

Recall that .
0g,m (X)

5q+1,m(X)

where &Lm (X) is the residual associated with ¢ — 1 fitted dynamic factors.

Y q: 7'”anaX)

DRy m(X) =

Because the candidate set is finite, Lemmas 4] and [f, together with a union bound,

imply that, for every € > 0, there exist constants
0<cp <cy < oo, 0<dy <dy < oo,

such that the event
Ent = qﬁ e < —g“l’m(X) <c N q:hl d; < —&*1*’”()() <d
NT i L < INIT = U L L= JNT U

satisfies
]P)(SNT) Z 1—c¢

for all sufficiently large N and T
We first consider the ratio at ¢ = ¢J,. Its numerator, 5%,m(X ), corresponds to the

structure (¢}, —1,m) € Sy U S5, whereas its denominator, 5q¢n+1,m(X ), corresponds to
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(qr,,m) € S1. Hence, on Enr,

Sqﬁmm(X)
3qin+1,m<X)
NT Oy m(X)/VNT
NAT §p 1 m(X)/VN+T
dL NT
- N+T

DRy m(X) =

Because N, T — oo,

NT 1
> —min{N,T .
N+T_2m1n{ , T} — o0

Therefore,
DRq;*n,m(X> _>p oo

We next bound the ratios away from ¢¥,. If 1 < ¢ < ¢%,, then both (¢ — 1,m) and
(¢, m) belong to Sy U S3. Thus, on Enr,

gm(X)/VN
DR, (X) =
q+1m( )/V
If ¢, < ¢ < gmax, then both (¢ — 1, m) and (¢, m) belong to S;. Hence, on Enr,
N+T
D) - SunONVEET

q+1m( )/VN +T

Consequently, on Enr,

d
max DR,.(X)<M, M= max{—U,c—U}.

1<q<gmax d
qqitfm Lo
Since

dy, NT .

— 00

Cu N +T ,

for all sufficiently large N and T,
dy, NT
— > M.
N+T
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Therefore, on Ex7 and for all sufficiently large N, T,

DRy m(X) > max DR, m(X)
m 1<g<gmax ’
a#qn,

It follows that the maximizer is uniquely attained at ¢, on Eyp. Hence,
P{i=qn} 2P(Enr) 21 —¢
for all sufficiently large N and T'. Since € > 0 is arbitrary,

P{¢=qp}—1

Finally, if my < m < mpyay, then

qom
00 S qo,
and therefore
9m = 490
Thus,
If instead 1 < m < mg, then
qo™my
> qo,
so that
x [QOmow
qm - .
m
Consequently,
P fo- =)+
m
Proof of Theorem 2|

Proof of Theorem[3. Fix q € {qo, - -, ¢max} and let

m; _ FOmﬂ .
q
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Because ¢ > qq, the definition of S} implies
(m)e S <= m=>m].

Hence, (g, m) € Sy for m < mj and (¢,m) € Sy for m > m;,.
Since the candidate set is finite, Lemmas [4] and [5] imply that, for every e > 0,

there exist constants
0<cp <cy <oo, 0<dp <dy < oo,

such that, with probability at least 1 — € for all sufficiently large N and T,

~

Sys1.m(X)

cp < —-F<c¢ for all m =m, ... Mmax,
"eUNyT T ’
and .
Ogi1.m (X
dLgL()<dU forallm=0,...,m — 1.

q

VNT ~

At m = mj, the numerator of M R, ,,,(X) corresponds to the inadmissible structure
(¢, m;—1), whereas the denominator corresponds to the admissible structure (g, m;).

Therefore, on the preceding event,

Sq—i-l,m;—l(X)

Og-+1,my (X))

[ NT dgprms1(X)/VNT
N+T Sqﬂ,m;(X)/ N+T

[N

- Cy N +T

MR ms (X) =

Since

NT 1
NI T > Emin{N,T} — 00,

we have
Mqu; (X) =, o0.
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For m < m}, both (¢,m — 1) and (g, m) belong to Sy, so

du

MR m(X) < —.
dr

For m > m}, both (¢,m — 1) and (¢, m) belong to S, so

MRyu(X) < Y.
CrL
Thus,
(nax  MEgn(X) = 0,(1),
m#Emy
whereas

MRy m: (X) =, 0.

It follows that

Finally, when ¢ = qq,

which gives

For ¢ > qo, the stated conclusion follows directly from the definition of m;. O

8.3 Proof of Theorem [3

Let V(q,m) denote the mean squared errors when the structure (q,m) is used to

estimate a dynamic factor model, i.e.,

2

m—1
x-S
k=0

1
V(g,m) = NT

Y

F

where (F@™ X@™)m—1 i the least squares estimator obtained under the structure

(q,m).

Lemma 6 (Rates of the minimized mean squared errors). Suppose that qo,mg > 0
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and that Assumptions (1], [3, and[{] hold. Then

ma (V. m0) = Vig )} = 0, (S5ET).

(g,m)€S1

For every e > 0, there exists a constant ¢ > 0 such that

P{ min  [V(¢,m) — V(qo, mo)] > c} >1—¢

(q,m)ESQUS:g
for all sufficiently large N and T.

Proof. For any given (g, m), we have

1 , 2 . /
Vigm) = NTHC‘“” COH NT”E“F Nt ((O‘?’m - G) E) ’
so that
V(@0 mo) = Vig,m) = NT‘ a0:m0 C“H NT’ o COH
2 R / 2 . ’
- ((qu,mo - G) E) ot ((Oq,m - G) E) .
(14)
Also, we have
1 A ! mq + Moqo || ~
_ — < ¥ 2 00 — :
7 ((Gon - a0) B) < YHEER e i el )

If (¢,m) € S1, the RHS of equation is O, (NN—) due to Lemma | equation ,

and Assumption [2]
2

Now, if (¢, m) € Sy U S3, we have ﬁ éqm — C’O‘ strictly positive in the limit.
F
To see this,
aplon =6l > e =] 2 eptonn (32 Pt).

which is bounded away from zero in probability by Lemma . Thus, from ,
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and Lemma [2] we have

2

Vi(g,m) —V(qo, mo) = + 0,(1)

Cym — Co
F

7
NT
bounded away from zero for all (¢, m) € Sy U Ss. O

Proof of Theorem [3]

Proof of Theorem[3. We show that
P{PC(q,m) < PC(qo,mp)} — 0

as N,T — oo for all (¢,m) € S\ {(q0,m0)}.
We first consider the case (¢,m) € S1 \ {(¢0,mo)}. Using Lemma [6, we have

N+T

Note that we may write
P{PC(q,m) < PC(q0,m0)} =P{V (g0, m0) = V(g;m) > (r+q— (ro+ q0))g(N, T)},

where the V(go, mo) — V/(¢g,m) vanishes at the order O, (%) and the g(N,T') van-
ishes at a slower rate. Note that any (¢, m) € S1\ {(go, m0)} implies r + ¢ > 79 + qo
so that P{PC(q,m) < PC(qo, mo)} — 0.

Next, we consider the case (¢,m) € S5 U S;. Using Lemma |§|, for every € > 0,

there exists a constant ¢ > 0 such that

P{ min  [V(¢,m) — V(qo, mo)] > c} >1—¢

(q,m)ESQUS:g

for all sufficiently large N and T. Note that we have
PC(q, m) - PC(QU? mO) = V(qa m) - V(q07 mO) - (TO +qo — (7“ + q))g<N7 T)7

where the first term V' (¢, m) — V(qo, mo) is bounded away from zero, whereas the
second term (1o + qo — (r + ¢))g(N,T) vanishes. Thus, we have P{PC(q,m) <
PC(qO,mo)} — 0.
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For DC(gq, m), note that we have

1 = N+T
ﬁ5§+1,m(X) = OP ( NT >

when (¢, m) € S; due to Lemma . Also, for all € > 0, there exists ¢ > 0 such that

1 -
P{ﬁég—&-l,m(‘x) Z C} 2 1—c¢

when (¢, m) € Sy U S3 due to Lemma . Since ﬁggoﬂ’mo(X) = 0, (£L), we may

use the same argument as in the case of PC(g,m) to finish. O

Proof of Corollary[3. Let

N+T
ant = N+T , Klgm)=qgm+yq.
By Lemma 6]
max |V (g,m) — 1l = Op(anT)-
(g:m)€S ’ NT P

Assumption [ therefore implies
max |V (g,m) — 02| —, 0.
(g;m)eS1

The mean-value theorem then gives

(ax llog V(q,m) — log V'(qo, mo)| = Oplant).

For every (¢q,m) € 51\ {(qo, m0)},
K(q, m) — K(QO,mo) > 0.

Since g(N,T)/anr — o0,

P min IC(q,m) — IC(qo,m0)] > 0% — 1.
{(Qam)ESI\{(qo,mo)}[ (q ) (QO o)] }

o4



For (¢, m) € Sy U S3, Lemmal0| gives a constant ¢ > 0 such that

]P’{ min [V (q,m) — V(qo, mo)] > c} — 1.

(q,m)ESQ USs

Because V (qq, mg) —, 02 > 0,

min  [log V (g, m) — log V(qo, mo)]
(q,m)GSQUSS

is bounded away from zero in probability. Since g(N,T) — 0 and the candidate set
is finite,

1@{ min  [IC(q,m) — IC(qo, mo)] > 0} Sl

(q,m)ESQ USs3

Combining the two cases proves

P{(¢,m) = (g0, m0)} — 1.
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