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Abstract

We develop a grouped three-way interactive fixed-effects model for estimating het-
erogeneous teacher effects in multidimensional panel data. We establish aggregate
consistency of the global least-squares estimator, derive stochastic expansions and lim-
iting distributions for the slope estimator and aligned factor estimates, and characterize
three mode-specific incidental-parameter bias terms. Under the maintained identifica-
tion and strong factor conditions, slope and aggregate factor consistency permit one
dimension to remain fixed when the other two diverge. An application to matched
student-teacher achievement data reveals that teacher—group matching accounts for
approximately 27% of fitted relative teacher value added variation. Using adaptive
LASSO, we identify six CLASS, MQI, or teacher survey items that explain the teacher-
level effect, and one teacher survey item that explains the matching effect. We also
find that teacher rankings are sensitive to classroom assignment and that substantial
gains are potentially attainable from improved teacher- student matching.

JEL: C33, C55, 121

1 Introduction

Conventional teacher value-added specifications often summarize teacher effects using a
scalar coefficient, even though effects may differ across student types and years. For example,
one teacher may be especially effective with students who enter the year with low prior
achievement, while another may be more effective with initially high-achieving students.
Recent studies, such as [Ahn et al.| (2025)), Bates et al. (2025), Biasi et al.| (2026), and
Delgadol (2025), have begun to investigate heterogeneous teacher value added. Estimating
this heterogeneity remains challenging because teacher—student-type—year cells often contain
few observations. This paper develops a grouped three-way interactive fixed-effects model
to estimate heterogeneous teacher effects, and uses these estimates to study matching effects
between teachers and students. The grouped three-way interactive structure in the fixed
effects is especially useful in this setting because it pools information across different teacher—
student-type—year cells by imposing economically meaningful restrictions.

We use math scores from fourth- and fifth-grade classrooms from the National Center for
Teacher Effectiveness to estimate the teacher value—addedEI To study teacher-student match-
ing effects, we divide students into five distinct groups based on prior academic achievements.

1A causal value-added interpretation requires teacher assignment to be conditionally independent of
unobserved determinants of achievement.



We find that the matching effect accounts for approximately 27% of fitted teacher value-
added variation, which is much higher than the value 12% found in |Ahn et al. (2025)E|

To examine the characteristics that explain the variations in the teacher’s level and
matching effects, we use adaptive LASSO on 55 candidate regressors. We use the estimated
teacher level effects and the difference in matching effects between the lowest and highest
prior-achievement groups as the dependent variables. The difference in matching effects
captures the comparative advantage of a teacher in instructing students in the lower prior
achievement group. We find that higher teacher-level effects are associated with classroom
behavior management, mathematical precision, cognitively engaging instruction, and not
reducing demanding mathematics problems in order to prepare for state tests. For example,
a one-point increase in the teacher’s skill in behavior management (a CLASS item measured
on a 1-7 scale) is associated with 0.0328¢ increase in level effects, and a one-point increase
in mathematical language or notation imprecision (an MQI item measured on a 1-3 scale)
is associated with a 0.06550 decrease in level effects.

On the other hand, we find that higher comparative advantage in teaching the lower-
achieving students is associated with the frequency of assigning problems requiring a few
minutes of thought. One possible interpretation is that assigning such problems provides
opportunities for deliberate mathematical reasoning that are particularly well matched to
lower-achieving students’ learning needs.

Using counterfactual exercises, we assess the sensitivity of teacher rankings to classroom
assignment. We find that 27.59% of the teachers that were ranked at the bottom 5% in
teaching effectiveness escape the bottom 5% when reassigned to their best-matched class-
rooms within the same school. Even when every teacher is assigned to their individual
best classrooms and the bottom 5% threshold is recalculated, 17.24% of the teachers in the
original bottom 5% would no longer be the bottom 5%.

We also quantify the potential gains from reallocating teachers to different classrooms,
holding classroom rosters fixed. We find that there are substantial potential gains from
improved teacher— student matchingﬂ The students in the lowest prior achievement group
have the most potential gains. For example, by reassigning only 25% of teachers to better-
matched classrooms within the same school, students’ standardized test scores can increase
by 0.0370 on average. For the students in the lowest quintile, the improvement is 0.097¢ on
average.

We also find that imposing the three-way separability structure within an empirical
Bayes framework can modestly improve out-of-sample forecasts of teacher-level effects rel-
ative to an unrestricted time-varying empirical Bayes specification. We find no consistent
improvement in forecasting matching effects. Out-of-sample R? for matching effects is low
across specifications, although these values should be interpreted cautiously because the
benchmark targets are unrestricted group-specific teacher-effect estimates that may contain
substantial sampling error.

Aside from the empirical results described above, this paper makes four theoretical con-
tributions. First, we develop a grouped three-way separable specification in the fixed effects
in panel models and establish consistency of the least-squares estimator. The sample growth

2This comparison is descriptive. Differences in samples, model specifications, and variance definitions
limit direct comparability. Our statistic uses plug-in sample variances of the estimated teacher-level and
matching components and may therefore reflect estimation noise. In contrast, |/Ahn et al.| (2025) estimate
population variance components using a Gaussian-mixture model that accounts for sampling error in the
teacher-coefficient estimates. The time-invariant teacher coefficients in|Ahn et al.| (2025) may also understate
matching effects when the true effects vary over time.

3These findings are consistent with [Ahn et al.| (2025])



condition needed for consistency permits one dimension to remain fixed when the other two
diverge.

Second, we derive stochastic expansions and limiting distributions for the slope estimator
and aligned factor estimates. The slope expansion identifies three mode-specific incidental-
parameter bias components. Grouping and separability reduce the order of the incidental-
parameter bias term associated with the cross-sectional units. We also construct a feasible
bias correction when the errors are conditionally uncorrelated.

Third, we propose an information criterion for selecting the number of trilinear compo-
nents in the fixed effects, following the penalized-fit approach of Bai and Ng| (2002). Fourth,
we extend the least squares consistency analysis to the inclusion of additive fixed effects.
While demeaning observations across each mode removes the additive fixed effects, esti-
mating the additive fixed effects directly using least squares can avoid information loss and
improve precision.

The framework studied in this paper can also be applied to other settings with observed
types and multidimensional data, including worker-type—firm, consumer-type—products, product-
type—market, and patient-type—hospital panels. Its usefulness depends on whether grouping
and separability provide an appropriate representation of the latent heterogeneity.

Related literature. This paper is related to four strands of literature. The first strand
studies heterogeneous teacher effectiveness and student—teacher matching. |Biasi et al.| (2026))
divide students into low- and high-prior-achievement groups according to whether lagged
achievement lies below or above the grade-specific state median. They estimate two teacher-
specific value-added measures using OLS and empirical Bayes shrinkage and use them as
teacher attributes in a structural model of district wage setting and teacher sorting. |Ahn
et al.| (2025)) do not impose a single mutually exclusive grouping. Instead, they allow teacher
value added to depend on continuous and discrete student attributes, e.g., prior achievement,
gender, or free or reduced-price lunch status, by allowing teacher-specific slope coefficients.
They estimate the model using a two-step fixed-effects and Gaussian-mixture procedure.
Bates et al.| (2025)) separate economically disadvantaged and advantaged students, construct
best linear predictions of group-specific teacher value added from prior-year outcomes, and
incorporate these measures into a two-sided matching model. |Delgadol (2025) estimates
reliability-weighted teacher effects for Black and non-Black students, with extensions based
on race-by-income and race-by-gender groups.

These studies estimate subgroup-specific teacher effects or teacher-specific coefficients
on observed student attributes. In contrast, we represent the full student-group—teacher—
year effect using a fully interactive, or three-way separable, structure. This structure pools
information across student groups, teachers, and years. We estimate this component jointly
with the slope coefficients and provide asymptotic and rank-selection theory for the least
squares estimator.

The second studies interactive fixed effects and multifactor error structures in panel data.
Pesaran! (2006)) proposes the common correlated effects estimator for heterogeneous panels
with unobserved common factors, while Bail (2009) develops least-squares estimation and
inference for large-(N), large-(T') panels. Moon and Weidner| (2015) study inference when
the number of factors used in estimation may exceed the true number. More recently, [Free-
man| (2026]) develops transformation-based slope estimators for panels with three or more
dimensions under separable interactive fixed effects, treating the latent effects as nuisance
parameters. Our focus is the grouped separable restriction and the joint least-squares es-
timation, including the estimation of the latent component itself. We establish asymptotic



theory for both the slope coefficients and the fixed effects. Our analysis can naturally be
extended to models with more dimensions as in [Freeman, (2026).

The third strand studies grouped and structured heterogeneity. |Bonhomme and Man-
resa (2015) assign units to latent groups whose time-varying fixed effects are common within
groups but differ across groups. Our model likewise pools observations through a group
structure, but differs in two respects. First, the grouped heterogeneity enters multiplica-
tively through a low-rank tensor component rather than through group-specific additive
time effects. Second, group membership is observed and treated as known in our analysis.

The fourth strand is the literature on tensor factor models with Canonical Polyadic (CP)
structure on the common component. |Chen et al.| (2026) and |Chang et al.| (2026]) develop
CP tensor factor models for high-dimensional tensor data where the common component is
identified using a pervasiveness assumption on the common component. Our contribution
differs by embedding the CP structure in a regression model with observed covariates, allow-
ing the covariates to be correlated with the latent component, and focusing on estimation
and inference for the slope coefficient as well as the grouped interactive effects.

The remainder of the paper is organized as follows. Section [2] introduces the grouped
three-way interactive fixed effects model. Section [3] defines the least-squares estimator and
describes its alternating-least-squares implementation. Section[]states the assumptions and
Section [5] develops the asymptotic theory. Section [6] proposes an information criterion for
selecting the number of trilinear components. Section [7] extends the model to the inclusion
of additive fixed effects. Section [§ compares finite-sample performance with alternative es-
timators. Section [J presents the teacher-value-added application, and Section [I0] concludes.

Notations and definitions of different norms, products, and matricizations can be found

in Appendix

2 Model

We consider a balanced three-way array indexed by ¢ = 1,...,N, 5 = 1,..., M, and
t=1,...,T. The indices may represent units, locations, products, cohorts, or other obser-
vational positions, depending on the application. The observed outcome satisfies

Yijt = 0'Tije + Tije + Eijes (1)

where x;;; € RP is a vector of observed covariates, 0 € RP is the corresponding coefficient
vector, €;5; is an idiosyncratic error, and m;;; is an unobserved interactive fixed-effect com-
ponent. We specify the interactive component as

4

Tijt = Z Ug (i), kVjk Wtk (2)
k=1

where g : {1,...,N} = {1,..., G} assigns each first-mode unit ¢ to one of G groups. Group
membership is observed and treated as known throughout the analysisEI Accordingly, units
belonging to the same group share a common vector of first-mode factor loadings. This
restriction reduces the number of first-mode loading parameters from N{ to GY¢, yielding

4The analysis conditions on the group assignments. When group membership is latent, it may instead
be estimated jointly with the remaining parameters using a grouped fixed-effects procedure such as that of
Bonhomme and Manresa| (2015). Analyzing the asymptotic consequences of estimating group membership
is beyond the scope of this paper.



substantial parsimony when G « N. The specification in is multiplicatively separable
across the three modes and therefore admits a CP representation with at most ¢ rank-
one components. The grouping restriction imposes repeated rows in the first-mode loading
matrix. In the special case G = N and g(i) = i for every i, each first-mode unit has
its own loading vector, so the grouping restriction disappears and reduces to m;; =

¢
D ke WikVjkWek-
Collecting the observations into tensors, let

Y = (yijt)a E = (Eijt) c RN><M><T7

and let
X = (wijrg) € RVMXTXP sy = (ijug )iy

Suppressing the singleton fourth mode, the mode-4 product of X and ¢’ satisﬁesEI

- NMT _ NxMxT
X xq 8 = (8"wije); 421 €R .

Define the membership matrix D € {0,1}¥*% by Dy, = 1{g(i) = h}, i = 1,...,N, h =
.,G. Let N, = Ziil Hg(i) = g}, g =1,...,G denote the number of samples in group
g. We assume that the group membership is exclusive so that

Dig =, D'D = diag(Ny, ..., Ng),

where g, ty are G and N dimensional vectors of ones. For k = 1,..., ¢, collect the unob-
served fixed effects in each mode as

up = (Uik, ... ugk) € RY
Ve = (Ulk,...,’UMk)IERM
wy, = (Wik, ..., wr) € R”.

The model can be written in tensor form as

£
Y = X x40+ Y (Dug o v o wy) + E,
k=1

where fixed effects are written as outer products, reflecting a multiplicatively separable
structure across the three modes. Let @ denote the Kronecker product. Then, the model
also admits the vectorized representation

¢
4)5 Z (Dug @ v, @ wg) + €

where y = vec(Y), e = vec(E), and X4y denotes mode-4 matricization of X satisfying
vec(X x4 0') = XE4)5E| In particular, XE4) € RVMT*P collects (w5¢): 4 in its rows.

5The definitions and notations used for different products used in this paper are described in Appendix

gThe definitions and notations used for different matricizations used in this paper are described in Ap-

pendix @




Example: Matched student—teacher data. Let j =1,..., M index teachers and ¢t =

1,...,T index academic periods. We interpret each teacher—year cell (j,¢) as a classroom
taught by teacher j in year t. In the balanced benchmark, each classroom contains N
students, indexed locally by ¢ = 1,..., N. The index i denotes a within-classroom position

rather than a persistent student identifier. Consequently, the student occupying position
1 may differ across classrooms and periods, and the N x M x T array does not require
the same students to be followed across teachers or over time. The grouped specification
is particularly useful in this setting because it links otherwise incomparable local student
positions through observed prior-achievement groups.

We group the students into G observed groups according to prior achievement. Note
that the group assignment g : {1,...,N} — {1,...,G} does not depend on (j,t). Let Ny
denote the number of students in group g within each classroom, where Z§=1 Ny = N.
The homogeneous group assignment assumes that every teacher—period classroom contains
exactly N, students from prior-achievement group g[]

Interpretation of the separable structure. Suppose 7y = Zi:l UgkVjkWey s inter-
preted as teacher j’s value-added for a given group ¢ in year . A natural mechanism that
can impose this separable structure in the teaching effects is common changes in the produc-
tivity or importance of teaching inputs, combined with stable group and teacher responses.
Suppose there are ¢ teaching inputs or activities. Teacher j’s effective provision of activity
k in year t is
Cjtk = VjkWtk,

where v;, is the teacher’s proficiency and wyy is a common change in the availability, pro-
ductivity, or importance of that activity. If group g’s return to the activity is ugy, then

L L

Tgjt = Z Ugk€jtk = Z UgkVjkWtE-
k=1 k=1

For example, suppose:

e One activity is remedial instruction: lower-achieving groups benefit more, teachers
differ in their remedial teaching skills, and a common policy changes its intensity over
time.

e Another is advanced problem-solving instruction: groups have different returns, teach-
ers have different proficiencies, and curriculum changes alter its importance.

e Digital resources provide another possible channel: common changes in technology
interact with teacher proficiency and group-specific benefits.

Comparison with a flattened model. The proposed structure differs from flattening
(4,7) into a single cross-sectional index and applying the two-way interactive fixed-effects
framework of Bai| (2009)). The flattened specification is

¢
/
Yijt = Tj;0 + Z Nij i fee + €ijes
k=1

"When classroom sizes or group compositions vary across teacher—period cells, the resulting sample is
unbalanced. While the benchmark model assumes a balanced sample, we discuss the unbalanced case in

Appendix @



with unrestricted loadings across the N M pairs. Our specification imposes Aij x = gy kVjk-
For fixed rank, the number of parameters therefore scales with G + M + T', compared with
NM + T in the unrestricted flattened model. The restriction also links the fitted effects
across economically meaningful dimensions. Group loadings uy; describe how student types
respond to each latent dimension k, teacher loadings v;; capture teachers’ contributions
along that dimension, and year loadings w;, allow these interactions to evolve over time.

The grouped separable structure also changes the number of observations contributing to
each loading estimate. Let [N, denote the number of units 7 in the group g with 25;1 Ny =
N. In estimating u4, we use information in the variations of NyMT samples. Similarly, in
estimating v; and w;, we use variations of N7 and N M samples respectively. In contrast, an
unrestricted flattened loading A;; is estimated using observations along the time dimension
alone, with only variations in T" samples. The grouped separable structure can therefore be
particularly useful when the panel has a short time dimension.

3 Estimation

For a given number £ of interactive components, we estimate the model by minimizing the
average squared residual

Y, 2

1
SNMT(57U; Va W) = m Y - X X4 6/ — Z(Duk o Vg Owk)
k=1 F
1 N M T ¢ 2
/
- Z Z Z Yije — Tije0 — Z Ug(i),k“jkﬂ)m) (3)
NMT i=1j=1t=1 < ! el

with respect to (6, U, V,W).
Provided that the relevant Gram matrices are nonsingular, the first-order condition with
respect to d can be written as

. -1 ¢
0= (X(4)X{4)> X (y - Z (D, ®@k®wk)> - (4)
k=1

Similarly, the first-order conditions with respect to the factor matrices can be expressed as

—1

U= (D'D)"'D' (y X x4 5/)(1) (V= W) ((V « W) (V % W)) :

V= (v X ) oy (DU 1) ((Dﬁ*mqpmm)”, (5)

W= (Y ~ X x4 8’) o (DU * V) ((DU « V(DU f/))_1 .

Equations and jointly characterize a stationary point of the least-squares criterion.
We compute a solution to these simultaneous first-order conditions using an alternat-
ing least squares (ALS) algorithm. Starting from initial values, ALS successively applies
the blockwise solution maps in and 7 using the most recently available values of
the remaining parameter blocks. Because each block update minimizes the criterion while
holding the other blocks fixed, the sequence of objective values is nonincreasing and there-
fore converges. Under suitable boundedness and regularity conditions, every accumulation



point of the parameter sequence is a stationary point of the least-squares criterion. Because
the criterion is nonconvex, global optimality is not guaranteed. We therefore use multiple
initializations and retain the solution with the smallest residual sum of squares.

Projected representation. For given (U, V, W), define
‘
TU,V,W) = { Z (Day @ v, @ wy, + Duy, @ b, @ wy, + Duy, @ v @ ¢) -
k=1
ar€eRY b, eRM™, ¢, eRT, k= 1,...,5}.

The minimizer § of can also be characterized as

A 1 A AA A
0= (X(4)M7A—XE4)) X(4)M,?‘—y, T = T(U, V, W)

This is a Frisch—Waugh—Lovell-type representation that projects out the variations in the
unobserved fixed effects ]

4 Assumptions

Let
F=0(X,D,UV,W), Z={1,....N}x{l,..., M} x{1,...,T}.

For a = (ia, ja,ta) € Z, write e, = €, j,+,. Suppose that the following conditions hold.

Assumption 1 (Asymptotic Framework, Normalization, and Estimation). Along an asymp-
totic sequence satisfying
min{NMT/G, NT, NM} — w,

the dimensions p and £ remain fived. The membership matriz D € {0, 13> has full column
rank, and

1 </¢<min{G,M,T}.

For a constant cy > 0 independent of the panel dimensions, let ©, be the set of triples
(U, V,W) e REXE x RM*E 5 RT* sqtisfying

. 1 . 1 1
diag (MV’V> = diag (TW’W) = 1, Amax (NU'D’DU) < ¢y, (7)

where g is the £-dimensional vector of ones. The true factor matrices admit a representation
in O¢. The least-squares estimator satisfies

(5, ﬁ,V,W) € argmin Snyr (0, U, V,W).
6eRP, (U, V,IW)eB,

8The derivation is in Appendix



Assumption 2 (Strong Factors and Stochastic Bounds). The regressor z;;; has uniformly
bounded fourth moment conditional on group assignment, i.e., there exists a constant ¢, < 00
independent of the panel dimensions,

sup Ef|zi;]*|D] < ¢,
(i,5,t)€T

almost surely, uniformly along the asymptotic sequence. The grouped-error satisfies
|EY| = O,(VG + M +T),

where
G,M,T

N
1
B = Exq (D'D)THED = | o ), e
g

=
90=9 7 gjt=1

For constants 0 < ¢y <1 < ¢y < ¢y < 00, with probability approaching one,
1
CoIg < NU,D/DU < 01_[[
1
Co.[(g < MV/V < Cl-[l
1
coly < TW/W < ci1y.

Assumption 3. The errors have uniformly finite fourth moments and E[e, | F] = 0. Let
Tap = Eleqep | F| for a,b € I. For some finite constant c., with probability approaching

one,

sup Z |Tap| < ce.
a€l o7

Define
RD = {(avb) € 1-2 : g(za) = g(zb) or ja = jb or ta = tb}a Zab = €afb — Fab-
For some finite constant cq, with probability approaching one,

sup Z |COV<Zab;ch | f)| < 4.
(a,b)eRP (e,d)eRD

Assumption 4 (Identification of §). There exists a constant cs > 0 such that, with proba-
bility approaching one,
1

. 1 o , .
[}ERGX}ZI}\E/ERMM Amin |:NMTX(4) (MDU*V ® MW) X(4) Cs,

where W denotes the true factors.

Assumption [I] describes the asymptotic framework. In particular, not all N, M, T need
to diverge as long as min{NMT/G, NT, NM} — oo. Additional rate conditions will
be imposed when necessary. We define the estimator as a global minimizer satisfying the
constraints in ©y. We show in Lemma [I] that the constraints do not bind so that the
first-order conditions hold with probability approaching one.



Assumption [2limplies that the factors are strong and the within-group averaged idiosyn-
cratic errors are non-pervasive. In particular, the tensor spectral norm bound on E€ can be
shown to hold when the idiosyncratic errors are independent with uniformly bounded fourth
moments. Assumption [J]imposes weak serial and cross-sectional correlation. For condition-
ally centered Gaussian errors, the Gaussian fourth-moment identity, e.g., fourth-order case
of Isserlis’ formula, gives

COV(Zab; Zed | f) = Facrbd + Fadrbc
It follows that

D1 1Cov(Zab, Zea | F)I < D (ITaclbal + [Tadlbel)
(c,d)eRP c,d

2
< 2c.

Thus, for this class, the fourth-order condition follows from the second-order row-sum bound.

Assumption [4| requires sufficient regressor variation to remain after projecting the (4, j)-
mode away from an arbitrary candidate structured loading space (Dﬁ *‘7) and projecting the
time mode away from the true factor space W. Equivalently, with probability approaching
one,

2
My (X x4d) g Mgy | > colal?

1
NMT ‘
uniformly over a € RP, Ue RG> and Ve RMx¢, Thus, the assumption rules out changes
in § that can be absorbed by changing the candidate interactive component. Uniformity

over ((7 , 17) ensures that the lower bound holds at the jointly estimated loading space.

Remark: Comparing identification of § with a flattened two-way interactive fixed
effects model. Suppose instead that the indices (i, j) are enumerated into a single cross-
sectional index and the model is estimated as the unrestricted two-way interactive fixed-
effects model. Because the two-way least-squares problem is symmetric in its cross-sectional
and time dimensions, the analogue of |Bail (2009)’s Assumption A after interchanging the
cross-sectional and time dimensions is given by

) 1
1nf Amin |:_Z\/MTX(4) (MH ®MW) XE4):| > O

HeRNMx¢

with probability approaching one, where W denotes the true factors. This condition is
stronger than Assumption Indeed, every structured loading matrix DUV is an element of
RNMxL whereas an unrestricted H € RVM*¢ need not have separable or grouped columns.
To illustrate, consider a scalar regressor of the form

Lijt = qijTe-

Let

Q=(qij)£\fj?fleRNXM, q = vec(Q) e RVM, 7= (r1,...,77) e RT.

For any candidate cross-sectional loading matrix H,

1 'M " Myt
X(4)(MH®MW)X£4)=(‘1 Hq>( W )

NMT NM T

10



If H = DU = YN/, every vector in the column space of H, when reshaped as an N x M matrix,
has matrix rank at most £. Therefore, by the Eckart—Young inequality,

2
(' Mpi,ia = 0= Popsvdlp
¢ 2
— 3 _ ~ o\
= a](?]RfZ Q Z ak(Duk)vk
k=1 F
> inf — Al
ranlglA)Sé HQ ”F
min(N,M)
= D Q)
r=0+1
Consequently, Assumption [4 holds in this example if
min(N,M) /
L. 2 . T Myt
Vit W 2 oH(@ >0 Tpint -0

By contrast, under the unrestricted two-way condition, one may choose H € RNMxt

with Mg = 0 so that

. 1 12
et Narp A @ (Mi @ M) Xy = 0.
Thus, the grouped separable structure can identify ¢ for regressors that may not be identified
after flattening the (7, j) indices and allowing an unrestricted NM x ¢ loading matrix.

Remark: Implication for the teacher value-added model. Suppose we estimate a
conventional teacher value-added model with teacher-year fixed effects,

/
Yijt = .’I/',L--té‘f'v‘t + Eiit-
J J J J

A well-known feature of this model is that teacher-year characteristics, such as teaching
experience, cannot be included as regressors because they are absorbed into the teacher-
year fixed effectsﬂ Under the three-way separable model, teacher covariates are identified
in general, as long as they cannot be absorbed into the separable loading structure, and can
directly enter as regressors.

5 Asymptotic Theory

The following lemma gives the consistency and convergence rate of the interactive fixed
effect components (U, V, W).

Lemma (1| (Normalized factor alignment and asymptotic inactivity of the inequality con-
straint). Suppose that Assumptions @ @ and hold. Let (U,V,W) denote the true factor
matrices in the normalized representation satisfying . Let (5, U,v, W) be the global least-
squares estimator defined in Assumption[ll There exist possibly random ¢ x { permutation

9Kwon| (2026) instead considers using teacher covariates to construct a target location for shrinkage
estimators.

11



and diagonal sign matrices Iy, Sy, Sy, with the diagonal entries of S, and S, belonging to
{—1,1}, such that

|D(UT1,8,S, — U)||r

. VLS, — V|r N |WILS, —W|p O [G+M+T
VN VM VT r NMT ’

Define the residual tensor

(8)

4
E=Y =X x40 = Y (Diiy, 0 i 0 1ix).
k=1

With probability approaching one, the estimator satisfies the unrestricted normal equations
X vec(E) = 0, D’E(l)(v W) =0,

. N R " 9)
B (DU« W) =0, E(DU V) =0.

Lemma (1| shows that the regression equations hold with probability approaching one.
Also, the estimated fixed effect components (U, V', W) are consistent up to permutations and
sign changes. This is consistent with the inherent indeterminacies of the CP decomposition
as studied by |[Kruskal| (1977). The following Proposition [1| gives the stochastic expansion
for & needed to apply the central limit theorem.

Proposition [T} Suppose that Assumptions[1}, [ [3 and[]] hold. Let T be the tangent space
defined in @ evaluated at the true parameters (U, V,W). Let
1

X(4)MTXE4)’ ZNmT = 7X(4)MTV6C(E).

T =
NMT NMT

NMT
The least squares estimator ) defined in Assumption satisfies
FNMT\/NMT(gf(S)ZZNN[T781*BQ*83+RNMT, (10)

/
where the remainder term Ry has the bound O, («/ GX/AV/[[}T + (G+]]\\,/I]\}L3:)3 2) and the

mode specific bias terms are given by

1 o
By = WX(4)PTQ vec (U(U'T) M (V= W) (V= W) "1V =« W) QF My )
1 _ _ _
By = WX(4)PTQKE2 vee (V(V'V) N (U = W) (U = W) MU = W)'Q5 My )
1 !/ — I 1(T7 — [ /
Bs = WX(4)PTQK53 vec (W(W'W) L (U = V) (U« V) N U = V) Q§ Mg,y ) -

Here, U = (D'D)'2U and Q5 = E[(E(,))E(,) | F] form = 1,2,3. The matriz Q is
defined as

Qp=DMD'D)™?  Q=Qp®In®Ir
and Py is projection on @ and Kfm denotes the mode-permutation matriz for tensors
of dimensions G x M x TIEI All factor-dependent matrices and projectors in the displayed
bias terms are evaluated at the true parameters. Moreover,

Bi = O,(G/NNMT), By =0,(M/NNMT),  Bs=0,(T/YNMT).

10For example, the matrix KIG2 satisfies (U@ v ®w) = K1G2(v®u®w) for all u, v, w of dimension G, M,
and T respectively. A general definition of the mode-permutation matrices is in Appendix@
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Remark: Dimension conditions for negligible expansion remainders The remain-
der in has the bound

G+M+T (G+M+T)>3?
Bywmr = 0Op NMT ' NMT '

In particular, this allows one dimension to remain fixed, as long as the other two dimensions
diverge at the same rate. Let any two of N, M, T have the same order as L. — oo while the
remaining dimension is O(L). Since G < N and all dimensions are positive integers, we
have

3/2
G+M+T (G+ M +T)% _ 0L ) >0,
NMT NMT
This is regardless of which two dimensions diverge.

=0(L™" -0,

Remark: Higher-order extensions Consider a model with grouped four-way separable
fixed effects,

T
Yijor = mémé + Z Ug(s),kViker Wik + Eijet,
k=1
with total sizes (N, M, L,T) in each dimension. Under suitable extensions to the assump-
tions given in Section [4] we may derive a similar stochastic expansion as in Proposition
with four mode-specific bias terms, and the bound on the remainder term given b

R _o /G+M+L+T+(G+M+L+T)3/2
NMLT = p NMLT NMLT ‘

In particular, the remainder term is asymptotically negligible when two dimension sizes
grow at a common rate, and the remaining dimension sizes are fixed. Thus, a fully separable
specification on the fixed effects permits a valid limit distribution for the slope parameter
without requiring every dimension to diverge.

Remark: Bias reduction from the grouped separable structure The three bias
components in are incidental-parameter bias terms associated with estimation of the
three sets of factor parameters. More precisely, first-order perturbations of the mode-specific
projections My «w, Mgsw, and Mg, generate quadratic error terms whose conditional
expectations produce the displayed covariance-based biases. Their bounds imply

G+ M T
Bi+By=0,( -2 ), By=0,—o—).
tee ”( NMT> K p( NMT)

All three bias components are 0,(1) in the v/ NMT-normalized expansion if

G2
NMT

T
0, —— —0.

0 NM

NT
These sufficient conditions are equivalent to (G + M + T)?/(NMT) — 0. They hold, in
particular, when all N, M, and T grows at a comparable rate.

HThe relevant assumptions and stochastic expansion can be found in Appendix
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For comparison, stack (,j) into a cross-sectional index of dimension NM. The true
loading matrix in the resulting two-way representation is DU % V. Let dtiat denote the
estimator obtained by allowing an unrestricted NM x £ loading matrix. This estimator
differs from &, which imposes both grouping and separability. The conventional loading-side
and time-factor-side bias scales associated with |Bail (2009)) are, respectively,

NM NM T T
Op( T>_O”< NMT)’ Op( NM>_O’”( NMT)'
Relative to these scales, the grouped separable structure reduces the loading-side dimen-

sional bias bound from NM /v NMT to (G+ M)/~ NMT, while retaining the same dimen-
sional bound for the time-factor-side bias.

Remark: Conditionally uncorrelated and homoskedastic case If the errors are
additionally conditionally uncorrelated and homoskedastic with

E[@@l | .7:] = O'QIN]\/[T7

then
O = Go’Iyr, O = Mo’Igr,  Qf =To’Iguy.

The mode-specific bias formulas give
By =By =Bs =0.

Thus conditional uncorrelatedness and homoskedasticity eliminate these leading population
bias terms.

To derive the stochastic expansion of the estimated factors and factor loadings, we impose
the following assumption.

Assumption 5 (Slice-averaged weighted covariance summability). Let up, v;, and w; de-
note the transposes of the corresponding rows of U, V, and W, respectively. For b =
(Z.bajbvtb) € I, deﬁne

wh = Jugqay) 12103, 12 + Tugqan) 12w, | + vz, 2w, -

Define the source slices

IW ={aeZ:t,=71}, |IV|=NM,
I\9 —{aeT:gi,) =h},  |I¥|= N,MT,
IV ={aeT:j,=jo}, |T|=NT.

For every fixed admissible T, h, and jo, suppose that

ﬁ Z Z |Fab|wb = Op(l)v

acT® beT
1
r =0,(1
NhMT Z(Q)I;Z| (lb|wb P( )7
aeIh"
1
~T Z D Talws = Oy(1).
aez() beT
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These conditions are pointwise in the slice indices; no uniform bound over T, h, or jg is
imposed.

Remark: Role of slice-averaged weighted summability Assumption |5 controls co-
variance magnitudes weighted by the factor norms that enter higher-order error contractions.
Its additional content is control on the selected source slices. To see the distinction from
global averaging, write ay = tr(U'D’'DU/N), ay = tr(V'V/M), and ay = tv(W'W/T).
Note that Assumption [2] and Assumption [3|implies

NMT Z Z ITap|wp < cc—— NMT Z wy = ce(ayay + apaw + ayvaw) = Op(1).
aeZ beZ

Thus, global weighted summability already follows from existing assumptions, whereas As-
sumption [5| prevents the weighted covariance mass from concentrating on the particular
group, teacher, or year under consideration. A stronger sufficient condition that can replace
Assumption 5] is maxpez wp = Op(1), which follows, for example, from uniformly bounded
factors. Assumption [5| requires only the slice averages for each fixed index.

Pr0p051t10n Fixed-index expansions with mode-specific remainders). Suppose that As-
sumptions |1 I l and @ hold. Let (5, U, V, W) be the global least-squares estimator
defined in Assumptzonm and let H,,, H,, H,, be the alignment matrices defined as

HY = (Vo WYV o 10 [0 Wy (72 70)]
H' = (DU « W)(DU « W) [(DU « WY (DU « W)]_l :
H,, = (DU V(DU « V) [(D0 # VY(DO « V)|

and let ZVW = (ﬁV/V) ® (%W/W), ZUW = (%U’D/DU) ® (%W/W), and EUV =
(#U'D'DU) © (FV'V).
For each fized admissible group g, teacher j, and period t, define

S%g Z Z Z Eij't! 'U] @wt’)

1<7<Njf 1t/=1
g(i)=

1 N T
Soi = JNT ; Z‘ eijir (Ug(sy) O wy),
1 N M
Sw. = ij’ i v
R Ay et O
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and the £ x p cross-moment matrices

Quyg = Z Z Z (05 O wir)aijny,

1<7,<NJ’—1t' 1
g(i)=g

—~/

(ug(i) © wt’)m;jt/u

e
2‘»—!
~
1=
MH

Il
-
b
I

[ 1

1
M

7

( g(i) @ vj/)x;j,t.

£

i
=
M=
M:

1j'=1

<.
Il

Let Onpyr = VNMT(5 — 6). Then

1, . _ 1
VNMH 1y — Hywy) = S [Sw,t - \/TQw,tQNMT] + Ryt NMT,

1
\/—Qv,jHNJVIT] + Ry j NMT,

M
1 -1 Ny
NgMTH, (iig — Hyug) = Sy | Sug — WQu,geNMT

The remainder vectors satisfy

VNTH, (b5 — Hyvy) = Sy [Sw

+ Ru,g,NMT-

)

N M
Rw,t,NMT=op<p+ VN *ﬁ)

e
55

N T
IRy jnmrll = Op| p+ + )
MNT  M+WN

N,M
|Ru.g.nmT| = Op <p+ \]/VE \/7 N \/7[) )
where p = A/ SEMEL  [f N,G/N = O,(1), we have

NMT
||Ru,g7NMT” = Op( )
N«/ N\/

The group-size condition holds, in particular, when G remains fized or when Ny = O,(N/G)
for the group under consideration.

Remark: When slope estimation affects the leading expansion The normalizations
in Proposition[2|reflect the numbers of observations entering the respective normal equations:
NyMT for a group loading, NT for a teacher loading, and N M for a year factor.

The Assumptionimply Qu,g = 0p(1), Qv = Op(1), and Q. = Op(1) by the Cauchy—
Schwarz inequality. If, in addition, Oy ar = Op(1), the slope-estimation terms satisfy

1

_ 1 _ N, N,
ﬁQw,teNMT = 0,(T1?), WQUJGNMT = 0,(M~1/?), A/ WgQu,geNMT =0y <\/ Nq> .
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Consequently, when the respective remainders are o,(1), the teacher and year expansions
have the same first-order score representations as if the slope were known whenever T' — o0
and M — oo, respectively. The group expansion has this oracle property if N,/N —, 0. By
contrast, if G is fixed and Ny/N —, my > 0, the slope correction generally remains in the
leading group expansion. The limiting distribution must then account jointly for S, , and
On mT, including their covariance.

Remark: Mode-specific dimension conditions In addition to p — 0, sufficient con-
ditions for the displayed remainder bounds to be o,(1) are

NoM | NoT 0 for th i der th i diti
— or the group expansion under the upper group-size condition.
N T
2T + N 0  for the teacher expansion,
N + 0  for th i
— or the year expansion.
MT?  NT? year exp

These restrictions are mode-specific and need not follow from p — 0. For example, if N is
fixed and M,T — oo grow at a comparable rate, the year and teacher remainder bounds
vanish, whereas the group remainder bound need not vanish.

When all N, M, T has the same order as L — o0, the restriction G < N gives p = O(L™1),
and

A/ N,
IRt npar || + R j v aer] = Op(L71), | Rug, N1 = Op (L_l + Lg> ~

In particular, when N, grows at the same rate as N/G, the group remainder is O, (L~ +
(LG)~1/?) and is negligible for both fixed and growing G.

Assumption 6 (Joint fixed-index and slope-score central limit theorem). Let Sy g, Sy, j, Sw.t
the cross-moment matrices Qu.g, Qv,j, Qu,:t, and the normalized loading Gram matrices
Svw, Zuw, Suv be as defined in Proposition[3 Let Zyyr, Unyr, and By, m = 1,2,3,
be as defined in Proposition[1 All scores, cross-moment matrices, Gram matrices, and bias
terms are evaluated at the same normalized representation of the true factors. Along the
asymptotic sequence in Assumption[d, the following conditions hold.

The slope Gram matriz and bias terms satisfy

FNMTﬁ)F5>Oa Bmﬁ)bma m:17273a

where I's € RP*P and b,, € RP. We define bs = by + bs + bs. The normalized loading Gram
matrices satisfy
Svw S Syw > 0,

Sow & Syw > 0,
Yov B Spy >0,

where Svw, Suw, Suy € R, For every fized admissible group g, teacher j, and period t,

the group share satisfies
Ny
N

d
Sor

g 7Tg € [03 l]a
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and the cross-moment matrices satisfy
Qu,g ﬂ’ @u,gv Qv,j = Op(l), Qw,t = Op(l)v

where Qu,g, Qu.j, Qu,t € RE*P and @u’g e RY*P. These matrices need not be zero. We define

the limiting group slope coefficient Cy g = \/Tq @, , so that

/N,
WgQu,g ﬂ) Cu,g~

For every fized admissible triple (g, j,t), the loading scores and the oracle slope score satisfy
the joint central limit theorem

Su,g
S,

w,t

ZNMT

L N(0,Z;0),

where ¥g;¢ € RGP X(3+D) s symmetric and positive semidefinite, with block representation

Fvw = . = =
g —uv,gj —uw,gt —gZ

=/ rw = . =
o= | Tuvgs J =vw,jt  —jZ

git — | = =/ Tuv =
—uw,gt —vw,jt t —tZ

= =/ =/ Q
=gz =iz =tz z

The diagonal covariance blocks satisfy
row Iy, Iy e R, T >0, TY >0, I} >0,

and
QzeRpo, Qz>0.

Theorem [1] (Joint asymptotic normality of the slope and aligned factor errors). Suppose
that Assumptions @ @ @ and @ hold. Let (0,U,V W) be the global least-squares
estimator defined in Assumption[ll Suppose that

(G + M +T)3?

— 0. 11
NMT 0 (11)

Let bs = by + by + b, and use the limiting matrices and vectors defined in Assumption @
The estimated factors are expressed in the true-factor column labeling and sign orienta-
tion. Specifically, among the equivalent least-squares triples

(UHZ Sv Sw; VHZ Sv ) WHZSUJ ) 5

where 11, ranges over £ x ¢ permutation matrices and S,, S, range over diagonal matrices
with entries in {—1,1}, choose a representative minimizing

1.~ 1 -
MHVHeSv -ViE+ THWHsz - W|.

Retain the hat notation for the selected representative, and define H,,, H,, H,, from it as in
Proposition[4 The followings hold.
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1. (Identity limits of the alignment matrices.)
The matrices H,, H,,, Hy, are nonsingular with probability approaching one and satisfy

Hy® 1,  Hy 51,  Hy® I
2. (Slope central limit theorem.)
The slope estimator satisfies

NMT (6 —8) % N(~T5 b5, T;1Q,T51).

3. (Joint fixed-index central limit theorem.)
Fiz an admissible triple (g,7,t) and suppose additionally that

N+ M 0 N+T 0 7VJV9(]W+T) 20 (12)
T/NM ’ M+/NT ’ NV/MT )
Let -
Cug = +/Tyg Q%g.

Then the aligned factor errors satisfy

N, MT ity — Hyu,)
vV NT(IA}j — HUUJ') d

NM (i, — Hywy) | N (ot AgitZaieAgse) (13)
VNMT(5 — 6)
where
——1 =1 _ —_
Lyw 01 0 —SywCugls? EV;,C’uygl“glba
o
.Agjt = 0 uw 791 0 » Hgjt = o
0 0 ZUV 0 Ofl
0 0 0 ryt L

For completeness, define
Vg = Sviw | T2 + Cu oI5 1QT51CL = 2,15 Cl = CugT5 2, |50
ug = 2yw|lg +Cugls 3zl 0y g =29zl 5 Cuy wgls =gz |HVW>
=1 =1
Vi = ZUWF}WEUW»
Vas = Spv T gy
The marginal fixed-index limits are
— 1 _1
(EVWngFé bs, Vuy)a

N
VNT(d; — Hyv;) % N(0,V,), (14)
d



Remark: Bias limits for groups with a positive limiting share If 7, > 0, the group
loading rate condition can be written as

[Ng M+ T 0

N VNMT P
It therefore implies M /v NMT — 0 and T/ NMT — 0. The bias bounds in Proposition
yield Ba,Bs = 0,(1), so by = b = 0. If G is also fixed, By = O,(G/VNMT) = 0,(1),
and hence bs = 0. All limiting means in part (iii) then vanish. Nevertheless, C, , may

remain nonzero, so slope estimation can affect the group variance even when it produces no
asymptotic mean shift.

Remark: Alignment matrices and the centering of factor errors The identity
limits of H,, H,, H,, allow their inverse premultipliers to be removed from the normalized
expansions because the corresponding normalized errors are stochastically bounded. For
example,

NyMT(ty — Hyuy) = /N, MTH; (41 — Hyu,) + 0p(1).
However, we may not replace H,ugy by uy. Such a replacement would require the additional

condition
NyMT(H, — I;)ug = 0p(1),

with analogous conditions for the teacher and year factors.

5.1 Bias Corrected Estimator

In this section, we show that the three bias terms in can be corrected, as in the
framework of Hahn and Kuersteiner| (2002) and [Bail (2009)).

Suppose the errors are conditionally uncorrelated, i.e., E[gq,ep | F] = 0 for a # b. We
define

¢
s 5N e b 52 - L -2
Eijt = Yijt — Tijt Ug(i),kVik Wtk Tgit = N Cijt-
k=1 9 irg(0)=g
s . . G2 _ -1 2 G ;
The grouped conditional variance is o, = Ny ' >, - E[ef;, | F], and each Q7 is

diagonal. We may use the corresponding residual-based estimators given by

T
t=1 (9:4)

(15)

G

M
Qf = diag ( 8g2jt> , QF = diag (Z 8g2jt>
9=t @) =t (

with the pair indices ordered according to the corresponding unfolding convention.

g,t)

Proposition Suppose that Assumptions @ @ and hold. Suppose also that E[e,ep |
F] =0 for all distinct a,b € Z. The true factor rows satisfy

1 G 1 M 1 I
4 4 4
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and the group sizes satisfies
G
1 G?
d—=0, (> . (16)
] Ny N
Let T be the tangent space defined in @ evaluated at the true parameters (U, V,W) and let
Tnyvr and Znyr be as defined in Proposition . Set U = (D’D)l/Qﬁ and
(FL By By) = UV, W),  (C1,C,Cs) = (V= W,U«W,U V).

Let Qg, m = 1,2,3, be data-based estimators of the conditional covariance defined in ,
of dimensions MT x MT, GT x GT, and GM x GM , respectively. Define

~ 1 ~ A A ~ A ~ A
By, = WX(‘UP%QKEM vec (Fm(F;nFm)_l(C;nCm)_lc,:anMém) , m=1,2,3.
The bias-corrected estimator Sbc is defined as

A A 1~ ~ ~ ~ ~ 1

Ope =0 + WI‘NR{T (Bl + By + Bg) , I'nyr = WXM)M%X@)

Then, we have

. |G+ M+T (G+M+T)3?
FNMT\/]VYJWCZ—'((S(,C —5) = ZNMT -I-Op ( NMT + ( NMT ) > . (17)

Remark: Centered asymptotic normality. Suppose additionally that

(G+ M +T)32
NMT

The bias-corrected expansion and Slutsky’s theorem imply
Vi(Bhe — 8) S N (0,151,751 .

The limiting covariance is determined by the oracle slope score. This conclusion does not
require the individual bias terms B,, to converge to finite limits: the correction estimates
and removes their sum at the required rate.

— 0, Tnur 2 Ts > 0, Zvur S N(0,Qz).

Remark: Aggregate control of group sizes. The reciprocal-size condition can be

written as
G

G
1 N/G N 1
GuN, —@Elw -0
g=1 9 g=1""9
Cauchy—Schwarz implies that this quantity is at least one, with equality for equal group
sizes. The condition therefore controls the average reciprocal group size relative to the
equal-size benchmark. A uniform lower bound Ny, > ¢N/G is sufficient, but the aggregate
condition allows some substantially smaller groups. For example, if N = L?, G = L, N; = 1,
and Ny = L + 1 for g > 2, then
N 1 L-1
SN [T N
el ; N, TIyi”

although N,/(N/G) =1/L — 0.
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6 Selecting the Number of Interactive Components

In this section, we let £y denote the true number of interactive components and £ € {0, ..., {pax}
denote a candidate number, where £y is fixed and 1 < £y < liax. Assumptions [I] and [2]
concerning the true factor matrices are understood with ¢ = ¢y. For each candidate rank,
we jointly minimize the residual sum of squares over the slope coefficient and the grouped
interactive component. Following the penalized-fit approach of Bai and Ng| (2002), we select
the rank by adding a complexity penalty to the resulting criterion.

For ¢ > 1, let ©, impose the normalization and upper bound in Assumption [1} with ¢
columns and the same constant cy for every candidate rank:

O, = {(I,7,1) e RO x RM*E x RT¢
diag if/’f/ = diag lW’W =15, A i(7'D’D[7 <c }
M T £y \max N X< CU (-
Define the admissible grouped common-component classes by

4
Cé?CU={Z(Dﬂkoﬁkoﬁk):((7,‘7,%)695}, (=1,
k=1

Cley = {0}

Every tensor in CECU has CP rank at most ¢ with the parameter bound used in estima-

tion. Appending a zero column to U and columns with norms v/M and v/T to V and W/,
respectively, preserves both the fitted tensor and the normalization restrictions. Therefore,

D D D
CO,CU = Cl»CU SRR CfmmuCU'

For each candidate ¢, define

V() = v — X xq 0 — 113

. 1
min —_
seRr, TleCP, NMT
Concentrating the criterion over § gives

V(¢) = min

1
necp, NMT ‘

2
‘MXZ4) vec(Y — H)H .

Let g(G, N, M,T) > 0 be a deterministic penalty. Define

PC(l) =V(l) +tg(G,N,M,T), = min argmin PC((), (18)

0<<imax
where the outer minimum specifies the tie-breaking rule.

Assumption 7 (Uniform identification over candidate ranks). There exists a constant
Crank > 0 such that, with probability approaching one,

. 1
ﬁe]Rlanl’«max Amin WXM) (MD[}*‘N/ @Mw) X€4):| = Crank-

VeRM *#max

Here W is the true T X £y factor matriz.
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Proposition [4] (Consistency of the information criterion). Suppose that Assumptions @,
[3 and[7 hold, with the true-factor restrictions evaluated at rank ly. Let lax be fized, with
1 < by < lpax, and define £ by . If the positive deterministic penalty satisfies

NMT
G+M+T

then, along the asymptotic sequence in Assumption[I, we have

g(G7 N7 M7 T) - 07 g(G’ N’ M7 T) - CD’ (19)

P{l = (5} — 1.

Remark: Penalty choice. The conditions in (19) require a penalty that vanishes but
dominates the order (G+ M +T)/(NMT) of the improvement from fitting additional com-
ponents. Natural admissible choices are

G+M+T ( NMT )
log

g(G, N, M,T) = — s G+M+T

G+M+T
92(G,N,M,T) = “NMT log (C&n )

log(C'2
93(G, N, M, T) = w
GNMT

)

where CZ y yyr = min(NMT/G, NT,NM). This choice remains admissible throughout the
asymptotic framework of Assumption [I| without requiring the three panel dimensions to
grow at comparable rates.

Remark: Zero true rank. The result also extends to ¢y = 0. In that case, set II = 0,
regard U, V, W as matrices with no columns, and set My, = Ir. The positive-rank dimension
restriction and true-factor normalization and Gram conditions in Assumptions [1| and [2] are
then omitted; their remaining dimensional, membership, regressor, and error conditions
are retained. There are no underfitted candidates, and the uniform criterion bound and
overfitting argument prove P{¢ = 0} — 1.

Remark: Scale-invariant information criterion The additive criterion
PC(0) =V + Lg(G,N,M,T)

depends on the scale of the outcome variable because V(£) has the units of a residual variance,
whereas g(G, N, M,T) is dimensionless. A scale-invariant alternative is

IC(¢) =logV(¥) + Lg(G,N,M,T).

Suppose, in addition, that
V(f()) RN 0'? > 0.

For overfitted models, we may show

V(o) = V(€) = Op(p?),
where p = 4/ % Thus, a first-order expansion of the logarithm gives

log V(£) —log V(£o) = O, (p*).
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For underfitted models, we may show that the residual-variance gap remains bounded away
from zero. Therefore, the same penalty conditions imply consistency of

{;c = argmin IC(0).

0<U<max
Another scale-adjusted alternative is
PC*(¢) = V(0) + 5%g(G,N, M, T),
where
3% = V(lmax)

or any other consistent estimator of the limiting idiosyncratic variance.

7 Inclusion of Additive Fixed Effects

Consider the model with both additive and interactive fixed effects

I
Yijt = Tije0 + 5+ Bgy + vy + & + Tige + g, Tije = Z Ug(i),kVjk Wtk
k=1
To select a unique intercept—group—teacher—year representation of the additive component,
we impose

G
UINDp = 2 Nypg =0, thyv =0, € = 0. (20)
g=1
Define the N x M x T dimensional additive tensor by
Ak, pyv,€) = k(v ot ovp) + (Dpotpyrovr) + (evovour) + (en oar 0§).

Lety = VGC(Y), €= VGC(E), CL(K,, v, 5) = VGC(A(H, Ky v, 5))7 and W(Ua v, W) = VGC(H(U, Vv, W))
Suppressing parameter arguments at the true values, the tensor and vector representations
are

V=Xx40+A+10+E, y=Xyd+a+mte.

Define a global least-squares estimator by

(6, k, 0, & UV, W)
€ argmin (21)
SeRP, keR, ueRY, veRM, ¢eRT
(U,V,W)eO,
Uy Dp=0, t3,v=0, L7.£=0

1 2
NMT Hy — X{y0 = als, p, v,€) = m(U,V, W)H

To derive the profiled objective function from , let
Ap = (iNn®@u®@ur DO®uu@ur iN®IyQ@ur tN®uy®Ir)
Although Ap contains redundant columns, its column space is precisely the space of ad-

ditive fitted vectors satisfying the representation A(k, i, v, ). Conditional on (6, U, V, W),
minimization over the normalized additive coefficients is therefore orthogonal projection
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of y — X(y6 — w(U,V,W) onto Ap. Since ty € col(D), the matrix Pp — P, is the or-
thogonal projector onto the group-constant vectors with observation-weighted mean zero.

Consequently,

P _P +(P - LN)® LIVI®PL +PLN® LJ»I®PL +PLN® L]\/1®MLT7

ln

where ¢, =ty ® tps ® t7. The four summands are mutually orthogonal projectors onto the
intercept, normalized group-effect, normalized teacher-effect, and normalized period-effect
spaces. In particular,

rank(Py,) =14+ (G-1)+ M -1)+(T-1)=G+M+T —2.
Let My, = I,, — P4,,. Profiling the additive coefficients out of gives

A 1 2
(0,U,V,W)e aggg;in mHMAD{y—X@)(S—W(U,V,W)}H . (22)
(U, VW),

Conversely, any global minimizer of .7 completed with its normalized additive least-
squares coefficients, is a global minimizer of (2I). Writing I = I(U,V,W) and A =
A(k, 1, 0,8), the fitted additive component satisfies

vec(A) = Pa, (y — XE4)S — vec(I)).

The individual additive estimates have explicit expressions. For an arbitrary residual
tensor R = (75j¢), define

N M T M T
r. = T Zl Z Z Tijts Fg“ = Z Z Tijt,

2 j=1t=1 (’L =gj= t=1
N T M
T 2 2 RTINS

The projection and residual-making formulas, indexed according to the original tensor en-
tries, are

—_

=
—

(Q

T.j. =

HMZ ’ﬂ

Z‘H 2

[PAD VGC(R)]ijt =Tyi).. + T4 +Tp — 2r..,
[Map, vec(R)ije = rijt — Tg(i).. — Toj. — T + 27,

Thus, for 7, = Yije — xmé 7ij¢, the normalized additive coeflicients associated with the

selected profiled minimizer are

ﬁ

R

ﬂg 9

oy é.f_rt*

I
S
%>| _~g>|

l/j:

(23)

i

R

The means in are computed after subtracting both the fitted regression component and
the fitted interactive component.

Assumption 8 (Additive fixed effects). The following two assumptions hold.
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(i) Strong centered factors. Define

1 1 1
fl,/ = NL’]V_DU, 'ljl = MLM‘/: 'lI// = TL',TW7

Ut =U — 1q%, Ve =V — iy, We =W —pw'.
Assume £ < min{G — 1, M —1,T — 1}. For a constant ¢, > 0 independent of the panel
dimensions, with probability approaching one,
1
CCIZ < N(Uc)/D/DUC < Cljg,
1
M
1
codp < T(WC)’WC < cily.

cedy < (VC)IVC < 11y,

Here ¢y is as in Assumption[d These conditions concern the true centered factors;
neither the true nor the estimated raw factor matrices are required to have zero column
means.

(#) Identification after accounting for additive and interactive effects. For arbitrary Ue
RE*C and V e RM*E | define

C’A([},‘N/): [LN®LM, D[}*‘N/], Wa = [tr, W].

There exists a constant cs, a4 > 0 such that, with probability approaching one,

. 1
ﬁelﬂrzlg“ Amin [WX(4) (MGA(ﬁ,V) ®MWA> XE4)} = C5A-
VerRMx¢

This condition extends Assumption[{ to the inclusion of additive fized effects.

Lemma |Z| (Consistency with group, teacher, and period additive effects). Suppose As-
sumptions [1, [3 [3 and [§ hold. Both the true and candidate additive effects satisfy the
observation-weighted normalizations in . Define the global least-squares estimator by
(21). Then the slope and the interactive component satisfy

- |0 -1|F G+M+T
|6 5\|+7ﬁ =0, «/7NMT : (24)

The uncentered joint loading spaces satisfy

1 |G+ M+T
WHM{/*W(V*W)HF =0y ( NMT) )
1 IG+M+T
WHMDU*W(DU*W)HF =0y ( NMT> ) (25)
1 |G+ M+T
W”MDU*V(DU*V)HF =0y ( NMT> .
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Moreover, the additive-effect estimators satisfy

Remark: The interactive component after profiling. Additive profiling removes the
intercept and the group, teacher, and year additive effects. To describe what remains in the
interactive effects, let uf, vi, wj denote the columns of U¢, V¢, W*¢, and let 1y, v, Wy, denote
the corresponding column means. Expanding each rank-one component gives

[
4r — Z {Dui o vy, o wy + W (Duj, 0 vy, o tp) + Vi (Duf, 0 tar o wy,) + ULy © vy o wz)}
k=1
The last three terms are, respectively, group—teacher interactions constant across years,
group—years interactions constant across teachers, and teacher—years interactions constant
across groups. Each is orthogonal to the additive space because its two varying factors have
zero means. Thus additive profiling retains these two-way interactions together with the
fully centered three-way interaction; full three-way centering retains only the first term. In

other words, we have
M.AD 2 MLN ®ML1\/[ ®MLT7

and fitting an unrestricted rank-¢ CP tensor to the outcome and regressors transformed by
M,, ® M,,, ® M,, would generally define a different estimator.

The fully three-way centered sample alone does not identify the raw factor means or the
additive coeflicients, whereas the profiling estimator defined in Lemma [2] identifies both the
raw factor means and the additive effects. Consistency of the fully three-way centered slope
estimator requires identification from the regressor variation surviving M,, ® M,,, ® M, .,
which is not generally implied by Assumption (ii). The additional contrasts retained by
profiling may strengthen identification and improve precision.

Remark: Average consistency and the stochastic expansions of the model with additive
fixed effects as in Lemma [I] and Propositions [1| and [2| can be derived from Lemma [2] using
the same arguments as in the corresponding proofs under suitable additional assumptions.
With additive effects, the relevant tangent space is

Ta =col(Ap) + T,

so that the slope Gram matrix and oracle score become

X(4)M7‘AXE4), X(4)MTA€'

ra L 7 P
NMT NMT NMT \/m

The bias formulas also require corresponding modifications. The details are omitted.
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8 Monte Carlo Simulations

In this section, we assess finite-sample performance of the proposed grouped three-way
estimator.

8.1 Data-Generating Process

We simulate data from the model

¢
Yijt = x;jté + K+ Hg(i) +v; + St + it + €44t Tijt = Z Ug (), kVjkWtk-
k=1
We set p =2 and ¢ = 2. We assume that G divides N and construct equally sized groups:

Ng=g7 g(i)=g for i=(g—1)Ng+1,...,9Ny, g=1,...,G.

The additive fixed effects pug4,v;,§ are drawn from a standard normal distribution and
are demeaned. The grand mean is k = 1. We also draw the fixed effects (ugy,v;, w)
from a standard normal distribution and rescale the terms without changing the interactive
component so that columns of ﬁv and %W are unit norm. No sample mean-zero
restriction is imposed on the columns of U, V', or W.

The regressors are generated according to

Tijt,q = Mg + CqTijt + Nijt,qs q=12,

where 7;j¢ 4 SN0, 1), We set

5—(;), mip=mg=c¢1 =cy=1.

Thus, the regressors are correlated with the interactive fixed effects but contain independent
variation through their idiosyncratic components.
We consider two error specifications. In the first specification,

Eijt ié"d. (0, ].)

In the second specification, we independently draw &;;; bid- N(0,1) for t = 0,...,T and

define

I ~
€ijt = ﬁ(gijt+€ij,t—l)7 t=1,...,T.
This moving-average specification satisfies
1
Var(e;je) = 1, Corr(eijt, €ij,4—1) = 3 t=2,...,T,

with zero autocorrelations at lags greater than one and independence across distinct pairs
(7,7). Both error specifications therefore have the same marginal variance. All primitive
Gaussian draws used to generate the additive effects, interactive factors, regressor innova-
tions, and error innovations are mutually independent.
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8.2 Estimation

Given the estimation model,
¢
/
Yijt = Tij0 + K+ i + & + Z Nij ke Jtke + €ijt,
k=1

we consider two restrictions

Separability (R1) :  oij = i + V5, Xijx = @irbj,

Grouping (Ra) : i = Hg(i), @ik = Qg (i) k-

The four estimation methods implemented here are summarized in a table.

Methods Fixed effects structure Interactive parameters Estimation
1 Grouped three-way (R, R2) (G+M+T) Joint least squares
2 Ungrouped three-way (R;) (N+M+T) Joint least squares
3 Ungrouped three-way (R;) (N+M+T) Freeman| (2026))
4 Flattened two-way (NM +T)¢ Joint least squares

The first method uses the correctly specified grouped three-way interactive fixed effect

model. The second and third methods do not impose the grouping restriction. The second
method estimates the model using least squares; the third method estimates the model using

a transformation method as in|Freeman| (2026). The final method estimates a flattened two-

way interactive fixed effect model that does not impose the separability restriction on fixed
effects for ¢ and j. All four methods are correctly specified; differences arise from fixed

effects parameter parsimony and estimation methodB For each configuration and each
error specification, we generate R = 1,000 Monte Carlo replications.

12Details on implementation methods are in Appendix
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Table 1: Monte Carlo performance of the slope estimators

Estimator 31 32

Bias SD RMSE Ratio Bias SD RMSE Ratio
i.0.d. errors; N =24, M =24, T =8,G=4
Grouped three-way  -0.0004 0.0146 0.0146 1.0000 -0.0002 0.0148 0.0148 1.0000
Ungrouped three-way -0.0001 0.0148 0.0147 1.0114 0.0001 0.0149 0.0149 1.0056
Freeman linear -0.0007 0.0218 0.0218 1.4952 0.0005 0.0214 0.0214 1.4425
Flattened two-way 0.0013 0.0195 0.0195 1.3382 0.0021 0.0192 0.0193 1.3026
i.5.d. errors; N =48, M =24, T =8,G=6
Grouped three-way 0.0001 0.0105 0.0105 1.0000 0.0003 0.0106 0.0106 1.0000
Ungrouped three-way 0.0002 0.0105 0.0105 1.0041 0.0003 0.0106 0.0106 1.0037
Freeman linear -0.0003 0.0148 0.0148 1.4131 0.0001 0.0145 0.0145 1.3653
Flattened two-way 0.0003 0.0132 0.0132 1.2606 0.0006 0.0132 0.0132 1.2416
i.5.d. errors; N =48, M =48, T =8, G =8
Grouped three-way 0.0003 0.0074 0.0074 1.0000 -0.0008 0.0075 0.0075 1.0000
Ungrouped three-way 0.0003 0.0074 0.0074 1.0038 -0.0007 0.0075 0.0075 1.0030
Freeman linear 0.0001 0.0099 0.0099 1.3360 -0.0007 0.0099 0.0100 1.3258
Flattened two-way 0.0004 0.0093 0.0093 1.2598 -0.0006 0.0096 0.0096 1.2842
i.3.d. errors; N =48, M =48, T =12, G =8
Grouped three-way ~ -0.0002 0.0060 0.0060 1.0000 -0.0001 0.0061 0.0061 1.0000
Ungrouped three-way -0.0001 0.0060 0.0060 1.0045 -0.0001 0.0061 0.0061 1.0042
Freeman linear -0.0002 0.0076 0.0076 1.2608 0.0000 0.0075 0.0075 1.2310
Flattened two-way -0.0001 0.0072 0.0072 1.1900 0.0001 0.0071 0.0071 1.1647

Notes: Ratio is the estimator RMSE divided by the grouped-estimator RMSE

Table[I] shows that the grouped three-way estimator has the lowest RMSE for both slope
coeflicients in every reported design. Its bias is small relative to its standard deviation, and
its RMSE declines approximately at the 1/v/NMT rate: the values of vV NMT times RMSE
lie between approximately 0.99 and 1.02. The ungrouped three-way estimator performs
almost identically, with RMSE only 0.3%—1.1% larger. Thus, in these designs, the additional
gain from grouping is modest.

The larger precision gains arise when comparing the grouped three-way estimator with
the Freeman linear and flattened two-way estimators. Their RMSEs are approximately
23%-50% and 16%—34% larger than those of the grouped three-way estimator, respectively.
The flattened two-way estimator has lower RMSE than the Freeman linear estimator in
every i.i.d. design. Because biases are small relative to standard deviations, these differences
primarily reflect differences in sampling variability. The results support the precision benefits
of exploiting the separable three-way structure.
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Table 2: Monte Carlo performance of the slope estimators

Estimator 01 b2
Bias SD RMSE Ratio Bias SD RMSE Ratio

MA(1) errors; N =24, M =24, T=8, G=4

Grouped three-way -0.0006 0.0144 0.0145 1.0000 -0.0003 0.0147 0.0147 1.0000
Ungrouped three-way 0.0010 0.0247 0.0247 1.7060 0.0014 0.0241 0.0241 1.6334
Freeman linear 0.0010 0.0184 0.0184 1.2745 0.0017 0.0186 0.0186 1.2647
Flattened two-way 0.0721 0.0914 0.1164 8.0500 0.0726 0.0915 0.1168 7.9213

MA(1) errors; N =48, M =24, T =8, G =6

Grouped three-way 0.0003 0.0101 0.0101 1.0000 0.0000 0.0104 0.0104 1.0000
Ungrouped three-way 0.0004 0.0102 0.0102 1.0019 0.0002 0.0104 0.0104 1.0037
Freeman linear 0.0004 0.0130 0.0130 1.2798 0.0002 0.0121 0.0121 1.1661
Flattened two-way 0.0723 0.0971 0.1210 11.9342 0.0724 0.0967 0.1208 11.6442

MA(1) errors; N =48, M =48, T =8, G =8

Grouped three-way 0.0003 0.0076 0.0076 1.0000 -0.0005 0.0074 0.0074 1.0000
Ungrouped three-way 0.0003 0.0076 0.0076 0.9994 -0.0004 0.0074 0.0074 1.0015
Freeman linear 0.0004 0.0088 0.0088 1.1541 -0.0002 0.0087 0.0087 1.1837
Flattened two-way 0.0634 0.0873 0.1079 14.2169 0.0627 0.0887 0.1086 14.7104

MA(1) errors; N =48, M =48, T =12, G =8

Grouped three-way -0.0001 0.0058 0.0058 1.0000 -0.0001 0.0061 0.0061 1.0000
Ungrouped three-way 0.0000 0.0058 0.0058 1.0003 -0.0001 0.0061 0.0061 1.0049
Freeman linear 0.0000 0.0069 0.0069 1.1798 0.0000 0.0069 0.0069 1.1254
Flattened two-way 0.0139 0.0150 0.0204 3.5015 0.0139 0.0152 0.0206 3.3736

Notes: Ratio is the estimator RMSE divided by the grouped-estimator RMSE

Table [2] shows that the grouped three-way estimator maintains small bias and declin-
ing RMSE under serial dependence. Grouped and ungrouped three-way estimators have
essentially identical RMSEs in the three larger designs; the ungrouped three-way estimator
has a slightly lower RMSE for the first coefficient when N = M = 48 and T = 8. In the
smallest design, however, ungrouped three-way RMSE is approximately 63%—71% larger
than grouped three-way RMSE. Freeman linear RMSE is approximately 13%-28% larger
than grouped three-way RMSE across the reported MA(1) designs.

The flattened two-way estimator exhibits substantially larger bias and dispersion, with
RMSE approximately 3.4-14.7 times that of the grouped three-way estimator. Squared
bias accounts for approximately 33%—46% of its MSE, so both bias and sampling variability
contribute to the deterioration. At T = 8, increasing the cross-sectional dimensions produces
little reduction in its bias. Increasing 7' from 8 to 12, holding N = M = 48 and G = 8§,
sharply reduces both bias and standard deviation. This pattern is consistent with difficulties
associated with estimating unrestricted interactive effects under serial dependence when the
time dimension is short. The Freeman linear estimator outperforms flattened two-way in
every MA(1) design, reversing their ranking under i.i.d. errors.

9 Empirical Application: Heterogeneous Teacher Value
Added

We use student-level records from the National Center for Teacher Effectiveness Main Study
(ICPSR 36095). The estimation sample contains 11,390 student-year observations on 9,818
distinct students and 317 teachers, covering fourth and fifth grades in 53 schools across
four districts. The data span three academic years, 2010-2011 through 2012-2013, with
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4,814, 4,130, and 2,446 observations, respectively. The resulting panel is unbalancecﬂ and
contains 583 observed teacher-year pairs.

Students are classified into five prior-achievement groups using their prior-year state
mathematics test scores. Table [3] reports teachers’ coverage across the three study years,
while Table [] reports achievement-group coverage within teacher—year pairs. A group is
represented if at least one student from that group is observed for the teacher in that year.

Table 3: Number of years observed per teacher

Years observed Teachers Percent

One year 126 39.75
Two years 116 36.59
Three years 75 23.66
Total 317 100.00

Notes: Only 75 teachers appear on all three years.

Table 4: Achievement groups represented per teacher—year
Groups represented  2010-2011  2011-2012 2012-2013 Total Percent

One 1 2 0 3 0.51
Two 12 8 3 23 3.95
Three 32 22 11 65 11.15
Four 77 62 34 173 29.67
Five 130 120 69 319 54.72
Total 252 214 117 583 100.00

Notes: Percentages use all 583 observed teacher—year pairs as the denominator. Group coverage is
calculated after pooling a teacher’s classrooms within each year.

Teacher—year pairs represent 4.34 achievement groups on average, with a median of five.
Overall, 2,531 of the 2,915 possible group—teacher—year cells contain observed students, cor-
responding to coverage of 86.83%. Occupied group-teacher—year cells contain 4.50 students
on average, with a median of four and a range of 1-24. Among these cells, 345 (13.63%)
contain one student and 730 (28.84%) contain at most two students.

The sparse and uneven coverage in Tables [3] and [4] motivates imposing structure on the
teacher effects. Unrestricted group—teacher—year effects rely on the observations within each
cell, which can yield noisy estimates in small cells and provide no direct estimates for empty
cells. The three-way separability restriction pools information across groups, teachers, and
years: group loadings are shared across teachers and years, year factors are shared across
teachers and groups, and each teacher’s loadings are estimated using all of that teacher’s
observed groups and years. Provided the observed support contains sufficient identifying
variation, this structure allows observations from other cells to contribute to estimation.

We use the following model with additive teacher specific effects and grouped three-way

13Discussion of estimation with unbalanced panel is in Appendix [11.10]
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interactive fixed effects,

4

!
Yijt = Tiji0 + Vi + Tg(i) e + €ijts Tg(i),jt = Z Ug i),k V5, kW, k-
k=1

Student achievement y;;; is measured using standardized state mathematics scores. The
student controls x;j; include prior standardized test score and dummies for grade, gender,
race, free or reduced-price lunch eligibility, special education status, and limited English
proficiency status. The unobserved component v; + my;; is the teacher j’s effects in year ¢
for students in prior-achievement group g.

We plot the estimated teacher components (ig,0;,w;) estimated using ¢ = 2 in the

following Figure [1[{**}"°

i, 8 iy
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Figure 1: The estimated teacher components (g4, 0;, ;) with £ = 2. The first row plots
k =1 and the second row plots k = 2.

Write ﬁ;’;g = UgrVjkWek. The first component combines positive group loadings with an

increasing year factor. For a fixed group g, teacher j and two years ¢ < ¢/, its change is
~(1)  ~(1)

7ngt’ — ﬂ-gjt = uglvjl(wtq — wﬂ).

Since (w1 — ) > 0 is shared across teachers, the first component fr;)t works to increase
the teacher effect over time for teachers with 9;; > 0. The magnitude of the increase varies
across achievement groups through ;.

14 Assumption [8] implicitly requires T > ¢ + 2 because full column rank in W€ implies rank([vr, W]) =
¢ 4+ 1. This contradicts £ = 2 because we only have T" = 3. However, when only teacher-specific additive

fixed effects are included, a uniform eigenvalue lower bound on Nl\l/ITX(4)(MC A% ® MW)XE4) where

Cy = (n®In, DU x \7) is enough so that only T' > £ + 1 is required.
15We also report the results with £ = 1 in Appendix The results are qualitatively similar, with a
smaller proportion of variation in the relative teacher value added explained by the matching effects.
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For the second component, the declining group loadings and positive year factors imply
that, for 9o > 0, this component contributes more to predicted achievement among initially
lower-achieving students. For a lower-achievement group gy, and a higher-achievement group

gm, we have

# B 7D (G, 5 — 1y, .2)000
grjt gujt gr,2 gm,2)Vj2W2.

Note that (g, 2 — Ug,,2) > 0 is shared across teachers. For teachers with 05 > 0, the
second component frgi works to raise the teachers’ effectiveness for the lower-achievement
group more than that for the higher-achievement group, increasing this teacher’s compar-
ative advantage over the lower-achievement group. The differential reverses for teachers
with negative 0j2. The estimated second year factor remains positive and relatively sta-

ble throughout the sample. Heatmaps visualizing the estimated relative value added and
matching effects are in Appendix

9.1 Variance Decomposition of Teacher Effectiveness

Let 7451 = vj + 2221 UgkV;k Wk, denote the fitted teacher component. Let J; be the set
of teachers observed in period ¢, with m; = |7;|. Using equal reference weights across the
G = 5 prior-achievement groups, we define

G T _
_ 1 _ 1 _ 1 _ _ thl MMy T
Tjit = ~ Z Tgjt> Tgt = Z Tgjt» Tt = Tt T= T :
G =1 ™y

jed: tied, i1 M

For each observed teacher—year cell, we evaluate 74;; for every achievement group, including
groups absent from that cell. The fitted teacher component admits the orthogonal decom-
position

T‘t—’7_'= ’T_'t—’]_' + 7_—t_7_—t + 7_"t—7_'t +T't—7_"t—7_'t+7_'t
97 g9 J 97 J g
~—— = —_ —_—— -
year effect  group level effect  teacher level effect matching effect

=T, + Gy + Ljy + M.

The year effect common to every teacher—group is captured in 7;. The group-level effect
G4 captures effects that are common to teachers, i.e., how effective average teachers are
on group g. The teacher-level effect L;; measures teacher j’s general effectiveness relative
to the average active teacher in period ¢. The matching effect M;; captures the remaining
interaction and measures the teacher’s comparative advantage for achievement group g.

Under equal weights across observed teacher—year cells and groups, the four components
are pairwise orthogonal. Consequently, the sample variance can be decomposed as

Ve=Vpr+ Vo +Vy + Vi,
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where

V. = S5 S

GZt 1mtt 1jeJ: g=1

Z 1 & 1 i
V= mT, Vo =S 2 m ( G2t> :
Zt 1Mt ¢ thl my =1 G g=1 !
T G
Z gjt

DI Var = 2, ),

Vi = ———
Zt 1Mt =1 jeg, GZt 1Mt t=1je7, g

Teacher value added relative to the average active teacher for group ¢ in period ¢ is defined
as

The estimated variance components are

(VT,?/G,?/LJA/M) — (0.000, 0.003, 0.097, 0.036).

We tabulate the variance share of the matching effect estimated using this method and
estimated in |Ahn et al.| (2025).

Grouped Three-Way Ahn, Aucejo, and James (2025): Math

Variance Share ‘ Variance Share

Relative teacher value added 0.133 100% 0.056 100%
Level 0.097 73% 0.049 88%
Matching 0.036 27% 0.007 12%

The matching component accounts for approximately 27% of relative teacher-value-added
variation in the grouped three-way model, compared with 12% in the math estimates of
Ahn et al. (2025)@

9.2 Explaining the Teacher Effects

To understand what explains the differences in the teacher-level and matching effects, we
run two adaptive LASSO regressions with the estimated teacher-level effect, ﬁjt, and the
matching difference, Dy = ]\Zfljt M5]t7 as dependent variables. We use 55 regressors that
comprise 12 CLASS variables (DS0001); 13 MQI variables and the overall five-point lesson
rating (DS0002); teaching experience and an indicator of elementary mathematics certi-
fication (DS0006); 25 survey items covering mathematics instruction, classroom climate,
differentiated assignments, and test-related instructional changes (DS0007); and ACCU-
RACY and KOSM (DSOOO8)E Both regressions use the same sample of 483 teacher-years
from 279 teachers.

16When the model ¢ = 1 is used, 16% of the variation in the estimated relative teacher value added is
explained by the matching effects.
17Detailed descriptions of the variables used are available in Appendix
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The level regression selects six predictors (Table , whereas the matching-difference
regression selects only MIS04 (Table @E Tables below report penalized coefficients in
original units, without post-selection OLS refitting. All remaining slopes are zero.

Table 5: Adaptive LASSO: Teacher-level effect lAljt

Predictor Coefficient
CLASS measures (DS0001)

Behavior management (CLBM) 0.0328
MQI measures (DS0002)

Imprecision in mathematical language or notation (LANGIMP) —0.0655
Enacted task cognitive activation (ETCA) 0.0188
Teacher survey items (DS0007)

Comparing different ways of solving procedural problems (MIR06) 0.0018
Instructional time lost to student misbehavior (CLC06) —0.0302
Reducing demanding problems that challenge advanced students —0.0089
(TPCO05)

Selected penalty, A 0.0010
Teacher-year observations 483
Teachers 279

Table [] reports coefficients in the regressors’ original units. A one-point increase in
the teacher-year average behavior-management rating (CLBM), measured on a 1-7 scale, is
associated with a 0.0328¢ increase in Ejt. For the MQI items, measured on 1-3 scales, a
one-point increase in enacted task cognitive activatioﬂ (ETCA) is associated with a 0.0188c
increase in f/jt, whereas a one-point increase in mathematical language or notation impre-
cision (LANGIMP) is associated with a 0.06550 decrease. The remaining selected items use
1-5 scales. A one-category increase in the reported frequency of comparing different ways
of solving procedural problems (MIR06) is associated with a 0.0018¢ increase in Lj;, while
a one-category increase in instructional time lost to misbehavior (CLC06) is associated with
a 0.0302¢0 decrease. A one-category increase in the reported extent of reducing demanding
problems for advanced students in preparation for state-test (TPCO5) is associated with a
0.0089¢0 decrease.

These patterns associate higher teacher-level effects with classroom management, math-
ematical precision, cognitively engaging instruction, and not reducing demanding problems
in preparation for the state test.

18The adaptive penalty uses inverse-absolute OLS coefficient weights with v = 1. We choose the penalty
separately for each outcome by five-fold cross-validation, keeping all observations of a teacher in the same
fold. Predictor standardization and adaptive weights are recomputed within each training fold. The selected
penalties are A;, = 0.0010 and Ap = 0.0034.

19This measures the ability of the teacher to challenge students to actively process information
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Table 6: Adaptive LASSO: Matching difference Dj; = Z\/l\ljt — M\5jt

Predictor Coefficient
Teacher survey item (DS0007)

Assigning problems requiring a few minutes of thought (MIS04) 0.0368
Selected penalty, A 0.0034
Teacher-year observations 483
Teachers 279

Notes: The penalty is selected by five-fold cross-validation, with folds grouped by teacher. The model
considers the same 55 predictors and uses the same sample as the level regression. Only the nonzero
slope is shown. The coefficient is reported in original units, without post-selection OLS refitting.

In Table 6], MIS04 measures the frequency of assigning problems requiring a few minutes
of thought, using a scale from 1 (rarely or never) to 5 (always). A one-category increase
is associated with a 0.0368¢ increase in Dj; = M\ljt — M\5jt, implying a more favorable
matching for lower-achieving students. One possible interpretation is that assigning such
problems provides opportunities for deliberate mathematical reasoning that are particularly

well matched to lower-achieving students’ learning needs.

9.3 Counterfactual Teacher Reallocation

We conduct two counterfactual exercises. First, we evaluate each teacher’s relative value
added when assigned to their individually best-matched classroom within their school or
district. Second, we find the assignment that maximizes aggregate value added subject
to every classroom receiving exactly one teacher and every teacher teaching exactly one
classroom. Throughout both exercises, classroom rosters, student characteristics, and the
estimated teacher-effect surface remain fixed.

For each year t, let C; denote the included classrooms and J; the included teachers. We
restrict attention to teacher—classroom pairs for which the observed assignment is one-to-
one, so |C;| = |Ji|- Let jP(c) denote classroom ¢’s observed teacher and c?(j) denote teacher
7’s observed classroom.

Let nge; be the number of students from achievement group g¢ in classroom ¢, and define

G
ngct
Net = Ngct, Pget = y ng = Net-
g=1

n
ct ceCy

The predicted matching contribution M;(j,c) and average relative value added VA, (j, ¢) of
teacher j in classroom c are

G
Mt(jv C) = 2 pgctngt7

g=1
G ~ A~
VA(j, ¢) = Z Pget VAgje = Ljt + My(j, ).
g=1

Thus, classroom value added depends on the teacher’s general effectiveness and their match-
ing effects evaluated at the classroom’s actual achievement-group composition. We retain
the original estimates L;; and Mg;; throughout the counterfactuals.
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Let s(c), d(c), and r(c) denote classroom ¢’s school, district, and grade. Define teacher
j’s eligible classrooms under within-school and within-district reallocation as

s(c?(5)), r(e) = r(cf ()}
d(c} (), r(c) = r(c} ()}

Teachers remain in their original grade and year. Within-school reallocation preserves their
school, whereas within-district reallocation permits movement across schools in their original

district. The observed classroom belongs to both menus, and stt c Cﬁ.

stt ={ceC::s(c)
Cﬁ ={ceC :d(c)

Exercise 1: Each teacher’s individually best-matched classroom. For b€ {S, D},

define
cbest b

o € argmax My (g, c).

b
cECjt

Because I:jt is fixed for teacher j, maximizing the matching contribution also maximizes
that teacher’s average relative value added. The resulting increase in value added from the
observed classroom is
best,b . best,b .0y
Aj:b =Mt<.7’cjt% )_Mt(jact(]))

Consequently, best s e
O<Ajfs" <Ajfs’ .

The mean gain across teacher—year observations is

T best,b
Zbest,b B Zt:l Zjejt Ajt
= = )
D=1 [Tt
This exercise evaluates each teacher separately. Several teachers may select the same class-

room, while other classrooms may receive no selections. Its results therefore measure indi-
vidual opportunities rather than gains from a simultaneously feasible allocation.

Exercise 2: The optimal feasible assignment. Let a;; = 1 indicate that teacher j
is assigned to classroom c in year t, and let A = (a;ct)jes,, cec,- For b € {S, D}, define the
feasible assignment set

Ai’ = {A : ajer € {0,1}, Z ajct = 1 for every j, Z ajet = 1 for every ¢, ajoe = 0if c ¢ C;?t

ceCy JETt

The row constraints assign every teacher to exactly one classroom. The column constraints
give every classroom exactly one teacher. The eligibility constraints impose the school or
district restriction.

For a feasible assignment, total predicted relative value added across students is

’I/‘V\At(A) B 2 Z ajctnctVAt(j7 C)'
ceCy jET:

Define the model-implied first-best assignment within the specified restrictions by

AP ¢ argmax TVA, (A).
AecAb
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Let A? denote the observed assignment. The maximum total value added and the average
gain per student are

_—_FB,b  ——
TVA, = = TVA,(ABY),

TVA,(A;™") — TVA,(49)

At o=
nt

Because the observed assignment is feasible and the district assignment set contains the

school assignment set,
FB FB,D
0< AFBS < ATBD,

The pooled average gain across years is
Sy {TVA(A]>?) — TVA, (49) }

T
Zt:l g

Computationally, we construct the teacher—classroom payoff matrix with entries n..VA¢(j, ¢)
and solve a maximum-weight one-to-one assignment problem separately for each school—
grade—year or district—-grade—year pool. The optimization accounts for the opportunity cost
of assigning a teacher to a classroom that could instead receive another teacher. It can
therefore assign some teachers to classrooms other than their individually preferred choices.

Holding f/jt fixed preserves each teacher’s estimated general effectiveness. Nevertheless,
with unequal classroom sizes, the student-weighted level contribution

Z Z ajctnctth

ceCy jeT

AFBb _

can change as teachers move between classrooms. The total-value-added optimum can there-
fore exploit both matching and the allocation of teacher-level effectiveness across classrooms
of different sizes.

To isolate the matching channel, define

Ht(A) = Z Z ajetnetMy(J, €), Azrfnamh’b € argmax Ht(A)-
ceCy jeTs Ae A}
The corresponding average matching gain is
N atch,b .
A;natch,b _ Ht(A?ldtc ) B Ht(A?) )

T

This statistic measures the improvement in the matching component alone. With unequal
classroom sizes, its optimizing assignment can differ from the assignment maximizing total
value added.

Let jtF B’b(c) be classroom c¢’s teacher under the optimal feasible assignment. The pre-
dicted gain for achievement group ¢ in that classroom is

FBb _ 7 - -
Bget” = Lyreoiey s = Lip(e),e + My jemoey o = Mg joce) o-

)

The average gain for group g is

T FB,b

FB,b _ Zt:l Zcect ngCtAgct

g - T )
Zt:l Zcect Ngct
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provided that its denominator is positive. Although the optimized aggregate gain is non-
negative, individual classrooms or achievement groups can experience losses. We therefore
report both aggregate gains and their distribution across groups and classrooms.

These counterfactuals change teacher assignments while preserving student rosters, class-
room composition, and the fitted teacher effect surface. The first-best is conditional on the
estimated model and the specified eligibility restrictions. A causal interpretation addition-
ally requires teacher effects to remain valid after reassignment; cross-school moves require
their effectiveness to transfer across school environments. Estimated optimal gains should
also be understood with the qualification that optimized assignments could partly reflect
estimation error.

Empirical results. The reallocation sample contains 566 teacher—classroom-year pairs
and 10,621 student-year observations over 2011-2013. We exclude 17 teacher-year pairs
associated with multiple classrooms and retain the original fitted effects and reference
weights throughout the exercises@ Table m reports counterfactual gains in standardized
state mathematics-score units and individual-best matching diagnostics.

Teachers’ individual opportunities are unevenly distributed. The mean gain from a
teacher’s individually best classroom is 0.0644 within schools and 0.1499 within districts,
whereas the corresponding medians are 0.0138 and 0.0885. Observed assignments already
maximize predicted value added within the eligible menu for 206 of the 566 teacher-year
observations (36.40%) under school restrictions and 26 (4.59%) under district restrictions,
counting tied optima as already best matched. These opportunities are evaluated separately
for each teacher and need not form a feasible joint allocation.

We also examine whether individual best matching changes the classification of teachers
initially in the bottom tail of observed classroom-average relative value added. Defining
the bottom 5% separately within each year and including cutoff ties yields 29 teacher-year
observations. When all teachers are evaluated in their individual best classrooms and the
within-year 5th-percentile cutoffs are recalculated, 5 of these observations (17.24%) leave the
bottom tail under school restrictions and 8 (27.59%) under district restrictions. Relative to
the fixed original within-year cutoffs, 8 observations (27.59%) improve above the threshold
under school restrictions and 16 (55.17%) do so under district restrictions. The larger fixed-
cutoff escape rates show that some teachers clear the original benchmark while remaining
in the counterfactual bottom tail as other teachers also improve.

Under the optimal feasible allocation, pooled average total value added increases by
0.0538 per student within schools and 0.1352 within districts. Matching contributes 0.0429
and 0.0916 to these gains, respectively, accounting for approximately 80% and 68% of the
total improvement. The remaining contributions, 0.0109 and 0.0436, reflect the allocation of
fixed teacher-level effectiveness across classrooms of different sizes. Separately maximizing
the matching component yields matching gains of 0.0476 within schools and 0.0989 within
districts, with corresponding total value-added gains of 0.0422 and 0.0939. Thus, the two
objectives favor different allocations when classroom enrollment is unequal.

Under the total-value-added optimum, pooled average gains are positive in all five
achievement groups. Figure [2]shows that gains are largest in the lowest-achievement group,
followed by the highest-achievement group, and smallest in the middle group. Nevertheless,
classroom-average gains are negative for 27.0% of classroom-year observations under school

20For the 12 included classrooms containing students from more than one grade, eligibility is determined
by the unique modal student grade.
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reallocation and 36.7% under district reallocation. Positive aggregate gains therefore coexist
with losses in some classrooms.

Table 7: Counterfactual gains and matching diagnostics
Within school  Within district

Panel 1A: Individually best classroom

Mean gain 0.0644 0.1499
Median gain 0.0138 0.0885
Panel 1B: Individual-best matching diagnostics

Already in a best classroom 206 (36.40%) 26 (4.59%)
Escape after re-ranking 5 (17.24%) 8 (27.59%)
Exceed original 5th-percentile cutoff 8 (27.59%) 16 (55.17%)
Panel 2A: Feasible total-value-added optimum

Total value-added gain 0.0538 0.1352
Matching contribution 0.0429 0.0916
Level contribution 0.0109 0.0436
Panel 2B: Feasible matching-only optimum

Total value-added gain 0.0422 0.0939
Matching contribution 0.0476 0.0989
Level contribution -0.0054 -0.0050
Panel 2C: Group gains under the total-value-added optimum

Q1 (lowest prior achievement) 0.1007 0.2245
Q2 0.0539 0.1138
Q3 0.0197 0.0649
Q4 0.0343 0.0862
Q5 (highest prior achievement) 0.0594 0.1829
Panel 2D: Group gains under the matching-only optimum

Q1 (lowest prior achievement) 0.1090 0.1992
Q2 0.0490 0.0830
Q3 -0.0030 0.0086
Q4 0.0191 0.0290
Q5 (highest prior achievement) 0.0363 0.1459

Notes: Except for Panels 1B, all report changes from the observed assignment in standardized state
mathematics-score units. Panels 2A and 2B report average gains over students and years. Panel 2C
and 2D report average gains over students and years for each group. Panel 2B and 2D maximizes
matching alone. Panel 1B reports counts with percentages in parentheses. Already-best percentages
use all 566 teacher-year observations; escape percentages use the 29 originally bottom-tail teacher-year
observations. Bottom-tail membership is defined within each year, including cutoff ties. Re-ranking
uses the restriction-specific individual-best value-added distribution; the original-cutoff measure holds
the observed threshold fixed.
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Feasible value-added gains by achievement group
Total value-added optimum

'
I \Vithin school
[ wVithin district

0.25

0.05

Average value-added gain per student

o]
Q1 Q2 Q3 Q4 Qs
Feasible value-added gains by achievement group
0.2 Matching-only optimum

T T
I \Vithin school
[N within district

0.05

Average value-added gain per student

-0.05 : : ' ' :

Q1 Q2 Q3 Q4 Qs5

Figure 2: Under reassignment based on total value-added, gains are largest in the lowest-
achievement group, followed by the highest-achievement group, and smallest in the middle
group. Under within-school reassignment based on matching effects, gains are largest in the
lowest-achievement group, followed by the lower-achievement group.

Reassigning a large share of teachers may be difficult to implement in practice. We there-
fore examine allocations that allow at most a fraction p € {0.10,0.25,0.50,1} of included
teachers to change classrooms in each year. Let ¢ (j) denote teacher j’s observed classroom
and let aje; indicate assignment to classroom c. We impose Y. 7 [1 — a; 00)¢] < p|l7i,
which limits the fraction of teachers changing classrooms to at most p. The cap is shared
across all included teachers within a year, while assignments remain subject to the rele-
vant school or district restriction, preservation of grade, and one-to-one teacher—classroom
matching. The specification with p = 1 reproduces the unrestricted baseline.
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Table 8: Gains from feasible teacher reallocation by movement cap

Within school Within district

Move cap 10% 25% 50% 100% 10% 25% 50% 100%
Panel A: Total-value-added optimum

Average gain 0.028 0.044 0.053 0.054 0.046 0.083 0.117 0.135
Q1 (lowest) 0.065 0.084 0.099 0.101 0.069 0.131 0.188 0.225
Q2 0.028 0.043 0.052 0.054 0.052 0.078 0.098 0.114
Q3 0.012 0.019 0.020 0.020 0.021 0.043 0.053 0.065
Q4 0.010 0.024 0.036 0.034 0.017 0.046 0.067 0.086
Q5 (highest) 0.024 0.047 0.057 0.059 0.070 0.117 0.177 0.183
Panel B: Matching-only optimum

Average gain 0.026 0.037 0.043 0.042 0.038 0.064 0.085 0.094
Q1 (lowest) 0.067 0.097 0.107 0.109 0.086 0.142 0.184 0.199
Q2 0.029 0.038 0.050 0.049 0.036 0.061 0.072 0.083
Q3 0.011 0.009 0.004 -0.003 0.004 0.005 0.016 0.009
Q4 0.004 0.015 0.019 0.019 0.003 0.016 0.022 0.029
Q5 (highest) 0.017 0.028 0.035 0.036 0.061 0.093 0.130 0.146

Notes: All entries report gains in total relative value added, including level and matching effects, in standard-
ized state mathematics-score units per student. Movement caps apply jointly across all included teachers
within each year. The 100% specification imposes no additional movement constraint. Panel B selects
assignments by maximizing matching effects alone but reports total value-added gains.

Under the total-value-added optimum, restricting teacher movement to at most 25%
per year retains approximately 81.4% and 61.6% of the average gains under unrestricted
within-school and within-district reallocation, respectively. Thus, a substantial share of the
model-implied gains remains attainable under teacher mobility limited at 25%.

9.4 Forecasting Teacher Effects in the Randomized Sample

The National Center for Teacher Effectiveness (NCTE) study included a randomized-assignment
component in its final academic year, 2012-2013. Participating schools first constructed
classroom rosters through their usual procedures, after which NCTE staff worked with
school leaders to assign participating fourth- and fifth-grade mathematics teachers to those
rosters by lottery within eligible school-grade groups.

We compare unrestricted time-varying empirical Bayes estimation with grouped three-
way empirical Bayes estimation, which imposes the restrictions on the population mean and
covariance described in Appendix All models are estimated using 8,944 usable student
observations from 306 teachers in 2010-2011 and 2011-2012. For the grouped three-way
specification, we consider ranks ¢ € {1,2,3,4}. We apply two forecast rules to the posterior
teacher effects estimated from both training years: carrying forward the 2011-2012 effect
and averaging the effects from the two training years.

The target teacher effects are estimated using an unrestricted group-teacher model. In
other words, we estimate the benchmark modeE

_J B, _B B
Yigr = Tigrd” + Ty 5+ i

21 Achievement groups and the regressors are the same as in the main analysis. In the randomized-roster
sample, the grade dummy is absorbed by the teacher—group fixed effects and is not included.
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Here, T denotes the final study year, 2012-2013, and j indexes the student’s observed
teacher. We decompose the fitted benchmark effects and the forecast effects into level and
matching components on the same common eligible teacher—group cells.

Table 9: Out-of-sample R? for teacher-level and matching effects: actual-classroom bench-
mark

Carry-forward Two-year average
Specification Level Matching Level Matching
Unrestricted time-varying EB  0.3025 0.0423 0.3328 0.0314
Three-way EB, rank 1 0.2051 —0.0059 0.2417 —0.0123
Three-way EB, rank 2 0.3057 0.0194 0.3506 0.0130
Three-way EB, rank 3 0.3110 0.0309 0.3427 0.0264
Three-way EB, rank 4 0.3024 0.0401 0.3328 0.0339

Notes: All forecasting models are estimated using only 2010-2011 and 2011-2012 data. The un-
restricted time-varying one-step EB model is estimated by Gaussian EM with monotone Anderson
acceleration. The unrestricted 2013 benchmark uses the same 968 original randomized-roster observa-
tions, attributing outcomes to observed teachers rather than originally assigned teachers. Evaluation
requires at least one benchmark observation per teacher—group cell and uses identical eligible cells across
methods: 68 teachers and 256 cells, containing 853 observations. Benchmark and forecast components
are decomposed on these common cells. Out-of-sample R? is 1 — >, (By, — P)?/ > (Bx, — B)?, where
By, is the estimated benchmark component, Py its forecast, and B the evaluation-sample benchmark
mean. Level calculations weight teachers equally; matching calculations weight eligible cells equally.
Negative values indicate greater squared error than the benchmark-mean predictor. Actual-classroom
assignments may reflect nonrandom switching.

Table [9] shows that grouped three-way specifications with ranks two and three yield
modestly higher teacher-level forecast R? than unrestricted time-varying empirical Bayes
estimation under both forecast rules. Rank four performs very similarly to the unrestricted
specification, with slightly lower carry-forward performance and approximately equal per-
formance under the two-year-average rule. The highest teacher-level forecast R? is 0.3506,
obtained by the rank-two specification using the two-year average. Forecast R? is substan-
tially lower for the estimated matching components. Unrestricted empirical Bayes estimation
performs best for matching under carry-forward, whereas the rank-four specification per-
forms best under the two-year-average rule. Within the structured specifications, matching
performance improves as rank increases from one to four, suggesting that additional flexi-
bility can help forecast matching effects. However, the targets are estimated unrestricted
benchmark effects, and their sampling error, especially in sparsely populated cells, may
partly account for the low matching forecast R2.

10 Conclusion

This paper develops a grouped three-way interactive fixed-effects model for panel data that
can be used to estimate latent matching effects. We establish the asymptotic properties
of the least-squares estimator and provide an alternating-least-squares implementation that
works well with unbalanced samples and inclusion of additive fixed effects. In particular,
we show that consistency of the slope parameter and aggregate consistency of the factor
estimates require only two dimensions to diverge. This result is useful in many applications
where data has multiple indices but has short samples for many indices.
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The proposed least-squares estimator for the interactive fixed-effect model is shown to
outperform that of [Freeman| (2026) in estimating the slope coefficient in the Monte Carlo
designs considered. Furthermore, the least-squares estimator can also consistently estimate
the interactive fixed effects themselves, in contrast with |Freeman| (2026), which treats the
fixed effects as nuisance parameters.

The empirical application estimates heterogeneous teacher value added using matched
student—teacher achievement data. The application illustrates how scalar measures of teacher
effectiveness can conceal comparative advantage across student groups. Holding classroom
rosters fixed, the fitted model predicts that reallocating at most 25% of teachers within their
schools to maximize matching gains increases average achievement by 0.037 standard devia-
tions, with a gain of 0.097 standard deviations for students in the lowest prior-achievement
quintile.

We also find that imposing the three-way separability structure within an empirical Bayes
framework can modestly improve out-of-sample forecasts of teacher-level effects relative to
an unrestricted time-varying empirical Bayes specification.

This framework is relevant to other settings with naturally three- or higher-dimensional
data, including worker-firm, consumer-products, product-market, trade, and health care
panels. Possible future extensions include estimating latent group structures and estimating
dynamic or nonlinear panels with grouped three-way interactive fixed effects.
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11 Appendix

11.1 Notations

We use o, *, ®, ® to denote the outer, Khatri-Rao, Kronecker, and Hadamard products,
respectively. In particular, for

A=(ay,...,ag) e RI*E and B = (by,...,bg) e R7*E,
the Khatri-Rao product is defined as
A% B =(a1®by,...,ar@bg) € RIT*E,
For arbitrary matrix A € R”*", define the projection and annihilator matrices
Py=AAA)TA = AAT, My =1, — Pa,

where A% is the Moore-Penrose inverse. We use || - |r and | - || to denote the Frobenius
and spectral norms, respectively, for vectors, matrices, and tensors. For tensors A, B €
RNuvxxNa  define the inner product

N Na
(A,B) = Z Z Qiy.igbiy g
=1 ig=1

so that |A[, = (A, A)}/2. The spectral norm of A is defined as

JA| = max \<A,u<1>o...ou<d>>

)

Jul™2=1
m=1,...,d
where u(™) € RN= for m = 1,...,d. For vectors, the Frobenius and spectral norms both
coincide with the Euclidean norm, while for matrices the above definition of | - || coincides
with the usual matrix spectral norm. In particular, for vectors u(™ e RN» m =1,...,d,
d
Wo... (d)H*H CO I (d)” - (m)
ut’o---ou =|ut’o---ou = u .
H p = L1 1™,

For Y € RN1x:xNa define the /-th generalized singular value of a tensor as

-1
Y — Z(agl) o---o0al®)

s=1

5[ (Y) = inf

(i)yd,—1
(as)ind

For matrices, this residual equals the /-th singular value by the Eckart—Young theorem.
The mode-n product of a tensor Y € RN1*"*Na with a matrix A € R/*N» is denoted by

Y Xn A (S RNlX"'XNn—lXJXN"+1><...><Nd

and has entries

Nnp
(Y Xn A)il"'infljin+1"'id = Z Yig-vip_1ringr-igAjr-
r=1
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The mode-n matricization of Y, denoted by
Y(n) e RN *Ilrzn NT:

is the matrix whose columns are the mode-n fibers of Y. We order the mode-n fibers by
backward, or last-index-fastest, enumeration: among the modes other than n, the highest-
numbered mode varies fastest. Formally, let (r1,...,74_1) be the increasing sequence ob-
tained by removing n from (1,...,d). Then

d—1 d—1
(Yen))in .k = Yir..ias k=1+ 2 (ir, — 1) n Ny,
q=1 h=q+1

where an empty product is understood to equal one@
Likewise, vec(Y) denotes the vectorization of Y induced by backward enumeration.
Specifically,

d d
[veeOW)], = Virviar k=14 D1Gg—1) [] N
q=1 h=q+1
For matrices, vec(-) therefore coincides with row-major vectorization.
The main reason we adopt backward enumeration is that it preserves the natural ordering
of the modes in the Kronecker and Khatri-Rao representations of outer-product tensors. In
particular,

vec (au) 0.0 a(d)) —aV @ ®a?,

Moreover, let
‘
Y = Z (agl) 0---0 agd))’ A(m) _ (a(lﬂz), . ,a§m)) c RNmXE.
s=1

Then its mode-n matricization is
Yy = A® (Am) *...*Am_l))’,

where (r1,...,7r4—1) is the increasing sequence of mode indices other than n.
For a tensor Y € RM>xNa and 4,5 € {1,...,d}, let K, ; € {0, 1}V*N | where N =

]_[:lnzl N, denote the mode-permutation matrix satisfying
Ki jvee (Y(j) = vec (Yy) -
More explicitly, let (r{™, ... ,rgi)l) be the increasing sequence obtained by removing n from
(1,...,d). Then, for arbitrary vectors a(™ € RN», m =1,...,d,
Ki, (am 0™ .. ® a(rﬁf_)l)) e @amN @ @ariy).
The mode-permutation matrices satisfy

Kii = Iy, K} =K;i = K]

2,77

Kik = Kij Kjk.
Since vec(Y') = vec(Y(1)) under our backward-enumeration convention,

Ky jvec (Y;)) = vec(Y), j=1,...,d.

22This ordering differs from the convention of [Kolda and Bader| (2009), under which the lowest-numbered
remaining mode varies fastest, i.e., first-index-fastest.
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11.2 Derivation of the FWL representation
Since the mode-3 matricization of the interactive component is W (DU * V'), concentrating

over W gives

mm SNMT(5 UV,W)= H Y -X ><4<5)(3)MDU*VH§;

WeRT NMT

Consequently, the joint normal equations for 6 and W imply

~ —1
0= [X(4) (Mppao ®1Ir) XE4>] Xy Mpgeo ®Ir)y

This is a Frisch—-Waugh-Lovell-type representation conditional on the estimated loadings
DU,V: the outcome vector and the columns of X E g are projected onto the orthogonal

complement of col(DU * V) @ RT.
A representation incorporating all three factor normal equations can be obtained. For
given (U, V, W), define

4
TUV,W) = {Z (Day, ® vp ® wi, + Duy, ® b, ® wi, + Dug ® v ® ¢x) :

ar € RY b, eRM™, ¢, eRT, k:=1,...,€}.

Since D has full column rank, let
Qp = D(D'D)"/2, U = (D'D)"?U, Q=Qp®IyQIr.

Then DU = QpU and Q'Q = Igyr. Let KGJ denote the mode-permutation matrices
defined in the notation section for tensors of dimensions G x M x T'. Suppressing dependence
on (U, V,W), define the grouped block projectors

PP =16 ® Pyaw,
Py = K{'y (I ® Poyw) K5,
P?,G:Kf:a (IT@PU*V)K?fr

These project onto the grouped perturbation spaces generated by changes in U, V', and W,
respectively. Set
S¢ = pPE+P¢+PY, T =range(SY).

Because the P& are orthogonal projectors,
TC = range(P) + range(PS') + range(PY), T(U,V,W) =QTFC.

The block spaces generally overlap, so S¢ need not itself be an orthogonal projector. The
orthogonal projectors onto 7¢ and T = T (U, V, W) are instead

Prc = SE(SY*",  Pr=QPrcQ.
The corresponding annihilator in the original observation space is

My = Inyur — QPre @’
=Mp®In®Ir+QUIegur — Pre) Q'
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In particular, this annihilator retains variation orthogonal to the group-membership space.
Evaluate the tangent space at the joint estimates and write

4
T:T(U,V,W), T = Z(Dak®{}k)®wk)’ é:y_Xéll)S_ﬁ-
k=1

The normal equations for the three factor blocks imply that é is orthogonal to every per-
turbation in @, whereas the normal equation for J gives X4 = 0. Thus,

Psé =0, Xge = 0.
Moreover, 7 € ’7A‘, as follows by taking a; = 4y and by = ¢ =0 in @ Consequently,
¢ = Mz (y— X(1b).
Combining this identity with X 4é = 0 yields
6= [X<4>M%XE4>]71X<4>M%%
provided that X4 Mz X é " is nonsingular.

11.3 Details on Monte Carlo Simulations

Below are the details of the four estimation methods.

1. Grouped three-way least squares.
The grouped three-way least squares estimator uses the observed group assignment
and jointly fits

4

Yije = Tij00 + K+ pgy + V5 + & + Z ay(i),kbjk fik + €iji- (27)
k=1

We denote the slope component of the joint least-squares estimator by g@. We absorb
the mean of each additive effect in x so that the additive effects satisfy

M

G T
ZNgug: Zl/j:th:O.
g=1 t=1

Jj=1

The factor scales are normalized so that

1 M 1 &
E 2 E 2
bjk:T ftk:17 k:17...7’€7
j:l t=1

with the corresponding scales absorbed into the first-mode loadings. No mean-zero
restrictions are imposed on the factor columns. The additive effects and trilinear
component are estimated jointly, or equivalently the additive effects are profiled from
the joint least-squares criterion.
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2. Ungrouped three-way least squares.

The second estimator ignores the group restriction and jointly fits

V4
Yijt = x;jté + R+ v+ ft + Z aikbjkftk + eijt- (28)
k=1

We denote its slope estimator by gU. This model contains the DGP under

Wi = Hg(i) Ak = Ug(s) ks bjk = Vjk, Jtk = Wik

The estimator uses the same factor scale normalizations as the grouped estimator,
while the additive effects satisfy

N M T
Z,Ui= ZVj=2§t=0-
i=1 j=1 t=1

Relative to the grouped specification, this model estimates N/ rather than G/ first-
mode loadings and N — 1 rather than G — 1 first-mode additive effects. It therefore
introduces (N — G)(¢ + 1) additional first-mode parameters. The comparison between
6(; and 5U measures the gains from imposing the observed grouping on both the
additive effects and the interactive loadings.

3. Freeman linear projection.

The third estimator implements the linear-projection construction in Section 5.3 of
Freeman| (2026)), using separate preliminary matrix interactive fixed effects regressions
to estimate the three loading spaces. It does not use the group assignment or jointly
fit a trilinear decomposition.

Let X, € RV*M*T denote the tensor containing regressor q. We first center the
outcome and each regressor in all three modes:

Y¢=Y X1 MLN X9 MLM ><3]\4“")
X;=Xq><1 MLN XQMLM X3MLT7 q=1,...,p. (29)

This removes the additive effects while preserving a trilinear representation of the
remaining interactive component:

L
Z Ug(i) ke = W) (V5 — Ok) (Wek — W),

where uy, v, and wy are the averages over groups, the second mode, and the third
mode, respectively.

Write n = NMT, dy = N, dy = M, and d3 = T. For each m = 1,2,3, let Y5, and

X (m denote the mode-m unfoldings, with dimension d,, x (n/d,,). The preliminary

estlmates solve

(0m, Bm) € argmin
0cRP, B: rank(B)<€ n

F
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where B € R¥m*(7/dm) For each mode, form

R =Yy — 25mq a(m)"

~

Let/\Lm € R4m>t contain the leading ¢ left singular vectors of ﬁzm, normalized by

~

L' L,, = I;, and define

m

My =1, —LnL., m=1,2,3.

m

The singular vectors are extracted before subtracting the fitted low-rank component
B,,. We then transform the centered data:

Y:chlﬁl XQ.Z/\ZQ ngw\g,
XqZX;X1M1X2M2X3M3, q=1,...,p

Writing &;;¢ = ((X1)ije, - - -, (Xp)ije)', the final slope estimator is

No intercept is included in this final regression.

This comparator is the full-sample linear-projection point estimator, without kernel
smoothing or sample splitting. The preliminary centering in also removes pairwise
additive variation that is constant in one mode and is therefore stronger than profiling
only the additive effects specified in or . The two joint three-way least-squares
estimators are fitted to the original data and do not use this preliminary three-mode
centering.

. Flattened matrix IFE.

The fourth estimator treats (4,j) as a single cross-sectional index and fits

¢
Yije = Tij0 + K+ i + & + Z Xij ke fik + €ije.
k=1
The model permits unrestricted pair-specific intercepts and loadings, while retaining
a rank-¢ factor structure over time. It contains the DGP under

j = Hg(i) + V5, Nij ke = Ug(i) kVjk Ttk = Wik
Unlike the ungrouped trilinear specification, it does not impose the additive decom-
position of «;; or the separability of A;; across ¢ and j.
Let Y(3), (Xy)(3) € RT*NM denote the mode-3 unfolding of outcome and regressor ma-

trices X, € RV*M*T containing regressor ¢. Profiling out the pair-specific intercepts
and time effects gives the slope estimator

L (3/(3) Z 9 (3)) INM T B

Here B € RT*NM represents the interactive component after profiling out the additive
effects.

2

~ 1
0 € argmin  min
¥ Qge]RP rank(B)</ NMT

F
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The grouped, ungrouped, and flattened specifications impose successively weaker restric-
tions on the conditional mean. Freeman’s estimator differs from these joint least-squares
estimators in both its nuisance estimation and the variation retained by its transformations.
Consequently, differences in finite-sample performance reflect not only the imposed grouping
and separability restrictions but also the estimation procedure.

Numerical Implementation and Performance Measures We consider the sample-
size configurations

(N, M,T,G) € {(24,24,8,4), (48,24,8,6), (48,48, 8,8), (48,48, 12, 8)}.

For each configuration and each error specification, we generate R = 1,000 Monte Carlo
replications. All four estimators are applied to the same simulated observations within each
replication.

The grouped and ungrouped three-way estimators are computed by alternating least
squares. Conditional on the current slope and additive effects, we update the three loading
matrices sequentially by linear least squares. Conditional on the updated interactive com-
ponent, we jointly update the slope and additive effects by profiling out the appropriate
additive-effect space. The second- and third-mode loading columns are rescaled to have
sample mean square one, with compensating scales absorbed into the first-mode loadings.
These normalizations preserve the fitted interactive component, and no sample mean-zero
restrictions are imposed on the CP loading columns.

Each CP regression is computed from 20 starting values. For the first start, we fit the
regression containing only the slope and the specified additive effects and extract the lead-
ing ¢ left singular vectors from the second- and third-mode unfoldings of its residual tensor.
These vectors initialize the corresponding loading matrices, while the first-mode loadings
are initialized by conditional least squares. The remaining starts use orthonormalized inde-
pendent Gaussian draws for the second- and third-mode loading matrices, followed by the
same conditional first-mode update. Only the grouped estimator uses the observed group
assignment.

The flattened matrix IFE estimator and each of Freeman’s three preliminary matrix
IFE regressions alternate between a slope update and a rank-¢ truncated singular value
decomposition of the regression residual matrix. Each matrix regression also uses 20 starts:
the first uses the ordinary least-squares slope from the relevant transformed data, the second
uses a zero slope vector, and the remaining starts use Gaussian perturbations of the ordinary
least-squares slope, scaled by the residual and regressor root mean squares. Freeman’s final
slope is obtained by a single least-squares regression after applying the estimated loading-
space projections; no kernel bandwidth or sample splitting is used.

Stopping rule and numerical convergence. Each start is allowed at most 10,000 com-
plete update cycles. Let Q') denote the mean squared residual, 6(*) the slope vector, and
Y (®) the fitted outcome array after cycle s. For the matrix regressions, these quantities are
evaluated on the transformed data entering the relevant regression. We declare numerical
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convergence when all three conditions hold:

() _ O(s—=1)
@7 - | |<10—8,
max{1,]Q(~D[}

(s) _ g(s=1)

|59 =50 oor

max{L, [§C-D]}
YO -YCeDp s
max{1, [V (=D}

All 1,000 replications yielded finite, converged estimates for every estimator in each
sample-size configuration and error specification.

Slope-estimation performance. Let gff) denote estimator a € {G,U,FW,F} in repli-
cation 7. For coefficient ¢ = 1,2, let

_ 1 &
5a,q = E Z 55:(3'
r=1

We report the empirical bias, standard deviation, and root mean squared error:

1 & /s
Biasaq = 75 2, (001 = 9)
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11.4 Heatmaps of Teacher Relative Value Added and Matching
Effects

Teacher-year rankings by relative value added
583 observed teacher-years pooled across years; rank 1 = highest
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Figure 3: Heatmap of teacher-year rankings of relative value added ﬁjt + ngt for each
group g, ordered by their Q5 rank.
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Figure 4: Heatmap of teacher-year rankings of matching effects ngt for each group g,
ordered by their Q5 rank. The matching effects add up to zero across groups and across
teachers for each year by construction.

In each heatmap, columns represent observed teacher-years and are ordered separately by
their estimated ranking for Q5, the highest prior-achievement quintile. For relative value
added, the broad Q5 ordering remains visible in Q4 and, to a lesser extent, Q3 and Q2,
whereas Q1 exhibits considerable reordering. The common teacher-level component L
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coexists with group-specific matching effects that can change the ranking of teacher-years
across student groups.

The matching-effect heatmap reveals a sharper contrast. Teacher-years with high esti-
mated matching effects for Q5 generally rank low for Q1, and vice versa. The zero-sum
normalization imposes a trade-off across groups, but it does not require the observed near
reversal in rankings between Q5 and Q1. This near reversal illustrates the estimated compar-
ative advantage across the prior-achievement distribution. Because the heatmaps display
ranks, they describe differences in ordering rather than the magnitude of the underlying
effects.

11.5 Regressors in the adaptive LASSO analyses

The regressors used in adaptive LASSO combine 12 CLASS variables (DS0001), 14 MQI
measures (DS0002), two teacher characteristics (DS0006), 25 teacher-survey items (DS0007),
and two knowledge-of-students scores (DS0008).

CLASS classroom-observation measures (DS0001). We include the following 12
variables from the Classroom Assessment Scoring System (CLASS). These measures describe
observed classroom interactions, instructional practices, and student engagement.

CLPC: Positive climate. Positive emotional tone, warmth, respect, and positive relation-
ships in classroom interactions.

CLTS: Teacher sensitivity. The teacher’s sensitivity and responsiveness to students’ aca-
demic and emotional needs.

CLRSP: Regard for student perspectives. Attention to students’ ideas and perspectives,
including opportunities for autonomy, meaningful choices, and participation.

CLNC: Negative climate. Negative emotional tone and hostile or disrespectful interac-
tions.

CLBM: Behavior management. Management of student behavior and behavioral expecta-
tions.

CLPRDT: Productivity. Classroom organization and productive use of instructional time.

CLILF: Instructional learning formats. Instructional formats and activities that sup-
port students’ involvement in learning.

CLCU: Content understanding. Instruction that develops understanding of content and
connections among ideas, including attention to prior knowledge and misconceptions.

CLAPS: Analysis and inquiry. Opportunities for students to engage in analysis and in-
quiry.

CLQF: Quality of feedback. Feedback that supports students’ learning and understand-
ing.

CLINSTD: Instructional dialogue. Dialogue and exchanges focused on instructional con-
tent.
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CLSTENG: Student engagement. Students’ observed attention to and involvement in class-
room learning.

The underlying CLASS ratings use a seven-point scale: 1-2 indicates low levels, 3-5
middle levels, and 6-7 high levels of the rated dimension. We retain the original direction
of each variable. In particular, higher CLNC indicates a more negative classroom climate.

Mathematical Quality of Instruction measures (DS0002). We use 13 MQI variables
that are included in the four categories described in [Hill et al| (2012). We include these
items individually, together with the overall lesson rating, MQI5.

The constituent items are grouped as follows.

¢ Richness of mathematics: five items. LINK measures connections among mathe-
matical ideas; EXPL, mathematical explanations; MMETH, multiple procedures or alter-
native solution methods; MLANG, use of mathematical language; and MGEN, development
of mathematical generalizations.

e Working with students and mathematics: two items. USEPROD measures how in-
struction responds to and uses students’ mathematical work or contributions. REMED
measures attention to students’ mathematical errors, misunderstandings, and difficul-
ties.

e Errors and imprecision: three items. MAJERR records major mathematical errors;
LANGIMP, imprecision in mathematical language or notation;and LCP, lack of clarity in
presenting mathematical content.

e Student mathematical meaning-making and reasoning: three items. STEXPL
measures students’ provision of mathematical explanations; SMQR, students’ mathe-
matical questioning and reasoning; and ETCA, cognitive activation of the mathematical
task as enacted in the classroom.

We also use MQI5, the observer’s overall judgment of mathematical quality across the entire
lesson.

Teacher background characteristics (DS0006). We include two background charac-
teristics.

EXPERIENCE. Reported years of teaching experience.

ELMATHCERT. An indicator for self-reported elementary mathematics certification, coded one
when the qualification is reported and zero otherwise.

Teacher instructional-practice survey items (DS0007). We include 25 separate raw
items from the fall teacher questionnaires. The selected items have questionnaire mappings
in all three study years, corresponding to spring-year identifiers 2011, 2012, and 2013. The
variables used are

Mathematics instruction: six MIR items. MIR02: explaining why mathematical pro-
cedures work; MIR03: using concrete materials to explain why procedures work; MIR05:
asking questions about why procedures work; MIR06: comparing different ways of
solving procedural problems; MIR08: assigning procedural practice to improve speed,
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accuracy, or ease of use; and MIR09: using flashcards, games, or computers to improve
recall or skill. Thus, the included MIR items cover both conceptual explanations and
procedural practice.

Student reasoning and solution methods: four MIS items. MIS02: inviting students
to offer different solution methods; MIS03: assigning problems without specifying a
solution method; MISO04: assigning problems requiring a few minutes of thought; and
MIS05: asking students to compare or evaluate solution methods.

Classroom climate: eight CLC items. CLCO1: students getting along with one another;
CLCO02: reprimanding students to control the class; CLCO4: feeling disrespected by stu-
dents; CLCO5: friendly rapport between teacher and students; CLCO6: instructional
time lost to misbehavior; CLCO7: respectful language and listening; CLCO8: students
following rules without constant reminders; and CLC09: harsh voices and negative
language in class.

Differentiated assignments: one FAS item. FAS03: differentiating mathematics as-
signments to address individual students’ learning needs.

Test-related instructional practices: six TPC items. TPCO1: de-emphasizing math-
ematics topics rarely or never tested; TPC02: focusing on topics carrying greater test
weight; TPC03: limiting in-depth discussion of mathematical concepts; TPCO4: limit-
ing mathematics projects or hands-on activities; TPCO5: reducing demanding problems
that challenge advanced students; and TPCO7: sequencing topics so tested content is
covered before the test.

Teachers’ knowledge of students (DS0008). We include two derived scores from the
spring teacher questionnaires.

ACCURACY. Accuracy in predicting the percentage of students in the teacher’s own class who
would answer particular mathematics test items correctly. Higher scores indicate more
accurate judgments of class performance.

KOSM. Knowledge of students’ mathematical misconceptions, assessed through teachers’ pre-
dictions of the most common incorrect answers among fourth- or fifth-grade students
generally. Higher scores indicate greater knowledge of these misconceptions.

11.6 Cross Validation Errors

Although adaptive LASSO cross-validation for tuning the parameter in matching difference
selects A = 0.0034, the cross-validation error does not increase dramatically as the tuning
parameter decreases to A = 0.0020.

Below are the cross-validation error plots for the adaptive LASSO regressions.
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Figure 5: Cross-validation errors of level effects (Left) and matching difference (Right)

We also report the adaptive LASSO result obtained using this penalty parameter.

Table 10: Adaptive LASSO: Matching differential with a fixed penalty

Predictor Coefficient
MQI measure (DS0002)

Lack of clarity in presenting mathematical content (LCP) 0.2089
Teacher survey items (DS0007)

Assigning procedural practice for speed, accuracy, or ease of use 0.0018
(MIR0S)

Assigning problems requiring a few minutes of thought (MIS04) 0.0620
Fixed penalty, A 0.0020
Teacher-year observations 483
Teachers 279

Notes: The dependent variable is the matching differential, D;; = ]\//\Iljt — M5]~t.

Table[I0]uses A = 0.0020. A one-point increase in the teacher-year average lack-of-clarity
rating (LCP), measured on a 1-3 scale, is associated with a 0.2089¢ increase in Djtﬁ The fol-
lowing survey items use 1-5 frequency scales, from rarely or never to always. A one-category
increase in assigning procedural practice (MIR08) is associated with a 0.0018¢ increase in
D, while a one-category increase in assigning problems requiring thought (MIS04) is associ-
ated with a 0.06200 increase. These positive coeflicients describe shifts in relative matching
advantage toward the lowest achievement group.

Below we report the in-sample R? of the penalized adaptive LASSO and an unpenalized
OLS refit using its selected predictors, together with the cross-validation R? of the penalized
model.

23 A one-standard-deviation increase in LCP corresponds to about 0.0225¢ increase in the state math test
score in the matching differential.
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Table 11: Fit and cross-validation performance of the adaptive LASSO

Specification Penalized R? OLS R> CV R?
Level, CV-selected penalty 0.0523  0.0957  0.0065
Matching difference, CV-selected penalty (A ~ 0.0034) 0.0134  0.0224  0.0039
Matching difference, fixed penalty (A = 0.002) 0.0265  0.0363 —0.0080

Notes: All specifications use 483 teacher-year observations from 279 teachers. Penalized R? uses the
adaptive LASSO estimates. OLS R? is obtained by refitting the selected predictors and an intercept
without penalization on the same sample. Cross-validated R? evaluates the penalized model and is
defined as R<23V = 1 — MSEcy/MSEcyv,9, where MSEcy o is the intercept-only benchmark. Both
MSEs use the same five teacher-grouped folds, with benchmark predictions given by the corresponding
training-fold outcome mean. Negative CV R?2 indicates worse predictive performance than this bench-
mark.

Although teachers differ substantially in their contributions to student achievement,
predicting these contributions from observable characteristics remains difficult.
find that observed teacher characteristics account for less than 5% of in-sample
teacher-value-added variation, while Rockoff et al.| (2011) find that expanding conventional
credentials to include cognitive and noncognitive measures yields predictions capturing only
about 10% of benchmark teacher-effect variation. Explaining teacher—student matching
poses an additional challenge because it requires identifying characteristics associated with
teachers’ comparative advantage across student groups, rather than their general effective-
ness. Consistent with this difficulty, finds that measured teacher character-
istics and teaching practices explain little variation in comparative advantage.

11.7 Results with one fitted component

Here, we report the results with ¢ = 1 fitted component.
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When ¢ = 1 is used, the matching effect accounts for 16% of the variation in the relative
teacher-value added.
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Table 12: Estimated variance components (¢ = 1)

Component Variance Share of total (%)
Common year, Vp 0.000011 0.01
Group level, Vg 0.000297 0.30
Teacher level, Vr, 0.082019 83.86
Matching, Vs 0.015478 15.83
Total teacher component, V. 0.097804 100.00

Notes: The relative-value-added variance is Vi, + Viy = 0.097497, of which matching accounts for
15.88%.

We use adaptive LASSO to regress the teacher-level effect on the 55 regressors. The
selected variables for the teacher-level effect are given below. Five-fold cross-validation does
not select any variables for the matching difference.

Table 13: Adaptive LASSO: Teacher-level effect Ejt with £ =1

Predictor Coefficient
MQI measure (DS0002)

Enacted task cognitive activation (ETCA) 0.1061
Teacher survey items (DS0007)

Comparing different ways of solving procedural problems (MIR06) 0.0161
Asking students to compare or evaluate solution methods (MIS05) 0.0010
Instructional time lost to student misbehavior (CLC06) —0.0199
Selected penalty, A 0.0008993
Teacher-year observations 483
Teachers 279

Notes: The adaptive LASSO considers 55 predictors and selects the penalty using five-fold cross-
validation, keeping all observations of a teacher in the same fold. Coeflicients are reported in the
regressors’ original units, without post-selection OLS refitting. The intercept is —0.1695.

The tables below report results from counterfactual reassignment of teachers to different
classrooms.
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Table 14: Counterfactual gains and matching diagnostics (¢ = 1)
Within school ~ Within district

Panel 1A: Individually best classroom

Mean gain 0.0321 0.0878
Median gain 0.0043 0.0442
Panel 1B: Individual-best matching diagnostics

Already in a best classroom 217 (38.34%) 29 (5.12%)
Escape after re-ranking 6 (20.69%) 6 (20.69%)
Exceed original 5th-percentile cutoff 8 (27.59%) 12 (41.38%)
Panel 2A: Feasible total-value-added optimum

Total value-added gain 0.0288 0.0931
Matching contribution 0.0141 0.0467
Level contribution 0.0147 0.0464
Panel 2B: Feasible matching-only optimum

Total value-added gain 0.0192 0.0488
Matching contribution 0.0177 0.0531
Level contribution 0.0016 -0.0043
Panel 2C: Group gains under the total-value-added optimum

Q1 (lowest prior achievement) 0.0461 0.1516
Q2 0.0328 0.0826
Q3 0.0175 0.0632
Q4 0.0203 0.0619
Q5 (highest prior achievement) 0.0272 0.1048
Panel 2D: Group gains under the matching-only optimum

Q1 (lowest prior achievement) 0.0549 0.1271
Q2 0.0264 0.0460
Q3 0.0033 0.0036
Q4 0.0017 -0.0016
Q5 (highest prior achievement) 0.0100 0.0674

Notes: Gains are changes from the observed assignment in standardized state mathematics-score units.
Panel 1A weights the 566 teacher-year observations equally. Panels 2A and 2B report pooled gains
weighted by the 10,621 student-year observations; Panels 2C and 2D use student-year weights within
each achievement group. Each feasible allocation assigns exactly one teacher to each classroom and
preserves teachers’ grade and year, student rosters, and fitted effects. Panels 2B and 2D select the
allocation by maximizing matching alone; total value-added gains and all group gains include both
level and matching effects. Panel 1B reports counts with percentages in parentheses. Already-best
percentages use all 566 teacher-years; escape percentages use the 29 originally bottom-tail teacher-
years. Bottom-tail membership is defined within each year, including cutoff ties. Re-ranking uses
the restriction-specific individual-best value-added distribution; the original-cutoff measure holds the
observed threshold fixed. Tied optima count as already best. Individual-best choices are evaluated
separately and need not form a feasible joint allocation.
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Table 15: Gains from feasible teacher reallocation by movement cap (£ = 1)

Within school Within district

Move cap 10% 25% 50% 100% 10% 25% 50% 100%
Panel A: Total-value-added optimum

Average gain 0.014 0.023 0.028 0.029 0.031 0.058 0.081 0.093
Q1 (lowest) 0.025 0.041 0.048 0.046 0.039 0.082 0.126 0.152
Q2 0.014 0.024 0.032 0.033 0.026 0.052 0.076 0.083
Q3 0.012 0.015 0.017 0.018 0.022 0.043 0.059 0.063
Q4 0.007 0.013 0.021 0.020 0.026 0.039 0.046 0.062

Q5 (highest) 0.012 0.023 0.025 0.027 0.042 0.070 0.097 0.105
Panel B: Matching-only optimum

Average gain 0.011 0.015 0.018 0.019 0.021 0.036 0.043 0.049
Q1 (lowest) 0.031 0.040 0.053 0.055 0.054 0.089 0.113 0.127
Q2 0.008 0.019 0.024 0.026 0.017 0.028 0.036 0.046
Q3 0.004 0.007 0.005 0.003 0.005 0.009 0.015 0.004
Q4 0.005 0.002 0.003 0.002 0.000 -0.002 -0.003 -0.002

Q5 (highest) 0.007 0.009 0.008 0.010 0.030 0.056 0.053 0.067

Notes: Results use the £ = 1 model. All entries report gains in total relative value added, including level and
matching effects, in standardized state mathematics-score units per student. Movement caps apply jointly
across all included teachers within each year; assignments preserve grade and remain within the indicated
school or district. The maximum number of movers is p|J;|. The 100% specification imposes no additional
movement constraint. Panel B selects assignments by maximizing matching effects alone but reports total
value-added gains.

The magnitude of the variation in the relative teacher value added explained by the
matching effects and the magnitude of teacher reassignment gains decrease substantially
when ¢ = 1 is used instead of ¢ = 2. However, the qualitative results stay similar. We
see that three out of six variables selected in adaptive LASSO for ¢ = 2 are still selected.
Also, the distribution of the potential gains across students from teacher reassignment is
also similar as well, with the lowest-performing students gaining the most.

We impose ¢ = 2 so that the teacher effects change meaningfully across time. Under
{ = 1, every teacher-group combination follows a scalar multiple of the same temporal
movement. Also, if the true teacher effects have rank one, both models with ¢ = 1 and ¢ = 2
would consistently estimate the teacher effects, and adding an additional component should
not produce a persistent increase in the estimated matching variance. Thus, the decrease in
the magnitude of the matching effects when ¢ = 1 can be seen as a sign that the true rank
is greater than one.

11.8 Empirical Bayes Estimation and Grouped Three-Way Sepa-
rability

We formulate empirical Bayes estimation of time-varying group—teacher effects and introduce
the grouped three-way specification as interpretable restrictions on the population mean and
covariance of these effects. The Gaussian prior pools information across teachers and exploits
cross-group and temporal dependence. The estimated teacher-effect tensor can subsequently
be decomposed into teacher-level and matching components.
Consider the model
Yijt = x;jt(s + 0g0i),j¢ + Eijts

62



where j = 1,..., M indexes teachers, t = 1,...,T indexes academic years, and g(i) €
{1,..., G} denotes the observed student group. Define

th = (917]',5, ceay og,jt)/, Gj = ( 3»1, ey ;'T)/ € RGT.
Conditional on the observed regressors and observation design, assume
0j ~ NGT(M,A), A > 0,

independently across teachers. Here,
po= () A= (M)t s
where ji; € R contains the population mean effects in year ¢, and
Ats = Cov(0j4,0;5) € RE*C,

The diagonal blocks describe cross-group variation within years, while the off-diagonal blocks
describe dependence across groups and years.

The common conditional prior restricts dependence between teacher-effect trajectories
and observed student characteristics or observation patterns. Such dependence may be
accommodated through covariate-dependent prior means. Below, we consider population
means that are common across teachers.

For teacher j, stack the n; observed student outcomes across years:

}/j = Xj(S-F ZJHJ +€j,

where Z; is an n; x GT selection matrix. Let ey denote the coordinate vector in RET
with a one in position (¢ — 1)G + g. Each row of Z; equals the appropriate e;(i) This
representation accommodates unobserved group—year cells.

Conditional on the teacher effects, observed regressors, and observation design, assume
that the student-level errors are independent Gaussian variables with variance o2 > 0. Thus,

it

gj | 0;, X;, observation design ~ N'(0,0%1,,,),

with conditional independence across teachers.

For mean identification, let X and Z denote the matrices obtained by vertically stacking
X, and Z;, respectively, and assume that [X, Z] has full column rank. We let p absorb
common group—year means and exclude an overall intercept and other regressors determined
entirely by group and year from X. For the unrestricted covariance specification, we also
assume sufficient within-cell replication to identify o2 and sufficient joint observation of
group—year cells across teachers to identify A.

Integrating out 6; gives

Y; | X;,observation design ~ N (X0 + Z;11,V;) , Vi = Z;AZ} + 0°1,,.

Define the negative marginal log-likelihood, up to an additive constant and a positive mul-
tiplicative factor, as

M
L(6, 1, A, 0?) 21og|w+y X;0 = Zip)' Vi (Y — X6 — Zip)] -

Unrestricted marginal maximum likelihood minimizes £(6, i, A, 02?) over 6, u, A > 0, and
02> 0.
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Grouped three-way separability restrictions. The grouped three-way specification
restricts teacher-effect trajectories to

4

0g,jt =Vv; + Z UgkVjkWik- (30)
k=1

Define
aj = (vj,v}), hge = (1, (ug @ we)’)'.
Let B(U,W) € RET*(H1) have row hl, in position (¢ — 1)G + g. Then
0; = B(U,W)a,.
Impose the Gaussian coeflicient distribution

aj ~ M+1(ma Q)7 Q> 0, (31)

independently across teachers, conditional on the observed regressors and observation design.
This induces the restrictions

pw=DBUW)m, A=BUW)QBUW). (32)

Thus, the grouped three-way model restricts both population parameters of the general
Gaussian model through the same group—year loading matrix.
To interpret these restrictions, partition

/
_ ([ O (W Wi
m = , = Q0 .
mv wl/’U vv

The population mean for group g and year t becomes

4
/
Pgt = My + (ug O wy)'my, = m, + Z Ugk My kWi,
k=1

while the covariance between a teacher’s effects for (g,t) and (h, s) is

A(gvt) (h,s) = Wy + (Ug @ wt)/w’/” + wl//U(uh @ wS) + (ug @ wt)/vi (uh @ ws)-

Here, w,, generates covariance across every group-year pair because the teacher baseline v;
enters all effects. The two terms involving w,,, allow teachers’ baseline effectiveness to cor-
relate with their responses to the interactive components. (ug @ wy)'y, (un O ws) generates
covariance through teachers’ correlated responses to the shared group-year patterns.
Writing
H,(U,W) = Z;B(U,W),

the restricted marginal model has
E[Y; | X, observation design| = X;8 + H;m, Vi = H;QH] + 0”1,
The restricted estimator therefore solves

min L (8, B{UW)m,B(U,W)QB(U,W),0%),
§,U,W,m,Q>0,02>0

subject to the factor rank and identification constraints. The regression coefficients, shared
factors, coefficient distribution, and noise variance are estimated jointly.
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Posterior estimation of teacher effects. The same Gaussian posterior formulas apply
to both specifications. Let ¢ = (6,4, A,0?) denote the marginal parameters, with (u,A)
estimated either freely or under . Conditional on the fitted parameters, the posterior
mean is R o R
0 =i+ Rz (Vs - X,6 - Zd) (33)

and its covariance is

N NN

Cj=A- AZ§Vj Z;A. (34)
The empirical Bayes estimate and conditional posterior variance for an individual group—
teacher—year effect are

0% =€ ,0;,  Var(fy. | Y,0) =€, Clq.

For the grouped three-way specification, these estimates can equivalently be computed

through the lower-dimensional teacher coefficients. Writing @; = (v;,9})’, their posterior
mean is

a; =i+ QAT (V) = X6 - Hyin) (35)
and their posterior covariance is
~ P PPN
Ci=0-0Q j' - H Q. (36)
Consequently,
o A A6
Gj = BCLJ‘, Cj = BC;B/,
and
R ¢
QgFjﬁ = I//\j + Z agkﬁjklﬁtk.
k=1

The resulting posterior trajectories preserve the grouped three-way structure. All posterior
variances condition on the fitted shared parameters and exclude uncertainty from estimating
them.

Numerical implementation. For the unrestricted specification, an EM algorithm treats
0; as the latent vector. At iteration g, its E-step computes

87 =Eywl6; | V], CP9D = Varyw (6, | Y)

using and . Holding these moments fixed, define

M
AOEDY “Y] _x;5- 280 4 tr{Zij’(Q)ZJ/-}] .
j=1

65



The M-step updates are
-1
slatn) _ (Z X;Xj> > x5 (v - 28"
J J
1 (@)
(¢+1) _ = a
2 1 - M ZHJ ’

Ala+D) — 7 Z [ %@ 4 ( g9 M(qﬂ)) (5;(]) B u(qﬂ))/] |

RZ((S(Q-H)) .
Zj nj

For the grouped three-way specification, we instead implement EM using a; as the latent
vector. At iteration ¢, the E-step computes

(U2>(q+1) =

a? =Ela; | Viof"],  CPW = Var(a; | Vii?),

where 13 = (5, U, W, m, ), 0?), using and . Holding these moments fixed, define

R(5,U, W) Z“ (.

This objective follows from the expected complete-data log-likelihood. Its trace term ac-
counts for posterior uncertainty in the teacher coefficients and must be retained when up-
dating the factors and noise variance.

We update o, U, W by alternating least squares to reduce Ry, yielding a generalized EM
algorithm. The remaining updates are

matl) — Z a(q)

Qla+1) _ MZ [C;_z,(q) i (65-’1) _ m(q+1)> (a;q) _ m(q+1))/] |

J
R (5(q+1)’ Ulatl) W(q+1))
Zj n; .

For the structured specification, factor scales are normalized after all M-step updates
have been completed. For nonzero columns, define

1 1/2 L 1/2
Suk = (quik> ) Sw,k = (Tzw§k> )
g t

(U W)z

‘ +tr { j(U,W)C;’(q)Hj(U,W)’}].

(0_2)(q+1) _

A =diag (1, 84,18w,1, - - - s SutSw,e) -
Apply the transformations
Ugk Wtk
¥, = 2=, wi, = —, m* = Am, OF = AQA'.
9
Su,k Sw,k
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Since B* = BA™!, these transformations preserve Bm and BQB’, and hence preserve
the marginal likelihood. The noise-variance update is completed before normalization, and
the next E-step uses the normalized parameters. Signs and component labels are fixed by
convention.

Both implementations use positive-definite starting values for the latent covariance ma-
trix and a positive starting noise variance. Convergence is assessed using the observed
marginal likelihood, and multiple initializations can be used to assess sensitivity to local
optima.

11.9 Higher-order extension
Consider the grouped four-way separable fixed effects model

T
!
Yijor = leijet5 + Z Ug(s),kVikNer Wik + Eijot-
k=1

Let
F=0(X,D,UV,HW), T={1,...,N}x{1,..., M} x{1,..., L} x{1,...,T}.
For a = (ia, ja, la,ta) € L, Write €4 = €;,j,¢.t,- Suppose that the following conditions hold.

Assumption 9 (Asymptotic Framework, Normalization, and Estimation). Along an asymp-
totic sequence satisfying

min{ NMLT/G, NLT, NMT, NML} — oo,

the dimensions p and r remain fired. The membership matriz D € {0, 1}N*¢ has full column
rank, and
1<r <min{G,M,L,T}.

For a constant cy > 0 independent of the panel dimensions, let ©,. be the set of quadruples
(U, V,H, W) € RE*" x RMX7 5 RLXT 5 RTXT satisfying
: 1 : Lo : 1. Lo
diag MV V| = diag TW W | = diag ZH H) =1, Anax NU D'DU | < ¢y,
where i, s the r-dimensional vector of ones. The true factor matrices admit a representation
in O,. The least-squares estimator satisfies
T

2
A A A A 1
6,UV.HW i —_— pint — Thipsd — i ih .
UV, 5, )656RP, ?5%/{111;,1;/)5& NMLT (i j;)el (y”et n 1;1%( P ekwtk)

Assumption 10 (Strong Factors and Stochastic Bounds). The regressor x;;e has uniformly
bounded fourth moment conditional on group assignment, i.e., there exists a constant c; < o0
independent of the panel dimensions,

sup  Ef|ije]!|D] < ¢
(i,5,€,t)ET

almost surely, uniformly along the asymptotic sequence. The grouped-error satisfies

|EY| = 0O,(VG + M + L +T),
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where
G,M,L,T

N
1
EC¢ = E x, (D'D)"2D’ = > eiju
V Nq izl

9(i)=g 9.5,t=1

For constants 0 < ¢y <1 < ¢ < cy < o0, with probability approaching one,
1
C()Ir < NUID/DU < Cl-['r'

1
col, < MV/V <cil,

1

col, < ZH’H < cl,
1

col, < fW/W <cil,.

Assumption 11. The errors have uniformly finite fourth moments and Ele, | F|] = 0. Let
Tap = Eleqep | F| for a,b € I. For some finite constant c., with probability approaching
one,

supz ITap| < ce.
ael bel

Define
RP = {(a,b) € I? : g(ia) = g(ip) 0F ju = jp 07 Ly = €y o7 tq = 1y}, Zab = €q€b — Lap.
For some finite constant c4, with probability approaching one,

sup Z |COV<Zabach | f)| < cyq.
(a,b)eRP (¢,d)eRD

Assumption 12 (Identification of §). There exists a constant cs > 0 such that, with prob-
ability approaching one,

1
inf Amin | ~———— X5y (M5 o ® My) Xley | = cs.
{FeRGxr FeRMxr, FeRLx" [NMLT ) (Mppaisir ® Mw) (5>] “

Proposition 5. Suppose that Assumptions[9, [10, and [I3 hold. Let T be the tangent
space defined as

r

TWU,V.HW) = { Z (Day ® vp ® hi ® wi, + Duy, @ by, @ hy, @ wy,

k=1
+ Dup @ v, ® cx @ wi + Dug @ v @ by, @ dy.)

akeRG, bkERM, CkERL, dkeRT, k—l,...,’l“}.

evaluated at the true parameters (U, V,H,W). Let

1 1
Unmrr = mX(s))MTXE@, Znmrr = WX(E))MT vec(E).
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The least squares estimator ) defined in Assumption@ satisfies

CnarrVNMLT (6 — 6) = Zxarnr — By — By — Bs — By + Ry,

_ G+M+L4+T (G+M+L+T)%?
where Ryypr = Op (4/ NIt NMLT . Here,

(F15F27F37F4) = ((D/D)1/2Ua‘/7H7 W)) (d17d27d37d4) = (GaMaLaT)

Let C,, be the Khatri-Rao product of the three F, with a # m, retaining increasing mode
order. Also define

Q=DD'D)""?PIy®IL®Ir, Q5 = E[(E(Cfn))/E&) | -7:] -

The biases are given by

1
By = ———=X(5)PrQKY,, vec(F,,(F, Fy) *(ChCm) 1 CoO%Me, ), m=1,2,3,4.
NMLT (5) TQ 1,m ( ( m ) ( m ) m**m Cm)
Here Kfm converts the mode-m unfolding’s vectorization into the natural grouped temsor
order, and acts on tensors of dimensions G x M x L x T. Their corresponding bounds are

By = O,(G/NNMLT), By = Op(M/NNMLT), B3 = Op(L/NNMLT), By = O,(T/Y'NMLT).

Proof outline. Write n = NMLT,s =G+ M+ L+T, and p = +/s/n. Let IT and II denote
the true and estimated interactive components.

First, global least-squares optimality, uniform identification, and the grouped-error spec-
tral bound give R
-t _ g 0

N
The strong-factor conditions then yield normalized factor errors of order O,(p) after per-
mutation and sign alignment. Since ¢; < ¢y, the inequality constraint is inactive with
probability approaching one, and the unrestricted slope and factor normal equations hold.

Next, expand the joint normal equations around the true parameters and eliminate the
first-order factor perturbations using the tangent-space projector. A local parametrization
of the estimated loading spaces and the structured error-contraction bounds reduce the
quadratic terms to four mode-specific error Gram matrices. Consequently,

6 —a] +

4
Tnamrrvn(d —8) = Znurr — Z B, + Oy (p+vnp?),

m=1

where B2, is obtained from B,, by replacing Q¢ with (E(Cjn))’E(%). Third-order factor
perturbations contribute O,(1/n p?), while fourth-order terms are absorbed into this bound
because p — 0.

Finally, let (d1,ds,ds,ds) = (G, M, L, T). The restricted fourth-product covariance con-

dition gives

n

BS—Bm=Op< dm), m=1,2,3,4.

Summing these differences contributes O, (p). Substitution and the identity v/n p* = s%/2/n
establish the stated expansion. Conditional covariance summability and the strong-factor
bounds additionally imply B, = O,(dn/+/n). O
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11.10 Unbalanced Panel

In matched student—teacher data, only a subset of the potential student—teacher—year ob-
servations is available. Let 2 collect the observed indices, i.e.,

IT={1,....,N} x{1,...,.M} x{1,...,T}, QcT, ng =10 = 1.
The observation pattern may be random. For (i, j,t) € €2, consider

0
/
Yijt = xijtfs + Wit + Eijt, Tijt = Z Ug(i),kVjkWtk-
k=1

Write II(U,V, W) = Zf;:l(Duk o v, owg) and w(U,V,W) = vec(Il(U,V,W)). Let Rq €
{0, 1} *NMT gelect the distinct observed entries in the order induced by the vectorization,
so RoRg, = I,,,. Define

zZ0 = RQ VGC(Z),

for any third-order tensor Z of relevant dimensions so that we have yo = R vec(Y),eq =
Rq vec(E), Also define X = RQXE4). Then, we have

Yo = Xaqd + FQ(U,V,W) + eq,

where

WQ(U, ‘/7 W) = RQW(Uv ‘/7 W)

We distinguish convergence of the fitted interactive component on 2 from recovery of the
full latent tensor, including its unobserved entries.

For a constant ¢y > 0 independent of the panel dimensions, use the normalized factor
space

~

O = {(I,7,1) e RO x RM*! x RT¢
We assume that ¢y is sufficiently large so that the true factor matrices admit a representation

in ©y. Define

Y 2
1
Sa(0,U,V,W) = — Z lyzjt — x50 — Z Ug(i),kvjkwtkl
k=1

n
2 (i,5,0)e =

1
”yQ - XQ(S - ﬂ-Q(Ua V7 W)H27
no

and let

(6,U,V,W)e  argmin  Sq(6,U,V,W) (37)
SeRP, (U,V,W)eO,

be a global minimizer. Concentrating over § gives

min |yo — Xod —mo (U, V, W)[? = |Mx,, (ya — 7o (U, V,W))|>.
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Whenever X{,Xq is nonsingular, the first order condition for 5 is given by

-1
J4

0 = Z Tijilis Z Tijt | Yijt — Z Ug(),kVjEWek | - (38)
(1,4,1)€Q (i,7,t)eQ k=1

Define the observed slices

O = (g eQigi) =g O ={G70e:f =k QY ={Gt)e:t =1
At a minimizer for which Ayax(U’D'DU/N) < ¢y, compensating column rescalings permit
unrestricted factor perturbations while maintaining the normalizations. If the corresponding
observed block Gram matrices are nonsingular, the factor normal equations consequently

yield

- -1
’ng = Z (ﬁj ® ’LZ}t)(lAJj ® ’LZJt)/ Z (ﬁj ® lth)(yijt — ‘T;'jtg)a
[ (i,4.t)el™ (i,j)eQ™
B —1
0 = Z (thg(iy © We ) (tg(s) © W)’ Z (thg(sy) @ ) (yije — 7}5,0),  (39)
| (3.t)ens” (i.j.)e )
- -1
Wy = D (g © ) (g O ;) DT (g © 07) (ige — 2450).-
[ (i.5,t)e{™ (i.5.5)eQl™

We iterate over and until convergence. We use multiple initial points and use the
parameters with the smallest objective function as our estimates.

Assumption 13 (Uniform slope identification in the observed sample). For U e RE*! qnd
Ve RM*t define

Bo(U,V) = R [(Dﬁ «V)V®Ir, D® Iy @W] :
where W is the true time-factor matriz. The observed regressors satisfy
1 2
—[Xalr = Op(1).
no

There exists a constant cs.o > 0, independent of the panel dimensions, such that, with
probability approaching one,

1
. /
. R ~ o~ >
ﬁ;ﬂgcf;xz Amin [ng XQMBQ(U,V)XQ = Cs5,0-
vERJ\/IXZ

Assumption 14 (Observed-sample exogeneity and error non-pervasiveness). Let

Fao=0(Q,D,UV, W, Xq).
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The observed errors satisfy Eleq | Fa] = 0. For a constant c. < oo independent of the panel
dimensions, with probability approaching one,

|Eleqeq | Fol| < c..

For a positive integer r, define

T /
LP = Z(Dakobkock) cap eRY b eRM ¢, eRT Y, |E|q, = sup |6QZQ|,
k=1 ZeLP lzal
lzal>0

where zq = Rq vec(Z). For the fized rank £, we have the following bound

1B .20 = O, (\/G Y T) .

Assumption [[3]supplies global slope separation from candidate interactive components in
the observed sample. Assumption [I4] controls a supremum in the observed norm and there-
fore applies to an estimated low-rank difference that depends on the errors. Assumption [I4]
provides a high-level condition that implies non-pervasiveness of the errors on the observed
sample. Conditioning on 2 makes the exogeneity requirement conditional on the realized
observation pattern. The conditional mean-zero restriction also conditions on the observa-
tion pattern. Neither assumption alone identifies interactive-component values outside the
observed sample.

Assumption 15 (Sampling stability for the full interactive component). There exists a con-
stant crp > 0, independent of the panel dimensions, such that, with probability approaching
one,

cn
NMT

1 ~ o~ o~ ~ o~ o~
—|[Ra(x(U,V, W) = n(U,V,W))|* > |n(U,V, W) ==(U,V,W)[*  (40)
Q

uniformly for all (17, v, W) € Oy.

Assumption [TF]is imposed only for conclusions about the full latent component. It rules
out feasible components that differ substantially from the truth but are indistinguishable,
or nearly indistinguishable, on the observed matches. The condition concerns differences
from the true component, not every tensor of a given rank.

Lemma (3| (Convergence with an unbalanced sample). Maintain the model, membership
conditions, normalized parameter space, and true-parameter feasibility specified above. Let
p, L be fixed, and suppose that

G+M+T
po=Al——— pa—p0. (41)
ne

Let (5,U7V7W) be a global minimizer in , and suppose that Assumptions and
hold.

(i) Observed-sample convergence. The slope and observed interactive component satisfy

na

= 0y(p0). (42)
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(#) Full-component convergence. If Assumption also holds, then

X — 11

—— L = O(p0). (43)

(#4i) Full joint loading-space convergence. Suppose Assumptz'on holds and, for a constant
cs > 0 independent of the panel dimensions, with probability approaching one,
1 1 1
NU/D/DU > CfIg, MV/V > Cf]g, TW/W > Cf[g. (44)
Then 1
WHMV*W(V #* W)|r = Oplpa),
1
WHMDIJ*W(DU * W)llr = Op(pa), (45)

1
WisiTi
The observed-sample conclusion requires neither Assumption[I5 nor the strong-factor bounds

in . All conclusions are aggregate-norm statements, not uniform fixed-index consistency
results.

Mp 40 (DU % V)|[F = Op(pa)-

Remark: Observed fit and full-tensor recovery. Part (i) establishes convergence of
the interactive fitted values on the observed matches. Recovery of the full latent tensor
additionally requires Assumption which ensures that feasible departures from the true
component remain detectable in the observed sample. This condition concerns the geometry
of the matches as well as their number. Observing every group, teacher, and period does not
by itself establish sampling stability, since disconnected match patterns can leave unobserved
interactions unidentified.

Remark: Random matching and conditional exogeneity. The observation pattern
may depend on the regressors and latent factors, provided E[eq | Fqo] = 0. Conditioning
on ) makes this exogeneity requirement explicit for the realized matches. The low-rank
error supremum is a separate stochastic restriction: it controls error-dependent fitted tensor
differences in the observed norm and must be imposed or established in addition to the
conditional covariance bound.

11.11 Lemmas used in Proofs

Lemma 4 (Conditional contraction bounds). Let e = vec(E), with entries indexed by T in
the order induced by vec. Let zgp stack the variables {zq : (a,b) € RP} in a fived ordering
of the relevant ordered pairs. Suppose Assumption[3 holds. The following statements hold.

(i) For every conformable F-measurable matriz A, we have
E[Ae|* | F] < e Al% (46)
with probability approaching one. Consequently,

[Ae| = Op([All )-
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(i1) For every conformable F-measurable matriz B, we have
E[| Bzro|* | F] < sl BlE (47)
with probability approaching one. Consequently,
|Bzro || = Op(|Blr)-

(iii) For every F-measurable square matriz K conformable with e, we have
E[le'Ke| | F] < c<| K]
with probability approaching one, where ||- |« denotes the nuclear norm. Consequently,
e’ Ke| = Op (|| K]lx).
No symmetry or pair-support restriction on K is required.

The bounds in parts (i) and (i), including their stochastic-order consequences, also hold
with e replaced by Q’e for any F-measurable matriz Q satisfying Q'Q = I. In particular,
they apply to

eq =vee(ES)=Qe, Q={DD'D)"V}@IyQIr.

The coefficient matrices and vectors, including their dimensions, may vary with the panel
dimensions. All stochastic-order statements with a random nonnegative scale are interpreted
using the convention 0/0 = 0; in each application above, a zero scale implies that the corre-
sponding numerator is zero.

Proof. Let &, and &4 be the event that

sup Z ITap| < ce.

ael bel
and

sup Z |Cov(2zab, zed | F)| < ca
(a,b)ERP (o pyerD
holds in Assumption [3]
Part (i). Let
I'= E[ee/ | ]:] = (Fab)mbela

where the rows and columns follow the ordering of e. Since E[e | F] = 0, the matrix I is the
conditional covariance matrix of e. In particular, it is symmetric and positive semidefinite.
Its induced matrix 1-norm and co-norm are equal, so

1)< (L1100} = sup Y [Tap| < e on &

ael bel

Because A is F-measurable,

E[|Ae|? | F] = tr(AE[e€’ | F]A')

= tr(ATA")
< T)lop tr(AA")
< .|| A|% on &.
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This proves (46)).
For any K > 0, conditional Markov’s inequality yields

C
Le,P(|Ael > K[ Alr | F) < 1551e,.

When |A|r = 0, the event inside the conditional probability is empty. Taking expectations
and bounding the probability of £5 gives

Ce .
P(Ae| > K[|A|F) < Vel +P(&3).

Since P(£5) — 0, first taking the limit superior along the asymptotic sequence and then
letting iK' — oo proves |Ae| = O,(|A|r).
Part (ii). By the definition of zu,

E[za | F] = 0, (a,b) e RP.

The finite fourth-moment condition ensures that these centered products have finite second
moments. Let
ERD = E[ZRDZZRD | ]:]
Its entries are
[ZRD](a,b),(c,d) = COV(Zaancd ‘ ]:)

The matrix Yz o is symmetric and positive semidefinite. Consequently, Assumption [3] im-
plies
[Erp]op < sup Z |Cov(2aps Zea | F)| < ca on &.
(@b)ERP (¢ d)er D

Because B is F-measurable,
E[|Bzgo|? | F] = tr(BXgo B')
< IZo lopl Bl
<c4||BH% on &,4.
This proves (47). As in part (i), localization permits arbitrary finite F-measurable B.
Conditional Markov’s inequality then gives, for every K > 0,

Cq c
B(|Bzro| > K[Blr) < -5 +P(E5).

Since P(E5) — 0, the asserted stochastic order follows.
Part (iii). On &, write a singular value decomposition K = 3, opapbj, where |as| =
[brn| = 1. Part (i) and conditional Cauchy—Schwarz give

1/2

E[|¢'Ke| | F] < Y on {El(aj,e)* | FIE[(e)* | F1}
h
<ce Y on = co|K|s.
h

Conditional Markov’s inequality yields, for every L > 0,

B(|¢'Ke| > LIK|.) < c/L + P(ES),
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which proves the asserted stochastic order under the stated zero-scale convention.
For the coordinate extension, apply parts (i) and (iii) to AQ’ and QK Q’, respectively.
Since Q'Q =1,
IAQ |r = A, |QKQ | = | K]

O

Lemma 5 (Low-rank tensor contraction bounds). Let E € RN NexNs - Rig e {1,2, 3},
and let 11 < 7o be the remaining mode indices, ordered consistently with the Kronecker
products below. Let R, Ry € RN"1*¢ and S, Sy € RN2*¢_ If R+ S has full column rank, then

| By Prses| . < AIE], (48)
| By Mrss(Ro * S0)| o < VE+ 1| E| | Mpas(Ro o)l p - (49)

For the grouped setting, let E € RVN*M>T qnd let D € {0,1}V*¢ have full column rank.
Define

Qp=DMD'D)"?  E=Ex1Qp, U= (D'D)'?U, U= (D'D)"Uy,

where U, Uy € RG>V, Vy e RM*E and W, Wy € RT*¢. Let (m, L, Lo) € {(2, W, W), (3, V, Vi) }.
If (DU % L) has full column rank, then

| B Povscl e = | By Powr |, < B, (50)

| By Mpuras (DUo # Lo) |, = | EG Mpar (U % Lo) | < VE+T|ES| [Mpus£(DUo * Lo)l 5
(51)

All bounds are deterministic and uniform over the admissible loading matrices.
Let L,, € RN have dimension r,,, and let Q,, denote its orthogonal projector, for

m = 1,2,3. Define
V=RM"®L®Ls)+ (L1 ORM @ L3) + (L1 ® Lo @RN?).
Its orthogonal projector is

Py=Iny®QQ®Q3+Q1®(Un, —Q2) ®Q3+ Q1 ®Q2® (In, — Q3).

Writing e = vec(E) and ¢y = \/rars + 1173 + rira, we have
[Pvel < ev|E]. (52)

Consequently,
e’z < ev|Ellz],  zeV,

and every conformable matriz H satisfying H = H Py obeys
|He| < ev|H|E|.

These inequalities are deterministic and uniform over the subspaces and coefficient matrices.
They therefore also apply when these objects depend on the errors.
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Proof. For q € RN N2 let mat_,,(q) € RN71*Nr2 denote its reshape, with mat_,,(a®b) =
ab’. Let r = rank(mat_,,(q)), and write a singular value decomposition as

.
mat_pm(q) = ), onanby,  lan| = [baf = 1.
h=1

Then g = Y _, on(an®by). For every unit vector ¢ € RV= the scalar ' By (an ®by) is the
contraction of F against unit vectors in its three modes, so its absolute value is bounded by
the tensor spectral norm [|E||. Consequently,

1Emyall = HSWP > on By (an @ br)
el=tlp=1
<|E| Y, on = | B[ mat_n(q)] (53)
h=1

, 1/2
<Vr|E| <Z ffi) = V7 E]lq]-
h=1

Here | - ||« denotes the nuclear norm, the last inequality follows from Cauchy—Schwarz, and
the last equality uses |[mat_,,(¢)|» = |¢|. The case ¢ = 0 is immediate.

Let @ = (q1,.-.,q¢) be an orthonormal basis of the column space of R # S, and write
Mpys(Rg *So) = (dy,...,dg). Each g is a linear combination of the ¢ columns of R S, so
its reshape has rank at most ¢. Each dj is a rank-one column of Ry * .Sy minus an element
in the column space of R+ S, so its reshape has rank at most £+ 1. Since Prys = QQ’,
therefore implies

4 L
| By Preslyy = X 1Bemal® < B2 Y] lail? = 1B,
k=1 k=1

V4 Y4
2
| EmyMpas(Ro * So) | = D, [Emydel® < (€+ DIE|? Y] [dil* = (€ + D EJ? [ Mpss(Ro * So) |-
k=1 k=1

Taking square roots proves 7.
For either grouped case, let K be the number of rows of L, and set Q = Qp ® I . Since
'»Qp = Ig, the Khatri-Rao and matricization identities give

Q'Q = Igk, (DU L) = Q(U * L), (DUg * Lo) = Q(Up * Ly), E(Cfn) = Em)Q.
In particular, (DU * L) has full column rank, and
Ppusr = QPgy,Q';  Mpusr(DUo * Lo) = QMg (Uo * Lo).
Consequently,
EmyPousr = EG,) Pryr Q) EmyMpusr(DUo % Lo) = E(, Mg.p,(Up * Lo).

Because Q'Q = Igx, multiplication by Q on the left or by Q' on the right preserves the
Frobenius norm. Applying , to EC, U = L, and Uy * Lo now proves , .
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The three summands defining Py, are mutually orthogonal projectors whose ranges sum
to V. Let {bs};2; and {ci};2, be orthonormal bases of Lo and L3. The definition of the
tensor spectral norm gives

I(In, @b, ®cp)el = sup |(a’ @b, @ c)e| < | E].

lal=1

Therefore,
|(In, ® Q2 ® Qs)e|* < rors| B

The other two summands are bounded analogously by ri73|E|* and rir2|E|?, since their
additional complementary projectors cannot increase the norm. Orthogonality proves (52)).
The remaining bounds follow from z = Pyz and H = HPy. O

Lemma 6 (Convergence of the generated regressors). Under Assumptions @ @ and
the global least-squares estimator defined in Assumption[] satisfies

G+M+T
Juvm»wwa—@(wNMT)

G+M+T

G+M+T

FMWDmqu=op( NMT)
. M+T

16 - 8 = ( AT )

Also, the common component satisfies

HfI—HHF:O [G+M+T
NMT b NMT ’

Proof. Let n = NMT, s =G+ M+ T, p=+/s/n, Qp = D(D'D)"Y2, E¢ = E x; Q',
and e = vec(E). Assumption 2] and Lemma [d(i) give

‘ Xe | E€|

1 X || = 0,(1), NG = 0,(p). (54)

Jn
Let II and II denote the true and estimated common-component tensors, and define

| Rl p
Vi

= Op(l)

4=26-34, A=11-T1I, R=X x4¥4 +A, r, =

Global least-squares optimality implies |E — R|> »<|E [F 7, and hence
|RI% < 20411 X @el + 2/KE, A)). (55)

Let (U,V,W) and (U,V,W) be the true and estimated fixed effects. Choose a full-
column-rank submatrix K of [(DU = V), (DU % V)] with the same column space. Since

A(g) (DU * V) W(DU * V)/, A(3)PK = A(g),
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and K contains at most 2¢ grouped rank-one columns, Lemma [5| gives

KE, A)l = KE(3) P, As))l
< B Pr|p |1Alp < 20 EC] A5 (56)

The contraction bound is deterministic and uniform, so it applies to the data-dependent
matrix K.

Next, My 1l3 = 0 and ﬁ(g)MDU*V = 0. Therefore, Assumption [4| implies that, with
probability approaching one,

1 2
h > n HMWR(?))MDU*VHF
a1 .
> 5]

for some c¢5 > 0. On this event,

N -1/2 ”AHF H‘(”F N —1/2 H HF
Al < " — <r,+—fI<(1+¢c n-
H H Cs T \/ﬁ r \/ﬁ ||7|| \/ﬁ r

Substituting these inequalities and into (55), and using and n~2 < p, yields

2 | Xw@e HEGH HAH
S = = < Op(p)rn-
Thus 7, = Op(p), and consequently
S LSl
[0 =4l + = Op(p)- (57)

Jn
It remains to obtain the three span bounds. For m = 1,2, 3, write Il(,,,y = A,,C},, where
(DU, V « W, N),

m =1,
(Amacmvsm): (‘/,DU*VV,M), m = 2,
(W,DU «V,T), m=3

and let flm, C,, denote the corresponding estimated matrices. Since ﬁ(m) =A,C,

A(m)Mém = —AmC;nMém .

Assumption [2| bounds Apin (A%, A /Sm) away from zero with probability approaching one.
Hence, for each m,

ﬁ Ve, o < [A (Amf’”ﬂ/ 'ﬁ{ = 0y(p)-

The normalizations v/s,,/n are 1//MT, 1/v/NT, and 1/v/ N M, respectively. Together with
, these establish all four claims. O
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A Proofs for Section [5| (Asymptotic Theory)

Lemma [1] (Normalized factor alignment and asymptotic inactivity of the inequality con-
straint). Suppose that Assumptions @ @ and hold. Let (U,V,W) denote the true factor
matrices in the normalized representation satisfying . Let (5, U, V, W) be the global least-
squares estimator defined in Assumption[ll There exist possibly random ¢ x £ permutation
and diagonal sign matrices Iy, Sy, Sy, with the diagonal entries of S, and Sy, belonging to
{—1,1}, such that

|D(UT14S, Sy — U)|r . [VI1,S, — Vg . WISy — W _ o [ JG+M+T
VN VM VT P NMT )’
(8)

Define the residual tensor

4
E=Y =X x40 = > (Ditg 0 by, 0 1i,).
k=1

With probability approaching one, the estimator satisfies the unrestricted normal equations

X(4) VEC(E) = 0, D/E(l)(V * W) = O,

N . . (9)
Proof. Writen = NMT,s =G+ M+T, and p = 4/s/n. Assumptionimplies p— 0. Let
II and II denote the true and estimated common-component tensors. Define

D'D)\2U %
@-pwp) a =PI s

with estimated counterparts Am, and set

1

b=

. 1 -
HXIQ/Da PZEHXIQ/[h h=P-"P.
Also, define R R R
CleQ*Ag, 01:A2*A3.

Then . o
Pay = A CY, Pay = A CY.

The preliminary common-component bound established by the global least-squares compar-

ison in Lemma [f] gives
”H HHF
=—=0 . 58
\/ﬁ P(p ) (58)

This bound uses global optimality and does not require the factor normal equations. The
equality follows because Q,Qp = I and the first-mode fibers of both II and II belong to
col(D). All inverses below are used on the indicated events whose probabilities tend to one;
the eventual permutation and sign matrices may be defined arbitrarily on the complementary
events.

IAlF
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1. Conditioning of the estimated joint loading space. On the strong-factor event,
coly < Al Ay, < c1y, m=1,2,3.

For every z € RY,
[Crz|* = | Az diag(2) A5
Omin (A2)2Umin(A3)2H dla“g(’z)H%7

cgll=l®.

VoWV

Thus omin(C1) = ¢o, and

7e(P)) = umin (A1) omin (C1) = ¢,

By and the singular-value perturbation inequality,

3/2
N C
au(Py) = oe(Py) — byl = 07

with probability approaching one. Since ’ﬁ(l) = A, C’{ has rank at most ¢, it follows that A,
and C; have full column rank on this event. Moreover, feasibility gives HA1H < 4 /cu, so

N gy 75 03/2
Omin(C1) = (A(l)) > by, byi= 2\0@ > 0. (59)
1

The identity
hayMeg, = —AlC{Mél

and the lower bound on oy, (A1) imply
Mg, Cillr < ¢ |l e
Since col(C}) and col(Cy) both have dimension £, their projector distance satisfies
1P, = Poull = | Mg, Cr(Cren) 2|
| M, Cillr

Umin<Cl)
< ¢y |h|F = Op(p).

2. Normalization-preserving alignment. For m = 2,3, let do = M and d3 = T, and
complete A,, to an invertible square matrix

Bm = [Am7Am,J_]a
where the columns of A,, | form an orthonormal basis of col(Am)J-. Then

AlA 0
/ _ m*m
BmBm—< - Iw).

Because ¢y < 1 < ¢y, the strong-factor event gives

_ —1/2
|Bml < ver, B <o
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Let
L=By'®B;"

Since B tay, ;= e,idm) for k=1,...,¢, the image of col(Cy) under L is

Ho = span{e,(CM) ®e§€T) ck=1,...,0},

where (e;M)) and (e,gT)) are elementary basis of dimension M and T respectively. Further-
more,
ILl <t ML <e

For any nonzero z € col(Cy), we have Pg 2z =z and LPc,z € Ho. Consequently,

dist(Lz, Ho) = min [|Lz — zo| < [|Lz — LPe, 2| = |L(Pe, — Pey )zl < [L{I1Pe, — Peullz]-

Also,

It follows that
dist(Lz, Ho)

€ 1=
zecol(Cy) HLZH
lzl=1 (60)
< |LIIL7HI P, — Pel
C1
< —|[Pe, = Fou| = Op(p).
Co
For each estimated component r = 1,..., ¢, define
o Bilas, e By lag,
T By tas, ] "By tas,|’

where a,, , and 4, , denote columns of A,, and A,,. Let ¢, = a2, ® a3, be column r of

(. The column normalizations imply ||é.|| = 1, and
qr = Tr QYr = ﬁ

|Léy |

Therefore, ¢, is a unit vector in L col(C;) and

dist(Lé,, Ho)

My,qr| = .
H Ho T’H ”LCT”

< €.

The vectors e,(cM) ® e,(cT), k=1,...,¢, are orthonormal, so

¢
Pyyqr = Z rpyri(el) @el).
k=1

By orthogonality,

¢
1- Z xfkyfk = |My,q-|> < €2.
=1
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Choose k, maximizing xf g over k=1,... ¢ with ties broken by a fixed rule. Since .
and y, are unit vectors,

4
2 22
l_en Z Tky’!‘k\x’!‘k Zyrk okt
k=1 k=1
Moreover,
2 2 2
Zxr,kyr,kgyr,kr+ Z ZL’ yrk +1*IIZ yrk +6
k<{
k#k,
Hence
2 2 2 2
xr,kr =1- €ns y’r,k,‘ =21- 26n'
Choose signs sy r, Su,r € {—1, 1} satisfying
Sv,rLrk, = ‘xT,kT‘7 Sw,rYrk, = ‘y'r,k7~|'

Then
2y — suresD |2 = 2(1 — [, ) < 201 —22,,) < 262,

Hyr — Sw T‘el(c 2(1 - |y7“k D < (1 - yz,kr) < 46%'

To return to the original coordinates, note that for any invertible matrix B and unit
vectors x, vy,

‘ 2[Blxz—y)| _ 2B Iz -yl
HBJJH HByII I\Bw\l Omin(B)
The estimated column normalizations give
~ BZxr ~ B3yr
a2r = 705> as,r = 745
| Bazr | | Bsyr|
while the true column normalizations imply
B,, (dm)
% = SUm, ks se{-1,1}.
| B (sej, ™)l
The uniform bounds on B,, and B,,! therefore yield
|Gz, — < Kep, r=1,...,¢ (61)

where K is a finite constant depending only on ¢y and ¢;.

We next show that different estimated components select different coordinates. Let
¢k = Az ®as and 1, = Sy rSy,r. Since all columns of Ay, A3, 1212, 1213 have unit norm,
implies

ler = nrck, | < Ken.

If k. = k, for some r # s, then

lér — mrnsts| < 2Kep.
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Consequently,

A Ep — nrnses Hér - nrnsésH
C = <V2Ke,.
V2 V2

This contradicts whenever v2Ke, < byx. Since €, = op(1), the map r — k, is a
permutation with probability approaching one.

Choose a permutation matrix II, that reorders the estimated columns according to this
matching, and choose diagonal sign matrices 5,,.5,, that remove the corresponding signs.
Define

Umin(él) <

Al = Alnfsvsw; AQ = AZHZva AS = A3H5Sw~

The transformation preserves the fitted tensor and the column normalizations. Since /¢ is

fixed, and give
| A2 — As|lr + | A3 — As|p = Op(p).

Let 5 § § .
Cl = A2 * A3 = ClngSUSw.

The unit column norms imply
[Cy = Cillr < | A2 — Az|[p + [ A3 — As|r = Op(p).
Moreover, I1;S,.5,, is orthogonal, so yields

o 1 1 _ 2\/c
Cr(CIC) T = ——== = ———= <b =
Umm(Cl) Umln(cl) Co

with probability approaching one. A o
Because the fitted tensor is unchanged, Py = A;1C]. Therefore,

h(l) + A1(01 — él)/ = (Al — Al)CL
and hence 3 5 o
A1 = A1 = [h) + A1(C1 — C1)'| C1(C1Ch)
Taking Frobenius norms and using |A;| < /c1 gives
[ A1 = Aulle < b H{Ih|F + Ve |Gy = Cilr} = Oy(p).

Thus

3 ~

20 A = Anle = Op(p). (62)

m=1

Finally, for every conformable matrix H,
I(D'D)"2H| s = | DH| .

Consequently, is exactly the weighted factor-alignment rate in .
3. Eigenvalue consistency and inactivity of the upper bound. For the inactivity of
the upper bound in the parameter constraints, we show

1 - ~
P{Amax (NU’D’DU> < CU} — 1. (63)
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Since I1,5,S,, is orthogonal,
/\max<121,1141) = Amax(/i,lAl)~
Moreover, feasibility gives ||A1] = | A1 < \/co. On the strong-factor event,

| A3 AL — AL AL < (JAd] + [Ad]) AL — A
<

(Veu + e Ar — A
= Op(p).

The largest-eigenvalue perturbation inequality therefore gives

M A1 A1) = Ama(4541)| < [ AL A1 = 4141] = Oy (p),

which proves

1 Tl Ty YT 1 1y
—U'D'DU | — —U'D'DU || =
Amax (NU U) Amax (NU U O,(p)

Since Amax (A} A1) < ¢ with probability approaching one and ¢y — ¢ > 0 is fixed,

P {Amax(,&’lfil) A J; v }

, PO ’ Cy — C
< P{)\max(AlAl) > Cl} + P{‘Amax(AlAl) - /\max(AlAl)’ > U 5 1 } — 0.

This proves (63)).

4. Validity of the unrestricted normal equations. Work at the original estimated
factors on the strict-slack event in 7 and evaluate all gradients below at (5, U, V, W)
Since § is unrestricted and sufficiently small perturbations of U remain feasible,

VsSnmr =0, VuSyur = 0.

These are the slope and U-block equations in @D
The equality constraints |vg|?> = M and |wg|? = T remain in force. First-order opti-
mality along their tangent directions implies that, for each k, there exist scalars ag, 5 such
that
Vo, SNmT = 04U, Vo, SNMT = B

Direct differentiation of the trilinear component gives
WV, SNuT = 0, Vo, SNuT = WV, SNMT
2 /a0 .
= —— <E,Duk o U © wk> .

n F

Since V., Snavrr = 0, all three radial derivatives vanish. Hence
0 = @;gvkaNMT = aka)kHQ = Osz,

and

0 = W, Vi, Snmr = Billin]? = BT
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Because M, T > 0, we obtain a = 8 = 0 for every k. Thus the unrestricted gradients with
respect to V and W also vanish. Differentiating the criterion with respect to these blocks
gives

Together with the slope and U-block equations, these establish @D on an event whose prob-
ability tends to one. O

Proposition [T} Suppose that Assumptions[}, [ [3 and[f] hold. Let T be the tangent space
defined in (6) evaluated at the true parameters (U,V,W). Let

1 1
Inmr = mX(4)MTXE4)7 ZnmT = WX(AL)MT vec(E).

The least squares estimator B defined in Assumption satisfies
FNMTVNMT(S—(S):ZNMT—Bl—BQ—B3+RNMT, (10)

/
where the remainder term Ry has the bound O, («/ ij[%;ﬁT + (G+]]\\,/IA}L3:)32) and the

mode specific bias terms are given by

1 o
B = WX(4)PTQ vec (U(U'T) M (V= W) (V= W) "1V =« W) QF My )
1 L _ o
By = WX(4)PTQKSQ vee (V(V'V)"H(U =« W)Y (U = W)™ (U = W) Q§ My,w)
1 L _ o
B3 = WX(4)PTQK53 vee (W(W'W) L (U = VY (U V)" HU = V) Q5 Mgy ) -

Here, U = (D'D)Y2U and QS = E[(Eﬁn))/E(Cjn) | F] for m = 1,2,3. The matriz Q is
defined as

Qp=DMD'D)'?  Q=Qp®Iu®Ir
and Py is projection on @ and Kfm denotes the mode-permutation matriz for tensors

of dimensions G x M x T@ All factor-dependent matrices and projectors in the displayed
bias terms are evaluated at the true parameters. Moreover,

By = O,(G/VNMT), By = Op(M/VNMT), Bs = Op(T/VNMT).
Proof. Write

n=NMT, s =G+M+T, ,()2\/57 di=G, do=M, d3=T, dy = GMT.

Assumption [I] implies p — 0, while p and ¢ remain fixed. All ordinary inverses and unre-
stricted normal equations below are used on events whose probabilities tend to one.

For v € R%x, let U(m) denote the mode-m matricization of its tensor reshape, with
the remaining modes ordered increasingly, and let v,, denote the inverse operation. Thus
O (V(m)) = v. Put Jp, = K§ |, so that

m,1s

Jmv = vec(v(m)), 0 (B) = J), vec(B).

24For example, the matrix KIG2 satisfies (U@ v ®w) = K1G2(v®u®w) for all u, v, w of dimension G, M,
and T respectively. A general definition of the mode-permutation matrices is in Appendix@
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Define
1 \-1/2 X
Qp = D(D'D)" /7, Q=Qp®Iny®Ir, X = Xa = XQ.

Then Q'Q = I, . Let
e = vec(E), E¢ = E x1Q, eq = Q'e = vec(EY),

and introduce the normalized factors

' 17\1/2
A = (D)0 U, Ay =
VN

Writing a,,,  for column k of A,,, define

v
/M)

¢
Do = 2 a1k agk ®as, vec(IT) = v/n Qpo,
k=1

and
Cl = Az * A3, 02 = A1 * A3, 03 = A1 * AQ, Ym = (po)(m) = AmC;n

Estimated quantities are defined analogously.
For each mode, let

T = {ve R : v, = BC,,, BeR™*‘},

with orthogonal projector
Pm = J:n(Idm ®Pcm)Jm

Let P project onto
TG :7—1G+7—2G+7;)G7

and put
MC¢ =1, —P%  T=QT®  Pr=QP°Q, Mr=1I,-Pr
Use hats for the corresponding estimated spaces and projectors, and write
A% = p% — P,

Finally, define
Fn = XMTX/ = FNMT, Zn = XMTe = ZNMT-

The pseudoinverse of Yy, is
U, =Y, =C,(C Cn) AL A, AL
In these coordinates, the bias vectors in the statement can be written as

1
By, = %XGPG om (97,90 Mc,,), Q5 =E[(EG,)EG, | Fl,
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where we've used PrQ = QP%. Write
7:5_57 0:\/6’% h:ﬁ_pOa

and define the residual vectors
é:e—XE4)7—\/ﬁQh, éa=Q'¢=eqg—Xz0—+/nh.

Let EY denote the grouped residual tensor satisfying vec(EG) = €q, so that

EG, = (éa)m)-
The projector Mpy4y ® My, annihilates each true tangent block, and hence Mpysy ®
My < My. Assumption [4 therefore gives, with probability approaching one,
1 _ _
I, > EX(4)(MDU*V X Mw)X€4) > CgI‘m HFnlﬂ < ¢4 1

Assumption 2] also gives
X@lr [ X@Qlr
Jn Jn

Throughout the proof, conditional linear and nuclear-norm contractions follow from Lemma
i), (iil), while contractions involving error-dependent structured spaces follow from Lemma

= Op(l)a HFnH = Op(1)~

1. Alignment, tangent-projector control, and first-order approximations. Apply
Lemma [I] and replace the estimated factors by their jointly aligned signed-permutation
representatives, retaining the hat notation. This transformation leaves the fitted tensor,
residuals, and estimated loading and tangent spaces unchanged. The lemma gives

3
ni= ), [An = Aulr = Op(p). (64)
m=1

Trilinearity and the strong-factor bounds therefore imply

3
I + Z |Crm = Cllr = Opl(p).
m=1

The singular values of the true factors and Khatri-Rao matrices are bounded above and
away from zero on the strong-factor event. For example,

|C12]* = [| A2 diag(2) A3|1 7 > cjl=]*.

Hence their estimated counterparts have full column rank with probability approaching one,
and
max (A, Ap) "+ 1(ChCon) 1} = Op(1).

m=1,2,3

The equal-rank projector identity gives

| Mg, Crml7

m

min Cvm
Tmin(Cro) (65)
< HCm — CmHF _

b Omin (Cm)

1P, — Pe,. | <
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Lemma [1| also supplies the unrestricted normal equations. In normalized grouped coor-
dinates, they imply

Xwé=0, EfCn=0, m=123 P%g=0. (66)
The last identity holds because é¢ is orthogonal to each estimated tangent block. The slope

equation can be written as
1

N
Since XX > T',, > ¢s1p,, Xe = Op(1) by , and n~2 < p, we obtain
[7l+ 2] = Op(p)- (67)

We next control the full tangent projector. Let

XX~y Xe — Xgh.

S =P + P+ P;3.

Its range is 7¢, so P¢ = SS*. To bound S*, complete each A,, to an invertible square
matrix By, = [Am, Am, 1], with orthonormal complement columns, and put B = B; ® Ba ®
Bj3. On the strong-factor event,

K(B) = |BI|IB~"| < (er/eo)®.

Under B!, the tangent blocks become coordinate subspaces supported on (i, k, k), (k, 7, k),
and (k, k, t), respectively. Their only shared coordinates are (k, k, k). Assigning these shared
coordinates to the first block gives, for every z € T, an orthogonal coordinate decomposi-
tion

Bz =21 + 29 + 23, xm=BzmeTn§, T =T+ T2+ x3.

Consequently,

3 3
2 el <UBIP D) lzml? = BB~ 2l* < w(B)* ).
m=1

m=1
Since
3 3 1/2
lz)? = >} (P, 2y < (2/Sz)'/2 (Z |$m2> ;
m=1 m=1
we obtain
Min(S) = w(B)72, ST < K(B)* = Op(1). (68)

The same coordinate construction gives dim(7%) = ¢(s —2). By (64)), the estimated
factors have full column rank with probability approaching one, so the estimated tangent
space has the same dimension. With S = P, + P,+ P5, equation implies |S—S| = O,(p).
Therefore, R

|A%] = (1o, — PF)PC|
= [[(a, = PY)(S = 8)S57|

< |5 = 8[S*] = Oy(p).
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col[A, Ay ], whose dimensions are at most 2¢. Hence AY = A9P),, and Lemma

|AY] = 0y(p),  |A%ec| < 2V3L[AY[EY| = Oy(/5p). (69)

The true and estimated tangent spaces are contained in the space V generated iy Ly =
gives

Combining the slope equation with the definition of é5 gives the exact residual-score
identity
.0 = Z, + XagP% ¢ — /nXeMCh. (70)

To use this identity, write AA,, = A,, — A,, and expand
h=q+q2+gs,

where

D~

[Aa1p ®asr ®azy + a1, @ Aazy @az i + a1x ®as i ® Aaz k],

[
=
bl
Il
—

)
I
1~

[Aar  ® Aag @ as k + Aay i ®asz i, ® Aas i, + a1, @ Aag ik ® Aas ],

b
Il
—

&
I
b~

Aay i ® Aag i @ Aas i

e
I
—

Then ¢, € T¢, and

lasl = On(p), a2l = Ou(p®),  llasl = Op(p*),  [Mh] = Op(p?).

Also, q1 + 2g2 + 3q3 is the derivative at ¢ = 1 of the tensor generated by A,, + tAA,,, so it
belongs to 7. Direct subtraction consequently gives

2M%h = A%h = —(1a, — P%)gs + A%(g2 + 43),
and therefore
MC%h = %Ach + 0, (p%). (71)
By , P%éq = —A%éq. Equations and imply
|a%ec] < [A%ec] + [ACIXe[[0] + v/ |AC]|A]
= Op(\/ﬁf)-
Since Z,, = O,(1) by Lemma[4] (i), the exact score equation yields
.0 = Z, + Oy(s/v/n).
Define

1 G §
01 =T, Zn, ro = eq — Xgb1, §=P"ro, q= 7
Here, 61, &, and M%ry are the slope change, common-component change, and grouped
residual from the model obtained by replacing the nonlinear factor component with its
tangent-space approximation, i.e.,

. R 2
ﬁE]RE’r,llzI}ETG He X' Qz”
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Then
01=0,(1),  0—01=0(s/vn),  |a| =O0p(p).

The last bound uses |P%eg| = O,(+/s), which follows from Lemma [5| with the true loading
spaces. In particular,
Il = Op(n™"2 + s/n).

Let
Fo=Q — XTI, ' XM, ro = Fye, ¢ = P%Fye. (72)

The matrices Fp, PCF,, and St PCF, are F-measurable and have Op(1) operator norms.
The slope-adjusted linearized error admits the representation ry = Fpe. Consequently, the
linearized common-component change ¢ = n~/2P%Fye and the first-order grouped fitted
residual M% Fye are also linear in the original errors, conditional on F. This representation
is useful because products involving these objects can be written as quadratic forms in e,
with F-measurable coefficient matrices.

The identity PG =0 also gives

1 1
h—q=Mh— —P%X.(0—0 —A%.
q \/ﬁ G( 1)+\/ﬁ €a

Each term on the right is O,(p?). Thus
Ih—al = 0u(p®),  léc — M ro| = Op(v/np?), (73)
where the second bound follows from
éa — MC%rg = —X5(0 — 0,) — vn(h —q).

2. Graph-aligned loading spaces and the exact tangent score. For each mode,
define R R
IS =(CL.Cn) ' CLCry  Fo=Cr(JS) ™ = Cp.

The aligned rate gives
JS = I + (C,C) 20 (Cow — C) = I + Oy (p).

Hence J¢ is nonsingular with probability approaching one. Since C,,JS = Pc Con,

m

Fp = Mg, (Cpy — Co)(JS) L

m

It follows that
Cl Fp=0,  col(Cp+ Fp) =col(Cp),  [|Fulr=0,(p). (74)
The loading normal equations therefore imply
(G _ G

Define

~

A, = ﬁ(m)Cm(C,’nCm)’l.
Then

~

ﬁ(m) = Am(cm + Fm)la A’zim =An + h(m)cm(c':ncm)ily
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50 || Am — A r = O,(p). Since C! F,, =0,
Fo = M, by An (A, Ay) 7

Let
F(D = Me,, q(p) Am (A, Am) ™

The inverse perturbation identity, the strong-factor bounds, and give
|Fn = ED | = Op(p?). (76)
Indeed, the difference is bounded by a constant in probability times
Ih—all + 12 A = A -

For slope coordinate r = 1,...,p, let e, denote the corresponding coordinate vector and
define
x, = Xge,, tr = STz, Ly, = (tr)(m)Cm(C;nCm)_l.

r = O,(1). Since

These matrices are F-measurable, and | L,, .|
3
PG{L’T = Z Pptr, (Pmtr)(m) = Lm,TC7I’n7
m=1

equation gives
3
x! PCq = — Z CEG s Lo Fyy ).
m=1

Thus becomes

3
[T00]r = [Zn]r — Vna,MCh — Y (EG.), L Flyr (77)

m=1

3. The normal common-component contraction. We establish the sharper scalar
bound

53/2
Vnaz.M®h =0, (p + n) : (78)

The preliminary bound |[MSh| = O,(p?) alone is insufficient for this conclusion. We begin
by obtaining a first-order expansion of the sum of the tangent-block projectors, with an
explicit second-order remainder.
Fix m € {1, 2,3} and write
Gm =Cl.Cp.

The strong-factor bounds imply that |C,,| and |G,,!| are bounded on an event whose
probability tends to one. More precisely, if a < b are the modes other than m, then

collz] < |Cmz| = |Aa diag(2) A} |r < crl2, 2R
Consequently,

HCmH < C1, )‘min(Gm) = Cg, HG;@1 H < 052~
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All inverse identities below are evaluated on this event. By ,
CrFm =0, col(Cr + Fy) = col(Cr),  [F| < |Ellr = Op(p)-

In particular,
(Con + F))' (Con + F) = Gy + Fl Fpp.

Since G, is positive definite and F, F,, is positive semidefinite, C,, + F, has full column
rank. Its column-space projector is therefore

P (Cm + Ep) (G + FL F) " HCon + Fr)'.

To expand the inverse, define
R™ = (G, + F/ F,)™ ' = GL.
The exact inverse identity gives
RY™ = (G, + F),F,,) ' F) FGL

Moreover, G, + F) F,, > Gy, implies

(G + FrFr) 7 < G

Hence ) ) ) , .
[R | < (G + Fr Fon) | Fr Enll| Gy |
<

—1)2 2
|G P
2
= Op(p7)
Thus the inverse perturbation is second order because the graph orthogonality eliminates
the linear cross terms from the Gram matrix.
Substituting (G, + F/, F,) ™t = G;1 + RV into the projector formula and using Pc,, =
CnGC! gives

P

¢, — Fo

= F,G;}C! +CnG F + RS,

where the remainder is exactly
RS = F,G F) + (Coy + Fp) R (Co, + F)'

Its operator norm satisfies

IRG < G Fm]? + [Con + Fonl* | R
<A{IGH + 1Cm + FulPIGH 1} 1 Fonll?
= OP(PQ)«
We have therefore obtained
Pe. — Pe,, = Fu(Cl,Cr) ' Ch, 4+ Cin(C1,Cr) ™ F), + R, |RG = Op(p%).  (79)

We next replace F;, by its first-order approximation. Recall that
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and, by ,

Rl = Fu = ED, R = 0y(p”).
Substituting F,, = n(le ) 4 RE into the two linear terms in gives
Py — P, = FVGICL + CuGLH(ED)Y + RS,
where
RS = RS + REG1C!, + CuG L (REY .
Because

1
CpnG = ———,
H m ” Jmin(cm)

the replacement error obeys
|BG] < IRGI+ 2[Ry I1CnG
2| RE
Umin(cm)
= 0,(%).

Thus replacing F;,, by F,%1 ) in the linear projector terms preserves the second-order remain-
der.
Recall the normalized common-component pseudoinverse

v, = CmG;f(A;nAm)*lA;n, U= Am(A;nAm)*lG;llen.
The retained first-order terms can therefore be written as
FDG,Cy = Mo,y Am(Ay An) G C,
= MCqum) \Illyna

and
CnG () = Con G (AL A) ™ ALy M,
= ¥ qmyMc

m*

For v € R%x | define the symmetric matrix
Em(v) = MCmUEm)\Ij:n + \I’m’U(m)Mcm.
The preceding calculations show that
Py, —Pe, =Ln(a) + R, RG] = 0p(0°). (80)
Define the associated matrix-valued linear maps

3
Kn(0) = Ty (Ia,, @ Lon(0)) Ty K@) = > K ()

m=1
For every v, the two summands defining £,,(v) are transposes of one another, and
[ £ (W) < 20 [[[om |

< 2”\Ilm|| Hv(m) HF
= 2[ @y v].
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Since J,, is orthogonal and |I;,, ® B| = || B| for every matrix B,

[ ()] = [ £m ()]

It follows that s X
K@) < D 1Km(v)] <2 (Z I‘I’m||> o]l
m=1 m=1

The strong-factor bounds also give

1 —3/2
<
Umin(Cm)Umin (Am) “

on the strong-factor event. Hence ), |¥,,| = O,(1), and in particular ||IC(q)| = Op(p).
Finally, recall that

W <

P = J} (0, ® Pe,)Jm, P =J},(Is,, ® Pz, ),

and
3

3
S=>3Pn,  S=) P
m=1

m=1

Equation gives the exact remainder representation

3
§=85=K@) = Y Jnla, ®EL) I

m=1
Consequently,
3
1$ =5 = K@| < Y | Jnla, ® RG)Ju
m=1
3 ~
= > IRl
m=1
= OP(P2)-
Thus

§—5=K(g) + Op(p*)
in operator norm. No dimension factor is introduced when passing from the loading-space
projectors to the tangent-block projectors, because multiplication by the orthogonal mode-
permutation matrices and taking a Kronecker product with an identity matrix preserve the
operator norm. . .
The identities S(Iz, — P%) = 0 and (P¢ + A%)? = P¢ + A% imply

A% = MY(S - 8)ST + 81 (S - S)MC + Rg,
where . R

Rg = (AY9)? — 81 (S — S)AY — A%(S - S)ST.
Equations and imply | Rs|| = O,(p?). Therefore,

A = MOK(9)S" +STK(g)M + RE,  [RE| = Op(p”).
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Using , MC%q =0, and , we obtain

1 1
MCYh = §AGq - §AG(h —q) + 0,(p*)

I

1
S MOK(9)S g+ Op(p?).

For fixed m, put
Zin = (MC2) oy, T = (51 @) (m)-

Orthogonality to the m-th tangent block gives
ZmCp =0, ZnMc,, = Zp, Zy Vo = 0.
Since L,,(q) is symmetric, row-major vectorization gives
(Kin(@)S™ @) (m) = TinLm()-

Consequently,

<MG£ET; ICm (q)5+q> = <Zma TmMCm qzm) \Ij;n>F + <Zm7 Tm\:[/mq(m) MCm >F
= <Zm\Ijma TmMCqum)>F + <ZmMC’m ) Tm\qu(m)>F
= <Zma Tm\I/mQ(m)>F-

With £ = /n g, this proves

1 3

Vaa, MOh = = S (M) gy, (S o Yiniany ) + Op(W ). (81)

Fix m and write

demp = 7=, Zp = (M%2,)(n) € RImXdm,

In addition to the mode-permutation matrix J,,, define the permutation matrix J,, €
Rdxxd>< by

Imv = vec(v(m)), Imv = vec(v(,,), v e R,

Thus J,, vectorizes the mode-m matricization, whereas .J,, vectorizes its transpose. Both
matrices are orthogonal:

Tridm = Tpdm = Tas |l = [Jm] = 1.
Since U,, € R%-m*dm define

Dpir = Zym @, € RExXdx,
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The Frobenius inner-product identity (A, BC)r = (AC’, B)r and the row-major vectoriza-
tion identity vec(ABC) = (A® C’) vec(B) give
(s (STE) () Y& (m) ) pp = <Zm§fm)7 (S+€)(m)\1/m>F
= VeC(melm))/ VeC((S+£)(m) \Ijm)
m) (Z, ®1a,,) (14, ® U3,) vec((STE) (m))
Eim)) (Z3, @ W7, vee((S1E) (m))
= vec((S7E) (m)) Lo, vec(€(,,))
(JmS*E) L (Tinf)-

The fourth equality uses the mixed-product identity for Kronecker products, and the fifth
follows by transposing the scalar. In particular, 2, , is an exact Kronecker product, with
the transposed matricization on the right represented by T

We next bound the nuclear norm of 2, .. Since M is an orthogonal projector,

vec(&

(
vec(
(

| Zlp = 1M ]| < [z, = Op(1).

The strong-factor bounds imply |¥,,| = Op,(1) and rank(¥,,) = ¢ with probability ap-
proaching one. Since ¢ is fixed,

[Wmlr < VO[] = Op(1).
The Frobenius norm and rank identities for Kronecker products therefore give
| 2mrll e = Zm|p[¥m]r = Op(1)

and
rank(2,, ,) = rank(Z,,) rank(¥,,) < {d,,.

Applying Cauchy—Schwarz to the nonzero singular values yields

rank(,@mT Hgm rF < \/ETHQmTHF = (\/ m)-

By , ¢ = P9Fye, so
vec((STE) (m)) = JmST P Foe, vec(§(,n)) = Jm P Fye.

|2

Consequently,
<Zm7 (S+€> (m) \I/mf(m)>F = e/%m,re;
where

o r = (JnSTPEYFY) 2y, (Jn P Fy) € R™™,

All matrices defining /7, , are F-measurable. Moreover, .J,, and jm are orthogonal, while
S*tPCF, and PYF, have O,(1) operator norms. The nuclear-norm inequality ||ABC||; <
| All| B|«||C| therefore gives

H%pm’ * S |‘JmS+PGFOH H‘Qm,r
= |S* PRy |2,

= Op(\/a)-
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On the conditional covariance-summability event, Lemma [4] (iii) implies

Elle' A, re| | F] < ce|| 6 r

-

Conditional Markov’s inequality, localized to events on which |5, ||«/v/dm is bounded,
yields
<Zm7 (S+£)(m)q]mg(m)>p = e/%mﬂ”e = OP( \% dm)

Substituting these bounds into gives

;3
Vna,MCh = NG Zl ' iy re + Op(v/n p*)

=0, (\/d71+\/\/§+\/d73+\/ﬁp3>.
Finally,
VAV < T ) =B Vg =
Therefore,

! ArG 53/2
\/ﬁl‘rM h:Op p—!—T y

which proves ([78).
4. First-order expansion of the graph score. Define

Dm,r = Lm,r(AlynAM)ilA;n = (tT)(m)\I]m
These matrices are F-measurable and have O, (1) operator norms. By and (74),
By = (MET0) gmys Lo Fr | < o = MO7o ]| L
= Op(Vnp?).

|Emllr

Next, let
Zm = Om (Lm,T(Fm - F7(n1))/) .

Then | z,] = O,(p?) due to and | Ly, »| = Op(1). To obtain an explicit tangent-block
decomposition of ¢, define

Bl = (5%q)(;hC;(CjC)F e REXE, j=1,2,3.
The inverses are well defined on the strong-factor event. Multiplying by C’; gives

BIC} = (S7q)(;5C;(C5C;) 1 C = (ST q) ) Pe-

J

This matrix is the mode-j matricization of the projection of S*¢ onto ’TjG. Indeed, recall
that
Pj = Ji(I4, ® Pc,)Jj, Jjv = vec(v(jy).
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For any v € R%x, the row-major vectorization identity and the symmetry of Pg; imply
JjPjv = (Id]. @ch)JjU
= (Id_,» ® PC]‘ ) VEC('U(j))
= vec(v(;) Po; ).
Consequently,
(Pjo)) = v Fo,-
Applying this identity to v = S*q yields

BiC; = (PiSTq)(j),

and hence, because v; reverses mode-j matricization,
UJ(BJJC;) = Pj5+q € 7;‘G'
Since S = P; + P5 + P5 has range T¢, its Moore-Penrose pseudoinverse satisfies S+ =
P%. Moreover, g€ T¢, so P¢q = ¢q. Summing the preceding identities therefore gives
3 3
v;(BIC)) = > PiStq
= j=1

j=1

= (Pl + Py + P3)S+q
=88%q
=P =q.
Thus 3
g= ), v;(BIC)).
j=1
This is an exact tangent-block decomposition, but its three summands need not be mutually

orthogonal. The use of Stgq, rather than ¢, accounts for the overlap among the tangent
blocks: in general, Zj Pjq = Sq # q, whereas Zj P;StTq=gq. Let

L; = col[A;, A;, BY], r; =dim(L;) <3¢,  j=1,2,3.

The dimension bound holds because each of the three matrices has ¢ columns. These spaces
contain the true loading directions, the estimated loading directions, and the directions
appearing in the tangent decomposition of ¢.

Fix m, let a < b be the other two modes, and define

Uy = Lo ® Ly € Rl
We first verify that the columns of both F,,, and Fy(nl) belong to U_,,. Recall that
CmZAa*Ab, émzlea*zzlb.

Every column of C), is a tensor product of a column of A, and a column of A, and the

same statement holds for the estimated matrices. Since col(4;),col(4;) < L;,

ol(Crm) S U, col(Cp) S Ury.
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The graph representation A
Fp =Cn(JS) ™ = Cy

then implies

col(Fy,) < col(Cly,) + col(Cry) € U_rn,

because right multiplication only forms linear combinations of columns.
Next, the tangent decomposition

g =) v;(BICY)

j=1
has the following mode-m representation:

dim) = BfnC” + A (Bl « Ap + Ay # B,‘f)’.

m

The first term is the contribution from the m-th tangent block, while the two terms inside
the parentheses arise from the other two tangent blocks. Transposing gives

Umy = Cm(B) + (Bl * Ay + Aq x By) A,
Since col(B;-Z) c L;, each of Cp,, B % Ay, and A, * B} has columns in U_,,. Consequently,
col(qzm)) c col[Cy,, Bl # Ay, A # Bl] € U_p.
The space U_,, is also preserved by Mc¢, . Indeed, for any uwe U_,,,
Po, ue col(Cp) S U_,

and therefore
Mo, u=u—Po, uel_p,.
Using
F’I’(Tbl) = MC7anm)Am(A;nAm)_l7
we conclude that
col(ED) c U,

Thus
col(F, — FDY cU_,,

Recall that
= O (LW(Fm - F},P)’) .

Its transposed mode-m matricization satisfies

(Zm)/(m) = (Fm - F(l))L/

m m,rs

s0
col((2m){my) S U-rm-
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Equivalently, the mode-m direction of z,, is unrestricted, while its other two modes are
restricted to £, and Lp. In the original tensor ordering, this gives

21 e R ® Ly ® L3,
ze L @R®2 ® L3,
zZ3 Eﬁl ®£2®Rd3.

Hence every z,, belongs to the structured space
V=RM"®@Ly®L3) + (L1 ORZ ® L3) + (£1 ® L2 @ RE).

Because col(A;) < L; for every j, each true tangent block is contained in the corresponding
summand of V. Therefore,

T¢ <.

In particular, P¢z,, € T¢ < V. Since 2, € V and V is a linear space,
Msz = Zm — Psz eV.

Let Py denote the orthogonal projector onto V. Lemmawith r; = dim(L;) < 3¢ gives
the deterministic bound

|Pvec| < /rars + rirs + rir | EY|
< 3V3L|EC.

Here | E| is the tensor spectral norm. Since M%z,, € V,
leq, MC2p) = (Pyeq, MC2p).
Using ro = eg — X261, the symmetry of M“, and Cauchy—Schwarz, we therefore obtain
KM o, zim)| = Kro, M zm)]
< Keas M 2| + [(Xgb1, M 2|

= [(Preg, M zm)| + (XG0, Mzl
< (|Pvec + [Xall6a]) M 2|

< (3VBLIES] + IXalla]) 2m-
Since / is fixed and

IESI = 0p(V5),  [Xall=0p(1), 61l = 0p(1), |zl = Op(p?),

it follows that
[(MCrg, 20| = Op(v/5 ) = Op(v/n p%).

The subspace inclusions and the structured contraction inequality hold for every realized
choice of the factors, graph errors, and mode spaces. Consequently, the argument remains
valid when F},, q, 2y, and £; depend on the errors. It does not require these objects to be
F-measurable, and no conditional independence between them and eg is used.
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Finally, (M%70)(;n)Cp = 0 and ¢ = £/+/n imply

<(MGT(])(7rL)7 Lm,T(Frnl))l>F = %<(

Substitution into , together with , gives

MGTO)(m)» Dm,rg(m)>F~

13 $3/2
[[.0], = [Zn]r — I Z {ME70) (mys Din e (PET0) (mydF + Op (p + n) ) (82)

m=1

5. Reduction to error Gram matrices. Note that we have

UMEr0) (mys D (PE70) (0 = vee((M o) (m))’ vec( D r (PE70) (1m))
= VGC((MGTo)(m))/(Dm7T ® Id,m) VGC((PGTo)(m))
=M T (Dyy ® Iy_, ) PCro.

Let s
Am,r = Jy/n(Dmﬂ'@Id,m)Jma AT = Z Am,r-

m=1

Then [|A,| = Op(1), and the quadratic term in is

1
%T(/)MGATPGTO.

We first remove the slope adjustment. By (72)), Fy — Q' = —XI',,'XM7 has rank at most
p and operator norm O,(1). Therefore,

FyMC A, PYFy — QMCA, PEQ’

has rank at most 3p and operator norm O, (1), and hence has nuclear norm O,(1). Lemma
(iii) gives
1 _
%T(/)MGATPGTO = %e’GMGA,.PGeG +0,(n"12). (83)

Decompose the tangent space into its component inside the product loading space and
its three orthogonal exterior blocks:

3
PG:PO+ZP;;7 P}CL):J]IL(MAh@PCh)Jh'
h=1

Here P, projects onto

T A {col(A1) ® col(As) ® col(As)},

so rank(Py) < £3. This decomposition follows by splitting each unrestricted loading pertur-
bation into its projection onto the corresponding loading space and its orthogonal comple-
ment. The exterior blocks are mutually orthogonal and orthogonal to the product loading
space.

Fix a mode h, and let a < b be the other two modes. Define

D}(L)_T) = Da,r ® Idb + Ida &® Db,r, ma = MC;LD;T)PC,,
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For every matrix Y satisfying A} Y = 0,

(M0, (Y)),,, =Y Mc,.

(R)
Indeed, Y Pc, belongs to the h-th tangent block, while Y M, is orthogonal to that block.
It is also orthogonal to the other tangent blocks, whose mode-h matricizations have columns
in col(A4y).
For an arbitrary v € R%x, define, for each h = 1,2, 3,
Vi =wvwmy, zn=Fv,  Zy=(z)n = Ma,Valo,-

Thus V} is the mode-h matricization of the common input v, whereas Z; is the mode-h
matricization of its h-th exterior tangent component. In particular,

AL Zy =0, ZyPo, = Zj.
Fix h, and let a < b be the other two modes. The transformation in mode h satisfies
(Ah,TZZ)(h) = Dh,TZZ
= DhJ’ZIS,PCh
= [Dnr ZRCr(CLCh) ] G-
Hence Ay .25 € T,¢, and therefore
MGAhmZ?L =0.
The transformations in the other two modes act on the same input component z; and satisfy
(Aar2n)(hy = Zp(Dayr ®1a,)',  (Aorzp)ny = Z3,(1d, ® D).
Consequently, we have
(Aar + A6)25) ) = Z0(D}))-
Since
A, Z3(Dy )Y =0,
the previously established residual-projection identity applies to Y = Z,‘;(Dﬁb_r))’ . Using
A =Ap,r+ Ay + Ay, we obtain
(MY A Pio)ny = (MEAy25) n)
= (MG(A,LT + Ab,r)zi)

= Zj(D} )Y M,

= MAthPCh,(D}(;“))/MCh,
= MA}LVhB;l,T.

(R)

By row-major vectorization,
InMC A, PRv = vec((MCE A, Pyv) 1))
= vec(May, VhB;w)

= (MAh ® Bh,r) VGC(Vh)
= (MAh ® Bhyr)JhU.
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Since v was arbitrary and Jp is orthogonal, this proves
MCA, Py = J,(Ma, ® Bpy)Jn,  h=1,23.
Finally, the decomposition P¢ = Py + 22:1 Py gives
3
MYA,PC = M9A Py + ), MOA, Py,
h=1

3
= MOAPy + > Jh(Ma, ® Bhp)Jn-
h=1

Each By, has rank at most ¢, and

|Buwl| < IDS)| < | Dy

|+ | D]l = Op(1).
Replacing M4, by I4, — Pa, gives

3
MEN,PY = Y 1y, ® Buy)Jn + R,
h=1

where

3
R, = MSA, Py — Z J; (Pa, ® Bh.,)Jh.
h=1

Since rank(Py, ) = ¢,
3
rank(R,) < 624302, Ry < [Ar] + . [Bu| = Op(1).
h=1

Thus |R. [+ = Op(1). All these coefficients are F-measurable, so Lemma [4 (iii) implies
ecRreq = Op(1).

If fj,; is row i of E(C;;), then

dp,
eqJn (g, ® Bu,)Jnea = Z fhiBhrfri
i=1
— tr(Bu,(EG))'EG))
Therefore,
1 1 ¢
— e . MCA, PCeq = — t(Bl ES ’EG) 0, (n~12). 4
\/ﬁec req \/ﬁf;1 r{ B (E)) Ey ) + Op(n™7) (84)

The coefficients admit an expression that does not involve S*. Since ¥,,Y,, = Pc,, and
Dm,r = (tr)(m)\l’mv
(Am,rpo)(m) = DY = (tr)(m)PCma
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and hence

3 3
ArpO = Z Amﬂ‘p() = Z Pmtr = Str = Per-

m=1 m=1
The mode-m version of this identity is
(Per)(m) = Dm,er + Ym(Dr({,l)/-
Premultiplying its transpose by M¢, =~ and postmultiplying by ¥/ = gives
By = Mg, (P92,)(,) V- (85)

Here we used M¢,,Y,, =0 and Y, ¥/ = Pc, . In particular,

m = m
|Brm.rllr = Op(1), [ Bm.r|

x = O0p(1).
Define the sample bias vectors

; 1 a / G G

Equation implies
18,1, = % tr(Bunr (B By ) -
Combining 7 , and 7 using fixed p and n=Y2 < p, yields
3 $3/2
.0 =2, — mZ:l B, + 0, <p + n) . (86)
6. Conditional centering and bias orders. For each coordinate r,
B, — B, = % ] B {(BG,) Y EG, 9G]
The corresponding quadratic coefficient in the original error coordinates is
Koy = QJ1(Ia,, ® Bn.r) Jm Q'

Because Q'Q = 14, and J,, is orthogonal,

HKW77‘|2F = deBle% = Op(dm)- (87)

The nonzero coefficients of K, . are supported on R”. For m = 1,
(BG)) EG) = E{yPpEq),
and (Pp);i vanishes unless g(i) = g(i’). For the other two modes,
EG = Ex(@p®Ir),  Ef) = Es(Qp®Iu),

so the Gram products retain a common teacher index and a common time index, respectively.
Consequently,

[Bm — Bm]’r = 7 Z [K’m,'r']abzab'
(a,b)eRP
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The fourth-order covariance row-sum condition in Assumption [3] therefore gives

E[I[B;, = Bl *|F| < S K

on an event whose probability tends to one. By and conditional Markov’s inequality,

dm
B:nzsmzop< n)

Summing over the three modes produces an O,(p) difference. Substitution into gives
$3/2
Fn\/ﬁ’}/:Zn—Bl—Bg—Bg-f—Op (p—i—n) .

Since v = § — 4, this proves (10)).
Finally, each row-block conditional covariance of E(Cjn) has operator norm at most ¢, on
the covariance-summability event. Therefore,

HQﬁH < Celyy,.

Using ,

Bl B, 253))|

‘ — i |tr(
-
1
§ = Bm T
=1
= Op(dm//n).
Since p is fixed and (dy,ds,d3) = (G, M,T), this proves the three asserted bias orders.

The stated expansion uses only p — 0; its displayed remainder is o,(1) if, additionally,
s32/n — 0. O

|5

Proposition@ Fixed-index expansions with mode-specific remainders). Suppose that As-

sumptions and @ hold. Let (5, U, ‘7, W) be the global least-squares estimator
defined in Assumption[d], and let H,, H,, H,, be the alignment matrices defined as

1

H, = (VW) (VW) [(V « W) (V< 10)]
H' = (DU + W) (DU « W) [(DU « WY (DU = W)]_l :
H,, = (DU V(DU « ) [(D0 # VY(DO < 7)|

and let ZVW = (ﬁV/V) @ (%W/W), ZUW = (%U/D/DU) @ (%W/W), and ZUV =
(#U'D'DU) © (FV'V).
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For each fized admissible group g, teacher j, and period t, define

2 2 2 Eij't! vj @wt’)

1<2<N]’ 1t'=1

Su,g =
g(i)=g
;] NT
Spj = —F——
TR,
1 N M
Sw,t = /7NM Z Z

gijir (Ug(s) O wy ),

gijrt(Ug(s) O vyr),

M T
1
Qu_’g = ('Uj/ @ 'U.)t/)x; 2D
NQMT 1<§N JZZ:I tgl !
g(i)=g
1 NT
Q”J = ﬁ 2 )®wt’) ijt’
z:lt’:l
1 N oM
Qu,t = NM Z Z( Ug(i) © vy L Lot
i=175'=1
Let Onrir = VNMT(6 —68). Then

VNMH, (i,

VNTH, (b; — Hyvj) = S5y [Sw‘ -

Ny MTH (4 — Hyug) = Sy, [

The remainder vectors satisfy

— Hywy) = S50 [Sw,t

M
| N,
Su,g - WgQu,gHNMT

1

- \/TQw,thMT] + Ryt NMT,

1
\/—QU,JHNMT] + Ry jNmT,

+ Ry g NMT-

VN M
R =0, p+ + :
H w,t,NMTH p<P T TN
N T
R, =0, p+ +
H 7J7NMTH p(ﬂ MIT - MIN
N, M N,T
HRu,gJVMTH = Op( gT L + ’\/ Tp )
where p = /AL If Ny G/N = O,(1), we have
[Rugivarrl = 0y p+ Yoot | VAT
o P N\F Nm
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The group-size condition holds, in particular, when G remains fized or when Ny = Op(N/G)
for the group under consideration.

Proof. Write

n=NMT, s=G+M+T, ,0=\/§7 ’y=(§75, 0 =Onnr = /Ny
n

Assumption [I] implies p — 0, while p and ¢ remain fixed. All slice arguments below are
pointwise in the fixed admissible index under consideration.

1. Grouped coordinates and an exact remainder identity. By Lemmal/[l] the esti-
mated factor and Khatri-Rao loading matrices have full column rank and well-conditioned
normalized Gram matrices with probability approaching one, the relevant loading spaces
converge, and the unrestricted block normal equations hold. All inverses and normal equa-
tions below are evaluated on these events. Inverse expressions may be assigned arbitrary
values wherever they are undefined without affecting the asserted stochastic orders.

Define

Qp = D(D'D)"2, Q = QpRINRIr, e = vec(E), E€ = Ex1Q), eq = Qe
Let
D/D 1/2U 174 W
Al = (\/-?V’ A2 = =

Set dy = GMT, d_, = dy/dy,, and

(d17d27d3) = (Gva T)

Cl :142*1437 Cg =A1*A3, 03 =A1*A2, Em ZC;nOm
Thus
(31,22, %3) = (Bvw, Zuw, Zuv).

These are the normalized Gram matrices evaluated at the true factors. Use hats for the
estimated counterparts.

For v € R%, let V(m) denote the mode-m matricization of its tensor reshape, with the
remaining modes ordered increasingly, and let v,,, denote the inverse operation. Define the
mode-permutation matrices by

I = K& 1, Jmv = vec(vim)), o (B) = J, vec(B).

Writing a, » for column A of A,,, define

¢
po = Z a1\ ®az )\ ®as x, (Po)(m) = AnCl
A=1

and define p analogously. Put
h = p— po.

Write (Hy, Ho, H3) = (H,, H,, H,). The scalar normalizations and the group-coordinate
isometries preserve the alignment matrices in the proposition, so

Hy, = (Cl,C) 1 Co.
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The true and estimated Gram matrices are well conditioned in probability, and the cor-
responding loading spaces converge. Consequently, c’ ".Cm and H,, are nonsingular with
probability approaching one, and

[Ht = 0p(1).
Define the graph-alignment matrix and graph error by
IS5 = (ChCr) 7 ClCry  Fry = C(J5) ™ = Chp.
Then R R
C' Fn=0, Cun=(Cn+FnJS,  C .Cun= ()%,

The graph error is invariant to changes of basis in the estimated loading space: replacing
Cy, by Ch, R, for nonsingular R, replaces J¢ by JCR and leaves F,, unchanged. Hence
the graph-error bounds established using the signed-permutation alignment in Proposition

apply to the present representatives as well.
Define X¢ = X x; Q5. Let eG k€ R%m be the transpose of row k of E(G , and let

X G k€ R-m*P stack the corresponding regressor vectors from X¢. To distinguish factor
rows from the columns a,, », write

1 (dm) N Ar (dm)
Am .k = Amek s Om .k = Amek s
dm) - . . R
where e, m) is the k-th coordinate vector in R%. Thus O 1, and &y, i are the transposes

of row k of the corresponding normalized factor matrices.
The block normal equations give

\/E(é‘m,k — Hpom i) = (é;vzém)ilé;m{egz,k - ng’Y}
Premultiplying by H.' and using the graph representation yields the exact identity
\/ﬁH;zl(dm,k — Hipou i) = (Cmcm) 16’;”{67%716 - chn;,k”Y}
DI, (Cm + Fm)l{efn,k - Xg,kV}' (88)
Indeed,
(CruCrn) i = (2 Em) " (I5) (Con + Fin) = 5.1 (Con + F)'.
The normalized rows satisfy

N, V; Wy

J
- Ug, Qg5 = —F/——, as ¢ = —F,

N 9 J /*M t \/T

with analogous identities for their estimators. Therefore, the left-hand side of has
exactly the group, teacher, and period normalizations in the proposition. Moreover,

1 G ! G e
Clel,g = Su,gs 026273' = Suj> Cses,t = Su.t,

Cleg \/ ng

02X2,] \/762117]

CLX§y = ﬁQwﬁ.

A,g =

and
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It therefore remains to bound
Ry i = ETZIFVIn{eg,k - Xﬁ,k’Y}, (89)

where
(Ri,g;R2,j, R3.t) = (Ru,g NMTs Ro j NMTs R t, NMT)-

2. First-order graph expansion and slice moments. Retain the tangent-space nota-
tion from the proof of Proposition [1} For m = 1,2, 3, define

T.$ = {veR™ : v, = BC),, BeR"*}, P =J (I, ® P, )Jm.
Let P be the orthogonal projector onto
TC = 7€ + 7 + T,
and write
S=Pi+P+P;, PY=8st, M°=I, —-PY  Mr=1I,-QP°Q.

The bound S| = O,(1) is established in the proof of Proposition
Define

Xo =XQ, Tn=XMsX,  Z,=XMre,

and
6, =T,'2,, Fy=Q — XTI, " XMr.
Then
ro = Foe = eq — Xgbh1, ¢ = P, Q=\€F-
n
For convenience, put

_ L
q_\/ﬁ

The conditional regressor-moment bound gives |X|r = O,(1), while identification gives
|77 = O,(1). Hence o is F-measurable and

o = P9F,, de.

|| = Op(1).
The preliminary linearization bounds established in the proof of Proposition [1] give
7l = 0p(n™ 2 4+ p%), 61 =0,(1), bl +lal = Op(p),  |h—dl =O0u(p*). (90)

In particular, no bound y/ny = Op(1) is used.
Define the linear map

Dpm(v) = Mc,, vzm)Am(AlmAm)_l.

Its operator norm between the relevant Euclidean and Frobenius spaces is Op(1). The graph
expansion is

Fpp=FD +&n,  FY=Du(a),  |Enlr = 0y(p). (91)
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To recall its algebraic basis, set
A = Dy CmEmt = A + o) Crn Z1
The graph representation implies
Pm) = Am(Con + Fr)'s  F = Me,, hpy A (A, A)
The strong-factor bounds, the inverse perturbation identity, and therefore yield .

Write
/{179 = NgMT, KJQJ’ = \/]ij7 K37t = \/NM

The conditional fourth-moment bound on the regressors implies

|55 Kl = Op(Km.r). (92)

Indeed, conditional on D, each regressor second moment is at most cglc/ 2. For the group slice,

< D). Z Z e,

1g)g t=1

whose conditional expectation is at most cx/ NyMT. For teacher and period slices, multipli-

cation by @', is a Frobenius contraction, giving the corresponding conditional expectation
bounds cglc/ NT and cglc/ INM.
On the conditional covariance-summability event, Assumption [3] also gives

Ellem il® | F] < cedepm,  E[|Be|® | F] < c.|BJE
for every conformable F-measurable matrix B. We additionally use
E[le'Ke| | F] < ¢ K] (93)

for every F-measurable square matrix K, where || || denotes the nuclear norm. This follows
from a singular value decomposition and conditional Cauchy—Schwarz, as in Lemma 4] (iii).
The same inequality holds for eg, since

[Elecel | FI = |QElee’ | FIQ| < c-

All conditional bounds below are used on these high-probability events, with localization
for random coefficient norms.

3. The graph—regressor contribution. Because ¢ = /e/\/n, each entry of (Féll))’XnCi,C
is a linear contraction of e with an F-measurable coefficient vector. More precisely, the
matrix mapping e to the vectorization of this product has Frobenius norm at most

| - Am (A Am) ~ | | X3 il 7
Vn '
Lemma [4](i), (92), and fixed p, £ therefore give

Rm,k
(DY XG4l = 0, (2.
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Combining this bound with and the slope rate in ,

| E X k| < NEDY X5 el ]+ 1Emll 2| X5 k]
= Op (K (n ™2 + p?)?)
= 0p (p+ fmpp") - (94)
For the last equality, use i, 1 < v/n, n™2 < p, and p — 0:
Iﬁ?m7k(n71/2 + p2)2 — u + M + Hm,kp4 < n*1/2 + 2/72 + K/m,kp4~

n n
The conditional linear-contraction argument is what avoids the larger bound obtained by
replacing |(Fi) X5 | with [F |FI XS 4l e

4. The higher-order graph—error contribution. Use the tangent decomposition from
the proof of Proposition [} Define

B! = (57)(0)Ca(CLCa)™",  a=1,2,3.

Then

v,(BIC!) = P,S*q.
Since g € T¢ and SS* = PY,

3
q= ) 0q(BIC,).
a=1

For each mode a, let

L, = col[Aq,, A, BY], dim(£,) < 3¢.

Fix m, and let a < b be the other two modes. Every column of F,,, belongs to L, ® Ly,
because . A . R
Fn = Cm(Jg)il - Cm; Cm = Aa * Aln Cm = Aa * Ab-

The tangent representation of g gives
qém) = Cy(BL) + (B« Ap + A, = B]) A},
so every column of qu) also lies in £, ® L. Since col(C,,) is contained in that product
space, applying M¢, preserves it. Thus the columns of
belong to the same product space. Consequently, each column of &,, = F,,, — F7(n1 )7 reshaped
as a d, x dp matrix, has rank at most 3/.
The matrix spectral norm of a fixed mode-m slice of E® is at most the tensor spectral

norm |EY|. Applying the nuclear/Frobenius inequality to each rank-at-most-3¢ column
reshape, and also using ordinary Cauchy—Schwarz, gives the deterministic bound

G : G G
|Emem. k| < min{V3C|EZ[, e, i} Em | F.
The spectral-error assumption, the slice second-moment bound, and therefore imply

= 0, (p* min{vs, V/d-}) (95)

This argument holds for every realized choice of the estimated loading spaces; it does not
treat these spaces or &, as F-measurable.

Hg;nenG’L,k
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5. The first-order graph—error contribution. We first separate the overlap among
the tangent blocks. Let Py denote the orthogonal projector onto

% A {col(A;) ® col(A) ® col(A3)},
and let
= J(Ma, ® Pc,)Ja, a=1,2.3.
Splitting each tangent direction into its component in col(A,) and its orthogonal complement

gives

3
=Py+ Y. Py, Pa=P;+J,(Pa,®Pc,)Ja

Consequently,

3 3
G => P+Rp, Rp:=P%-S=P— ) J(Pa,®Pc,)]a

a=1 a=1

Every term in the last expression has range contained in the product loading space. Hence
3
rank(Rp) < 6, [Rp| <|PY)+ ) [P <4

The mode-m block makes no contribution to the graph map. Indeed,

(Prmv)(m) = v(m)Pe,

implies

Dy (Prnv) = M, Pe,, 0y Am (A7, Apy) ™t = 0.

m

The term generated by Rp contributes O,(n~?) to (Fy(,g))’egyk. For each coordinate, its
quadratic-form coefficient has rank at most £% and operator norm O,,(1) before multiplication
by n=1/2, so (93)) applies.

The part of ¢ equal to

——PGX fela!
\/>
also contributes Op(n’l/ 2). To see this, expand over the fixed number p of coordinates of 6.
Each remaining coefficient vector is F-measurable and has O,(1) norm, so its contraction
with ¢ 1 18 Op(1), while 6, = O (1)
For every a # m, replacing M¢, e x by eC m. 111 the remaining quadratic term introduces

an additional O,(n~1/2) error. The dlfference contains Pc, €% ., and its quadratic-form

m,k>
coefficient has rank at most ¢ and operator norm O,(1). Therefore,

(FEDYeS = — Z (A7, Am) AL (Pac) (myes 1, + Op(n™2). (96)
a#m

Fix distinct m, a, and let b be the remaining mode. Write £™? for E¢ with its modes
ordered as (m,a,b). To distinguish factor-component indices from the slope-coordinate
index used in Proposition [1} use u,v € {1,...,¢}. Since

(Al Am) AL A = I,

m
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and P, projects the other two modes onto col(C,), the u-th coordinate of the mode-a
summand satisfies

£
1
(o) Ao PucclomeSon| = DD
[\/ﬁ p

v=1
where
da
b b
71::1 k= Z Z Z Eow Cuvt [A"z]'uV[Ab]wu[Ab]w’V' (97)
u lv=1w,w'=1
The strong-factor bounds give |X;1| = O,(1).
We first bound the centered contraction. Let KSL;“ + be the coefficient matrix satisfying
v G,
Tvljuz k= eck,, erG

Its squared Frobenius norm is

v da
1K i I = 1Al [PN[As]ul* | [Ab)o[* = Op(da/n)-

The coefficient in the original error coordinates is

KM QKG SV

maki ma,k

Since Q'Q =1,
= [Kpi¥l e

ma,k

1K,

Its nonzero ordered error pairs share the mode-a index in grouped coordinates. In the
original coordinates, they therefore have a common group, teacher, or period, according as
a = 1,2,3. Thus the coefficient is supported on R”. Lemma ii) yields

v v dq
Trleak—E[Tﬁma,k|]_—]=OP< n)

For the conditional means, let

Tig =19, To;=1, I3, =10

)

be the source slices in Assumption Their cardinalities are 2 ,. For an original error
;
index «, abbreviate
Ua = Ug(i,)s Vo = Vj, Wo = Wy,

Also define

XJ(aa/B) = 1{](1 = ],3}’ XT(Q76) = l{toz = tﬁ}a Pap = (PD)iaiga

where
Hg(ia) = g(ip)}

Ny(in)

Pap =

Expanding the normalized grouped errors and factors in gives

T’f";.l(/l k= Z Z Xma ¢o¢wﬁ5a5Ba (98)

K‘m kCma €Ty BeT
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with the following coefficients, where the arguments of x s, x1,p are suppressed:

3
S
S~—

Do ¢B Xma | Cma
Wa,u | UBpWa,y | X7 | NT
Vo | UwUsw | XT | NM
Wa,p | V8,0W8,w p MT
Up,vV8,v XT NM
Vau | Vapway | p | MT
Uap | UBpWEw | XJ NT

NN S S S
W W - =
DN = W= W N
—_— D

IS

L

=

For example,

N M T

Tw—il E E Esazzu()w Wy

12,9 — ijt€i jt Ug(it),p We,p W' v -
NT\/NGMT | S = o

i’=1j

The source grouped error supplies the factor Ny Y 2, while the destination grouped-error
normalization cancels the corresponding group-size normalization in Aj;.
In every row of the table,

0 < Xmala, B) <1, |¢/3|2 < wg,

where wg is defined in Assumption [5 Let
Top = Eleacs | FI.

The conditional covariance row-sum bound and the factor Gram bounds imply

Z Z‘Faﬁ||¢a|2<06 Z |¢a|2

€L, BET €Ly,
2
= OP(Hm,k)‘
Assumption [f] also gives

Z Z ITapl |1/113|2 < Z Z Taplws

OzEZm,k ,BEI OtEIm’k BEI
= OP(EEn,k)'
Weighted Cauchy—Schwarz in therefore yields

1/2
v 1
BT Fl < —— | X Y [Taslldal
mktma \ \e7 | pex
1/2
<[ D0 ) Magl lvsl?
OéEIm,k BGI
Rm,k
_o, (;Z) . (99)
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Define

NyM N,T
bl g + 9
’ NVT —~ NVM
by j = 7\/N + 7\/T
T MNT T MVN
b - YN L VM
YT ryM T TYN
These are exactly
b _ R,k
m,k — .
arm Cma
Combining (96)—(99), using fixed £, | S| = O,(1), and +/do/n < p, gives
I e il = Op(p + bin ). (100)

6. Rate comparisons and conclusion. The higher-order error term in is absorbed

by the same rate:
p? min{v/s,\/d_m} < p+ b k- (101)
To verify this, first suppose d,;, = maxg—1,2,3 d,. Since s < 3d,, and n = (N/G)dnd_m,

3dmr/d_m G
PPV < = <3y [ <3p.

Otherwise, one of the other two modes attains the largest dimension, so
3/2
s 3v3
p2 s=— < i Z d2/2 < 3\/§bm,k.
n n
a#Fm

The last inequality follows from the displayed expressions for by, i, using G < N, Ny > 1,
and N,M,T > 1.

Equations (91), (95), (100), and (101 imply

|Emeim il < ICESY e

|+ el = Op(p+ b g)-
Combining this with (94), (89), and |X;}|| = O,(1) proves the unified remainder bound

| R | = Op(p + b e + Ko ip™). (102)

For the period block, G < N gives
jon oG+ M+T
WP T NM
_ VN N VM L]
SP\rvm T TN T VUNM )
Since 1//NM < p and p — 0, this term is absorbed into p + bz ;. Similarly,

Wﬁl)

4 2
Ko pt < + +
2P S P (M\/T MVN | VNT
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is absorbed into p + bs ;. Thus (102) yields

VN VM
| Rt Nmr| = Op (P +

JF R
T~VM TN
and

VN VT
| R jnmr] = Op < :

=t —
P MNT  M+N

For the group block, retaining x4 p* gives

NVT N
Finally, suppose N;G/N = Op(1). Then

V/N,MT p* = p? N, G G+\/N7\4+\/m1

A/ N,M N, T
HRu,g,NMTH = Op (p + g + % + \/Wp4> .

N Vn NVT — NVM

= P2 [Op(/’) + bl,g]
= Op(p + bLg).

Hence the group remainder simplifies to

A/ N,M /N,T
| Rug,nmarll = Op (P"’ 4+ . ) .

NVT — NVM

The group-size condition holds when G remains fixed, since N, < N, and when N, =
O,(N/G) for the group under consideration. Together with the exact identity and the
score and regressor identities in Step 1, these bounds establish all three expansions and
the stated remainder rates. The remainder vectors are o,(1) whenever their corresponding
displayed rates tend to zero. O

Theorem (1] (Joint asymptotic normality of the slope and aligned factor errors). Suppose

that Assumptions @ @ @ and @ hold. Let (S,U,V,W) be the global least-squares
estimator defined in Assumption[]l Suppose that

(G + M +T)%?
—NMT . (11)

Let bs = by + by + b3, and use the limiting matrices and vectors defined in Assumption [0
The estimated factors are expressed in the true-factor column labeling and sign orienta-
tion. Specifically, among the equivalent least-squares triples

(UTSy S, VIS, WIILS,),

where IIy ranges over £ x { permutation matrices and S,, S, range over diagonal matrices
with entries in {—1,1}, choose a representative minimizing

1 - 1. .
MHVHZSU -Viz+ THWHsz - W]

Retain the hat notation for the selected representative, and define H,,, H,, H,, from it as in
Proposition[4 The followings hold.
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1. (Identity limits of the alignment matrices.)
The matrices H,, H,,, Hy, are nonsingular with probability approaching one and satisfy

Hy® 1,  Hy 51,  Hy® I
2. (Slope central limit theorem.)
The slope estimator satisfies

NMT (6 —8) % N(~T5 b5, T;1Q,T51).

3. (Joint fixed-index central limit theorem.)
Fiz an admissible triple (g,7,t) and suppose additionally that

N+ M 0 N+T 0 7VJV9(]W+T) 20 (12)
T/NM ’ M+/NT ’ NV/MT )
Let -
Cug = +/Tyg Q%g.

Then the aligned factor errors satisfy

N, MT ity — Hyu,)
vV NT(IA}j — HUUJ') d

NM (i, — Hywy) | N (ot AgitZaieAgse) (13)
VNMT(5 — 6)
where
——1 =1 _ —_
Lyw 01 0 —SywCugls? EV;,C’uygl“glba
o
.Agjt = 0 uw 791 0 » Hgjt = o
0 0 ZUV 0 Ofl
0 0 0 ryt L

For completeness, define
Vg = Sviw | T2 + Cu oI5 1QT51CL = 2,15 Cl = CugT5 2, |50
ug = 2yw|lg +Cugls 3zl 0y g =29zl 5 Cuy wgls =gz |HVW>
=1 =1
Vi = ZUWF}WEUW»
Vas = Spv T gy
The marginal fixed-index limits are
— 1 _1
(EVWngFé bs, Vuy)a

N
VNT(d; — Hyv;) % N(0,V,), (14)
d
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Proof. Write

n=NMT, s=G+M+T, ,0—\/;7 y=46-34, 0 =0nmur = V/n.
n

Assumption [} implies p — 0. Throughout, the estimated factors are represented using the
column matching and compensating signs specified in the theorem. All inverse expressions
are evaluated on events whose probabilities tend to one and may be extended arbitrarily
elsewhere.

1. Identity limits of the alignment matrices. Introduce the normalized grouped
factors
D'D)Y?2U 1% W
= D(D'D)~Y2, A=(7, Ay = —— Ag =
®@p (D'D) 1 i 2 3

with estimated counterparts A,

Lemma [I] supplies an equivalent signed-permuted representative whose sum of squared
normalized V- and W-errors is O,(p?). The representative specified in the theorem mini-
mizes this sum over the same finite collection. Therefore,

| A2 — Ao||% + | A5 — As3 = O,(p%),

and hence R R
|A2 — Az|F + [As — As|F = Op(p).

The minimum is well defined because the collection is finite, and the stated tie-breaking rule
defines a particular representative.

Let II and II denote the true and estimated common-component tensors. Define their
normalized grouped vectors by

1 1 2
po = —= vec(Il x1 @), p = —=vec(ll x1 Qp), h=p—po.
NG Vn

Also, put
Cy = Ay x Ag, Cy = A; = As, C3 = A+ Ay,

and define C, analogously. The factor-alignment rate in Lemma the bounded normalized
factor norms, and trilinearity imply the common-component rate

X — 11
An

The equality follows because Q,Qp = I and the first-mode fibers of both common com-
ponents belong to col(D). The common-component difference is unchanged by the choice
of signed-permuted representative.

The true and estimated columns of A; and Az have unit norm. Expanding the Khatri—
Rao difference gives

[hl = = Op(p)-

élfclz(AQ*AQ)*A3+A2*(A37A3),

SO
|C1 = Cillp < [|A2 — A2|F + [As — As]r = Op(p).
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On the strong-factor event,

omin(C1) = co.
Consequently, O'min(él) is bounded away from zero with probability approaching one, and
1

6’1(0161)71” = oomn(C) = Op(1).

As in the preceding proofs, h(;) denotes the mode-1 matricization of the tensor reshape
of h. Since

hay = A Cf — A, 01,
we have the exact identity
A - A = [hu) + A (Cr - 01)/] Ci(CiCr)
The preceding bounds and |A4;| = O,(1) imply
|41 = Al = Oy(p).
Expanding the other two Khatri-Rao differences in the same way therefore gives

3 3
Z HAm —Anl|r = Op(p)a Z ICm — Crllr = Op(p)- (103)

m=1 m=1

The strong-factor bounds imply that the singular values of each C,, are bounded above and
away from zero. Hence

. )
Jmax 1G]+ 1(CCa) T} = Op().

Writing (H1, Ha, Hs) = (Hy, Hy, Hy), the definitions in Proposition become
Hy = (C1,Cr) ' CrCry m=1,2,3.

The scalar normalizations and isometric group embeddings cancel from these projection
coefficients. Thus

Hy — Iy = (Ch,C) L Ch (Cr — Ciny).
Equation (103]) implies
3
| Hy — I = Oy(p).

m=1

Because p — 0, the event

1
i VA — el < 3

m=1
has probability tending to one. On this event, every H,, is nonsingular, |H,!| < 2, and
H'—I,=—H, (H, — ).

Therefore,

3
2 UHm =Ll + [Hy = L} = Oy(p). (104)

m=1

This proves part (i) without imposing any alignment-limit condition in Assumption @
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2. Slope linearization and marginal limit. Proposition [I] gives
$3/2
'nyurt = Znvpr —Br — B2 — B3 + O, (p-ﬁ-n).

The remainder is o,(1) by and p — 0. Assumption |§| implies

3
Znmr = Op(1), Z By = bs,  Tyhr = T5t

m=1

Consequently,
0 =T5 (Znmr — bs) + 0p(1) = O,(1). (105)

The marginal score CLT in Assumption [6] gives
Znar 5 N(0,9Qz).
The continuous mapping theorem and Slutsky’s theorem therefore imply
0% (=T s, T;10,T50).
This proves part (ii), without using .

3. Fixed-index linearizations and removal of the inverse alignments. Fix an
admissible triple (g,j,¢) and impose (12). Define

_VNWM+T)  NM /N, T
Gwon = TN AT NNT | NV
_ N+T VN VT
Gon = UVNT  MNYT | MYN
_N+M VN VM
Gon = TUNM TN TN

Proposition [2] gives

[ Rug,nmr|l = Op (P + Qugn + A/ NgMT P4> )
IRy jnmr| = Op(p + avn),
HRw,t,NMTH = OP(P + Quw,n)-

The three quantities ay g n, Gy n, Gw,n tend to zero under (12). Moreover, N, < N implies

$3/2

VNMT pt < y/npt = p=— = o(p).

Hence
| R g narrll + | Ry j N | + | Rt narr|| = 0p(1). (106)

In particular, no additional condition on N,G/N is needed.
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The first two conditions in imply T'— o0 and M — o0, respectively, because

N+M _ 2 N+T _ 2
TvVNM ~ T’ M+NT =~ M’

Define the effective slope coefficients

| N, 1 1
Cu,g,n = WgQu,gy Cv,j,n = WQU,]H Cw,t,n = ﬁ@w,t-

The group-share and group cross-moment limits in Assumption [6 together with continuity
of the square-root function on [0, 1], give

» _
Cu,gn = \/Tg Qu7g = Clu,g-

For the other two modes, the boundedness assumptions @, ; = Op(1) and Q.+ = O,(1),
together with M, T — oo, imply

Cuugan ﬂ) Cu».‘]’ C’U,j,’ﬂ = Op(]')7 Cwutgn = OP(]')' (]‘07)

Since 6 = O,(1) by (L05), the teacher and period slope-estimation contributions are o,(1),
while the group contribution need not vanish.
Put . . .
Du = EVW’ D’L) = EUW7 Du) = EU‘/') D5 = ]_—‘5_17

and define the inverse-alignment-adjusted errors
Cugn = A/ NgMT qul({’«g — Hyuy),
Gogon = VNT Hy ' (05 — Hyvy),
Cw,t,n =VvNM Hgl(ﬁ)t - wat)-
Proposition [2] gives
Cu,g.n = 2\_/%4/ [Su.g = Cugnfl + Rug Nmr,
Cv,j,n = 25%}[} [Sv,j - Cv,j,ne] + Rv,j,NMT7
Cw,t,n = EE%/ [Sw,t - C’w,t,ne] + Rw,t,NMT-
The joint score CLT implies that the three loading scores and Zy;r are jointly bounded
in probability. The loading Gram limits, (106)), and (107) therefore imply
Cugm = Du[Su,g = Cug0] + 0p(1),
Cojn = DuSu,j + 0p(1),
Cw,t,n = Dwa,t + Op(l)-
For the group block, replacing Cy, 4.n by Cy 4 is valid because
(Cu,gn — Curg)l = 0p(1).
Substituting (105]) into the group expansion gives
Cuygin = Du [Su,g = Cu,gDs(Znmr — bs)] + 0p(1),
Cogin = DuSyj + 0p(1), (108)
Cw,t,n = Dwa,t + Op(]-)-
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These three vectors are jointly O,(1). Thus (104) gives
NgMT (g — Hytg) = Cu,gon = (Hu — 1e)Cu,g,n = 0p(1),
VNT(0; — Hyvj) = Cujm = (Ho = 1e)Cu jin = 0p(1),
\% NM(wt - wat) - gw,t,n = (Hw - [Z)Cw,t,n = Op(l)-

Consequently, (108) remains valid without the premultiplying inverse alignment matrices.
This proves

N =1 _
NgMT (g — Hyug) = Sy [Su.g — Cugls ' (Znmr — bs)] + 0p(1),
. =1
VNT (95 — Hyvj) = SywSe,; + op(1),
VNM (i, — Hywr) = Spy S + 0p(1).

The finite-sample alignment matrices remain inside the centers throughout this argu-
ment. For example, replacing H,ug by uy would additionally require

NyMT(H, — Iy)ug = op(1),
which does not follow from (104 alone. No such replacement is made here.
4. Joint Gaussian limit and marginal covariance matrices. Define the score and
estimator stacks

S N,MT(ty — Hyug)

u7g
S = S’u,j L — vV NT(’[A}j — HU’UJ')
" Swit | " VN M (i — Hypw)
ZNMT 0

Equations (105) and ([108]), together with the preceding removal of the inverse alignment
matrices, give
L, = AgjtSn + pgjt + Op(l),

where Agj; and pg5; are the deterministic matrix and vector specified in the theorem. In
particular,

Du [Su,g - Cu,gDé(ZNMT - b&)] = DuSu,g - DuCu,gDJZNMT + DuCu,gDébé'

Thus the group-loading mean has the displayed plus sign, while the slope mean is —Djbs.
Neither mean vector is asserted to have componentwise positive or negative entries.
Assumption [f] gives

Sy 5 N(0,Sg0)-

The continuous mapping theorem and Slutsky’s theorem therefore imply

Ln = N(/‘gjta AgitXgjr A, ) :

gjt

This proves (13). The stack with the first three blocks premultiplied by H, ', H, !, H 1
differs from L,, by o0,(1) and therefore has the same joint limit.
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To obtain the marginal covariance formulas, let
b ~ N(O, Zth)

The random part of the group-loading limit is
D, (S0 — Cy,¢DsZ%).

Since
Var(S;”) =T, Var(Z%*) = Qyg, Cov(Sy,Z*) = Eyz,

and D,,, Ds are symmetric, its covariance is

WﬂDA&f—Qwﬁﬂmﬂ=D%Qw+CWDJQDJ%J—EﬂDﬂ%&—Qwﬂﬁﬁp%
= V.

Its mean is D,,Cy, ¢Dsbs. The teacher and period limits are D, S;° and D,, S, respectively,
so their means are zero and their covariance matrices are

D,TYD, =V, j,  DyT"Dy = Vi

These calculations establish . All cross-covariance blocks in Assumption |§| remain rep-

resented in the full covariance matrix AgﬁzgﬁA’gﬁ; none is assumed to vanish.

Finally, Agj; is invertible because it is block upper triangular with invertible diagonal
blocks. Therefore,
rank(Agthgth’gjt) = rank(Xg;¢).
The joint limiting distribution may thus be degenerate when Xy, is singular. This does not
affect the asserted convergence in distribution. All applications of the score CLT and the
fixed-index expansions concern the selected triple (g, j, ), so the conclusions are pointwise,
as stated. O

Proposition Suppose that Assumptions @ @ and hold. Suppose also that E[eqep |
F| =0 for all distinct a,be Z. The true factor rows satisfy

18 s 1T E TGS,
% 2 Nolugl* + = gl + 7 3 el = 0,(1)
g=1 j=1 t=1
and the group sizes satisfies
G
1 G?
il = ). 1

g=1""

Let T be the tangent space defined in @ evaluated at the true parameters (U, V,W) and let
T'nyr and Znpr be as defined in Proposition . Set U = (D’D)l/QTj and

(ﬁlvﬁ%ﬁiﬁ) = ((L},V,VAV), (61,62,63) = (V*W’(/j*ﬁ/?ﬁ*f/)
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Let Qg, m = 1,2,3, be data-based estimators of the conditional covariance defined in ,
of dimensions MT x MT, GT x GT, and GM x GM , respectively. Define

~ 1 ~” o~ A ~ A ~ A
Bp = ——— X4y P+QKE, vec (Fm(F’ F) N (C Co) O Q8 M ) m=1,2,3.
VNMT W T m m m mtmMe,

The bias-corrected estimator 51)0 is defined as

o o 1
Obe =0 + By + By + Bs) o Tvur = 77 Xy MsX(y)

1 ~
P At
T v ( NMT

Then, we have

. |G+ M+T (G+M+T)>?
FNMTVNMT((st —5) = ZNMT -I-Op ( NMT + ( NMT ) > . (17)

Proof. Write n = NMT, s =G+ M+T, p=+/s/n, and v = §—34. Assumptionimplies

p — 0. Let e = vec(F) and é = vec(F), and put

3 3
Byyr =Y. Bm,  Byur =), Bu.
m=1

m=1

We use the signed-permutation-aligned estimates supplied by Lemma [I} These relabelings
leave the fitted common component, the slope estimate, and the displayed bias formulas
unchanged. Unless a weighted norm or operator norm is specified, matrix norms below are
Frobenius norms. The conditional inequalities are applied on the covariance-bound events
from Assumption [3] whose probabilities approach one.

Step 1: Normalized coordinates and preliminary bounds. Put (dy,ds,ds) = (G, M, T)
and define

. 1
pi(g) = N pa(j) = i ps(t) = 7 =1 ® po ® p3.

For a probability-weight vector v, write D, = diag(v). For a matrix B with rows b, define

1/«
av = (Z V(q)bq|§“> , o

q

|B 1.

\%

For a square matrix P, write

P
HP”4,1/~>4,V = Su H ZH4.,1/
240 |2

|4,V .

All weights are positive because D has full column rank.
Let
(B1, B2, Bs) = (U,V,W),  Ap = D}/’B,.
Thus

/ 1/2
P o) T T L



For complementary modes a < b, put
B—m = Ba * Bba H—m = Ha ®Nba Lm = Aa * Ab = D}/_%,,B—m

Here L,, denotes a normalized pair matrix, whereas the matrices C,,, in the proposition are
unnormalized. Define

Gy = A A, =B, D,, By, Jm =L Ly, = Gy © Gy,

and use hats for the estimated counterparts.
Lemma [I] gives

3
D) 1 Am = Al = Op(p)-

Since ¢ is fixed and the normalized factor norms are bounded, expanding the Khatri-Rao
products gives

3
Z |Lm = Lin|F = Op(p)-
m=1
Consequently, R R
G — Grllop + [Jm — Jmllop = Op(p).
Assumption [2 gives ¢oly < G, < ¢11y. Moreover, J,, is a principal submatrix of G, ® Gy,
SO
2 2
COIg <Jn =< leg.

The true and estimated Gram inverses are therefore O, (1) in operator norm, and the inverse
identity gives . R

16t = Gotllop + 17" = Tt lop = O(p). (109)

Write (Hy, Ho, H3) = (H,, H,, H,,) and define
H' =L LnJ;' A=Ay — AnH. .

Since

Hv/n - IZ = (Lm - Lm)/LmJ_17

m

we obtain

D Ho = Ielop + Y [Am] = Op(p)-

m

The conditional regressor fourth-moment bound implies

Xl
X il = 01, =085 = 0y(1)

1
n ~=
©,J,t

Assumption (3| implies |E[ee’ | F]|op < ce on its covariance-bound event. Hence
c c
El|Zwarl | F] < X Mrl% < 1013,

and conditional Markov’s inequality gives Zyayr = Op(1).
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Every CP tangent variation is annihilated by Mpy«y ® My : variations in U or V are
annihilated by My, and variations in W are annihilated by Mp4y. Thus

M7 > Mpysv @ Mw .

Assumption ' evaluated at the true factors, consequently gives Amin(Cnvarr) = ¢5 with
probability approaching one. Proposition I 1fand Byayr = Op(s/y/n) now imply

3/2
- -2, 5 P L5
e = 0p (n¥2 4 24 Lo 20
= 0p(n™2 + p?) = Oy (p).
Here p/y/n = v/s5/n < s/n and 53/2/n%? = p3 < p? eventually. No additional condition on

s3/2 /n is needed for this preliminary bound.

Step 2: Fourth moments of factor errors and residual squares. Define the source
slices

IO ={G,jt)eT:g@) =g}, T0={G.,t)eT:j =35}, LTV ={(i,jt)el ¢ =t}

Their cardinalities are NyMT, NT, and N M, respectively. Let S be any member of {L(m)
m=1,2,3, 1 <r<dp},andlet L =} _obye, for F-measurable scalar coefficients. Since
52 < RP, Assumption [3 yields

2
Var(L* | F) <y Y, b2b} = ca (Z bi) ,

a,beS aesS

while its second-order bound gives E[L? | ] < ¢ X, b2. Therefore,

2
E[L* | F] < (ca + ¢2) (Z bi) : (110)

aes
In particular, taking a single nonzero coefficient gives a uniform conditional bound on E[£? |
F]. Conditional Markov’s inequality implies

IS =0, lela= 0, e@ely = O(v) (111)

Let Qp = D(D'D)™'2, EY = E x1 Q, and X = (X x4v') x1 Q. Constraint
inactivity gives the unrestricted block equations

1 :a
%(EG—XS)(m)LmJ L

For complementary modes a < b, expand

A'm =

Ly, = (A ®Ab)(H/ *Hb) + Ry

where

Rm = A(L * (AbH[g) + (Ach,L) * Ab + A(1, * Abv HRmHF = Op(p)'
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Define the true-factor score vectors
1
Ao = Foarr 2 X cwe (v @),
g irg(i)=g 3"t

1
22,5 = NT Z Eijt’(ug(i) %) wt/),

it
1
4= N Zgij’t(ug(i) ®vjr).
.3’
Let Zj;, have rows (z;, ,.)’. The normalized Gram bounds imply that the squared coefficient

norms of each scalar score coordinate are bounded by constants times (N,MT)~!, (NT)~1,
and (NM)~1!, respectively. Equation (110)) therefore gives

_<¢
(N, MT)2

C
(NT)?’

C
(NM)?

E[]l25 42 | F] < E[]l=5,]3 | F1 < Ef]l=5,03 | 71 <

Writing Hy = g Ng L the corresponding weighted averages satisfy

CNHy
ElIZ54,, | F) < =5,

CM?
ElI1Z51,, | ) < =y

CT?
E[I1Z5] ., | F) < =

By and conditional Markov’s inequality,

d
HZ’anélvﬂrn = Op ( ,;Ln) ‘

Undoing the normalizations in the block equations gives the exact decomposition
D2 Ay = Z5,(H, » Hy)J ' + Efy = X,

where . 1
R _ —1/2 G 51 _ —1/2/yG S|
ER = %D#m/ EGyRmdy's X = %D#m/ (XY () L T
The first contribution has weighted fourth norm O,(y/dm/n), since its right multiplier is
bounded in operator norm.
For the adaptive error contribution, define
|Eg..|

_ g, F _ HEC,Y;,|F _ HE(,;,t|F

Mo = N T TUNT 0 T UNM

Rowwise Cauchy—Schwarz gives

(Enli)n:”2 < HJnZlHoPHRmHFWm,r‘
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Equation (110), applied to ES, = Ng_l/2 Digli)=g Eijt, Bives E[|ES,|* | F] < C. Using

(ZkK=1 e2)? < K Ziil e} within each grouped-error slice therefore yields

| cu
E [Z p (@i | F| < TN <C,
g

1
E lM;n;{j | F| <C(G/N)? <,

1 -
E sztjng{t | F| <C(G/N)* <C.

Here N, > 1 implies Hy < G < N. Consequently,

1/4
VER i < 1T op [ R [ (Z um(r)nfn,r> = Op(p)-

This deterministic bound permits R,, to depend on the errors.
For the regressor contribution, source-slice Cauchy—Schwarz and |L,,J,, |op = Op(1)
give a common Ky = Op(1) such that

1/2

1
IX0)rilz < Ensrlle | —g 2 2al3
|IT | anﬁm)
For modes 2 and 3, the grouped contraction cannot increase the source-slice Euclidean

norm; for mode 1, the same statement follows directly from Cauchy-Schwarz over the N,
observations. Raising the bound to the fourth power and applying Jensen’s inequality gives

fim (1) 1
I X0 < Kner 712 ) g 250 7allz = Kxarrlla— 3 lzallz.
r |I7‘ ‘ m "
aeI,(. )

Thus | X7, ll40,, = Op(l7]2) = Op(p).
Combining the three contributions gives

”Dil/ZAm H4,um = Op(P)-

IJ/’VTL
Since .
By, — By, = D;,}l/ZAm + B’m(H;n - I@)v
the assumed true-factor fourth moments and the alignment bounds imply

3 3
2 1B = Bl = Op(p), 2 (IBullapm + [Bimllau) = Op(1). (112)
m=1

m=1
Now let h;;; = x;jtv + i — Tijt, SO €45t = E€45¢ — hyje. For scalar column vectors on
separate modes, their weighted tensor fourth norm is the product of their mode-specific
fourth norms. For each k, use the exact expansion
UgkVjkWen — UghVjpWik = (Ugk — Ugk)VjkWek
+ ugr(Djk — Vjk) Wik

+ ugkvjk(wtk — wtk).
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Equation (112)), fixed ¢, and the triangle inequality imply

. 1/4
<n D Ifije — Wijt4> = Op(p).

1,55t

The raw observation average equals the product-weighted grouped average because the
common-component error depends on ¢ only through g(7). Also,

) 1/4 ) 1/4
<n )y |x;m|4> < Il (n ) |zm|3) = 0,(0).

iyt it
Consequently, identifying h with its vectorization,

[Bla = Op(n**p),  le@hla < [elallhs = Op(v/5),  [R@ A2 =[] = Op(s/v/n).
Usingé®@é—e®e=—-2eOh+h®h gives

feoi—coels=0, (vs+ (13)

5
vn):
Step 3: Tangent projectors and projected regressors. For a full-column-rank matrix
B and probability weights v, put Gg = B'D, B and

P}, = BGZ'B'D,.

This is the column-space projector for the weighted inner product induced by D,. Hélder’s
inequality gives
| Py

|4,VH4,V < HB 4,V|GJ_3’1HOPHB“4/3,V~ (114)

If |B = Bls, = Op(p), the true and estimated fourth norms are O,(1), and the Gram

);
inverses are bounded, then |Gp — Gglop = Op(p) and [G5' — G5 op = Op(p). The exact
expansion

Pt —Pj = (B-B)G;'B'D,
+ B(Gz' - GzHB'D,
+BGZ (B - B)'D,
and |B — Blys,, < | B — B, imply

| P — Pp

14,040 = Op(p). (115)

Define
Py, = B,G.'B.. D, , P.,.=B_ ,J,'B D

m— H—m?

with analogous estimated projectors. The rowwise inequality [[b, ©bpll2 < [|ba|2]bs /2 implies
dippem = Op(]‘)'
Expanding B.,,—B_,, = (Ba — B,) * By + By * (Bb — By) also gives

|B-m = B-mlau_. = Oplp).

HB_m“47/1’—7n + HB—m
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Thus the mode and pair projectors have bounded weighted fourth-norm operator norms,
and their estimated-minus-true differences have order O,(p).

Let Ry select the canonical coordinates (r, k, k), (k,r, k), and (k, k, r) in R?, with dupli-
cates removed. It has ro = 3¢2 — 2¢ orthonormal columns. Define

® = (B; ® B2 ® Bs)Ry, Geore = 9D, ® = R)(G1 ® G2 ® G3) Ry.
The normalized Gram bounds imply
s < Geore < Ci .
The product weights and the telescoping expansion of the full Kronecker product give
14+ [®la = Op(1), @~ @lau = Op(p).

Equations (114) and (L15) therefore apply to the core projectors Py and Py
The weighted projector onto the grouped physical tangent space has the orthogonal
decomposition

3
Pp = 3 K [(a, — Pr) ® P ](KE,) + Py (116)
m=1
Indeed, split each mode variation into its weighted projection onto col(B,,) and its orthog-
onal complement. The complementary variations generate col(B,,)#m ® col(B_,,). These
three spaces are mutually orthogonal and orthogonal to the core space. The remaining
variations generate col(®), since their coefficient coordinates are exactly those selected by
Ry.
Applying a projector to each complementary slice and summing the fourth powers shows
that tensor extensions preserve the weighted fourth-norm bounds. Expanding each tensor-
product projector difference in (116]) consequently gives

|Pr

|4,MH4,M + HP; 4p—d,pn = Op(1>v HP# - P7}£| 4,p—d,p = Op(P)- (117)

We also need the Euclidean projector bound. In normalized grouped coordinates, the
same tangent decomposition uses A,,, L;,, and the core matrix ¥ = (4; ® A2 ® A3)Ry. All
these matrices have bounded norms, Gram matrices bounded away from singularity, and
Frobenius perturbations O,(p). The ordinary column-projector expansion therefore gives
an Op(p) operator-norm perturbation for each component and hence for their sum. Writing
Q = Qp®Iy @I, the original tangent projectors are obtained by the isometric embedding
Q. Consequently,

1P3 = Prllop = Op(p)- (118)

This argument uses normalized coordinates directly.
Let X¢ € REMT*P have rows 7/ ., where T,j; = N;l Zi:g(i):g Z;jt, and put

gjt»
_ pkyG Y _ pkyvG
X—PTX, X—P%X.

Jensen’s inequality gives

. 1
X5 < D lzigelz = Op(1).

55t
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Since the projections act columnwise and p is fixed, (117]) implies
1€ 4 + [ X4 = Op(1), X = Xla = Op(p)- (119)
The relation between physical and normalized grouped coordinates is

Q'PrX(y =vnD}*X,  QP;X|, =/nDJ*X. (120)

Step 4: Exact bias coefficients and coefficient rates. Write 0], ,. for row r of B,
and ¢}, , for row g of B_,,. Let &, be the row of & at source index r and complementary
index q. Define

Zinig = Dt ()b sy g € RO,

Let Z,, € R¥%®*% have row ¢ equal to vec(Zy. 4)s put T = (Ia,d, — P-m)Zm, and let T, ,
denote the £ x p reshaping of row ¢. Define

_ —1 7—1
km,q - Tm,qu Jm Cm,q>

and let K, have rows k;n ¢ Define estimated quantities by replacing the factors, projected
regressors, Grams, and projectors with their estimated counterparts.
Holder’s inequality in the source weights gives

| Zm

A, S HBm||4/3,um HX |4,u = Op(1)~

The blockwise identity

Zm,q - Zm,q = Zﬂm(r) (Z;m,r - bm,T)é':*,q + ZMm(T)bm,r(ér,q - ér,q)/

and (112) and (119) give |Zm — Zn|

T =T = (I = P_yp)(Zyn = Zn) — (Ppp — Py)) Zom,

apu_,, = Op(p). The pair-projector bounds and

then imply

”Tm |4,u7m + HTml dpiom = Op(1)7 HTm - Tm||4,u7m = Op(P)-

Holder’s inequality for the product of two weighted fourth-norm matrices gives

HKm dipimm = Op(l)-

20 < NG i lop [ Ton|

B_m

dip—m

Expanding k,, , — km.q one factor at a time, keeping the inverse-Gram order G;,'J;;!, and
using (109) gives
| Ko

|2a/"477n + Hkm| 2, —m = O;D(l)7 Hkm - Km”z#//f'm = Op(p) (121)

To identify the bias coefficients exactly, note the unnormalized scalings
(Fla F27F3) = ((77 ‘/7 W) = (\/NAla Vv MA27 \/TA3)7

and
(C1,C5,C3) = (V«W,U*W,U*V)=(MTL,VNTLy,VNMLS3).
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Thus the matrix inside the mode-m bias formula is

1
— A, GYI L Q% M, .
\/ﬁ m m m m Lm

le a regressor coordinate r, and let ey ) be the rth canonlcal basis vector of RP. Let
m ) unfold the grouped tensor with entries +/u(g, J,t f gjt- Let Zr(rf) have row ¢ equal to

(Zm, qu )) and define T7(n) analogously. Then
(YA A = D)2 Z5), My, Dy = D\? (I-P-p).
Equation (120]) and cyclicity of the trace give
1
B = T ((Y,ﬁlr))’AmG;ljgllL;lQﬁMLm)
1
— — (DY TG iR D2 QG>
\/7 ( H—m =M m m —m H—m m

\FEM QG)qqk(T,)q'

The last equality uses conditional uncorrelatedness, which makes Q¢ diagonal. Stacking
coordinates, and repeating the calculation for estimated quantities, gives

. 1 ST
B Z,U—m )qqkm,qv B, = 7ZU—TrL(Q)(Qm)qqkm,q-
~n Vil

Put 02 = E[¢2 | F] and agf = N;? Digli)=g 03 Under conditional uncorrelatedness,

( (J»t) (45t) Zag]t7 (Q (9:t),(g,t) = Zoggtv (Q (9,3),(9,3) Zag]t

Substituting these formulas and the residual-based estimators in yields the exact rep-
resentations R .
Bm = Z)\m,aaga Bm = Z A’m,aég7
a a

where

N M T
N iuans i = oapkagmn, At = 55k 6.0

Aijt =
oy

The estimated coefficients replace k.4 by Em.q-
Let L,, € R™*? have rows A/

m,a’

and define £,,, similarly. Direct summation gives

NHN M? , T?

1L0F = =5 1K B psger 12l = 5 1K2 B e 1Lsl7 = 5 K515 000

The same identities apply to estimated coefficients and their differences. Equations (16
and (121)) consequently imply

|Lolle + Ll r = Op(dm/n),  |Lm — L]k = Op(dmp/n). (122)

135



2

Step 5: The bias-estimation rate. Let ¢ have entries ¢, = €2 —02. The exact coefficient

representations give
By — B = LLq+ (Lon — L) (e@e) + L, (EQE—e@e).
The true coefficients are F-measurable. Since all diagonal pairs (a,a) belong to RP, As-

sumption [3] implies
Var (Z )\sr’;?aqa | f) < 042 |)\$r’;?a|2.

a

Conditional Chebyshev’s inequality and fixed p therefore give
1£5.4l2 = Op(dm/n).
For the other terms, deterministic Cauchy—Schwarz inequalities, (111]), (113)), and (122 give
(L — L) (e@e)2 < [Lm — L] rleOelz = Op(dmp/\/ﬁ)

and

~ ~ ~ r 2) o dm dm
E%@@e—e@@bé”ﬁnFWQe_ede:Op( ;@ s>'

+

ny/n
No independence involving the estimated coefficients is used. Summing over modes and
using >, dp, = s gives

~ s s3/? 2

Because s/n = p?, s?/n%? = ps*?/n, and p — 0, this proves

R , 2 $3/2

BNyt — Byur = 0, (p + n) =0, (p + n) . (123)
Step 6: The bias-corrected expansion. Equation (118) and | X4 |2 /n = Op(1) imply

A 1 X 4y ll3p
ITNvr —Tnmrfop < THP% — Prllop = Op(p).
The lower eigenvalue bound established in Step 1 therefore gives

H]'—‘NllbITHOP = Op(l)a ”FNMTPJ_VlMT - Ip”Op = OP(P)'

All inverses are well defined with probability approaching one; the estimator may be ex-
tended arbitrarily outside that event.
Let Rymr = Op(p + %2 /n) denote the remainder in Proposition [1} Substituting the
definition of Jy. into that expansion gives
T v v/n(0ve — 8) = Znmr + Ry
+ (Cnmr T Ny — L) By

+ FNMTf&lMT(éNMT — ByumT)-
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Since Byt = Op(S/\/ﬁ)7
(FNMTFNMT 1) Bnur = Op(ps/v/n) = Op(s*?/n).

The last term is O,(p + s%2/n) by (123). Consequently,

. G+M+T (G+M+T)3?
F1\”\/1T\/m(5bc—5):ZNMT-FOP( _|_( ) >7

NMT NMT

which proves . O

B Proofs for Section [6] (Selecting the Number of Inter-
active Components)

Proposition 4 l Consistency of the information criterion). Suppose that Assumptions l @,
@ and@ hold, with the true-factor restrictions evaluated at rank fy. Let Lmax be fived, with
<y < lmax, and define v by . If the positive deterministic penalty satisfies

NMT

N,M,T) — s
g(va 7) 07 G+M+T

g(G7 N7 M7 T) - w? (19)
then, along the asymptotic sequence in Assumption [, we have
P{l = (5} — 1.

Proof. Let g, = g(G, N, M, T). Retain the notation

5 X9
n=NMT, s=G+M+T, p=l—, X =—=
n Jn
and define
E 2
e = vec(E), Vg = %, Qp = D(D'D)~'/2, E¢ = E x1 Q).

Vector norms are Euclidean norms, matrix norms without subscripts are operator norms,
and | E| denotes the tensor spectral norm. The asymptotic framework gives

2 _ L + L + — 0
PP NMT " NT T NM
Assumption [2| and Lemma i) imply
_1Xle | X el
IX]l T Op(1),  [Xe| = Vo =0,(1),  |EY| = 0p(V5). (124)

Only the conditional mean-zero and second-order covariance restrictions in Assumption [3]
are used in this proof.
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1. A uniform criterion bound. For an arbitrary candidate rank 0 < £ < #yyax and an
admissible pair (4, 1I), define
_|R|F
r= )
vn

Here R is the displacement of the fitted conditional mean from the true conditional mean.
Consequently,

725_507 Al_[:r[_l_[[), R:XX4’}/—|—AH7

Y —X x40 —TI=E—R.

For ¢ > 1, choose any admissible representation of II with candidate factors ((7 , ‘7, W),
and put
My v = Mpg.p ® Mw,.

For ¢ = 0, use My » = INnm ® Myy,. This is an orthogonal projector. It annihilates vec(IT)
because the candidate mode-3 matricization satisfies

M) — (DT 7).
and it annihilates vec(Ily) because
Iy, (3) = Wo(DUp = Vo).

Therefore,
Mﬁ,V vec(R) = Mﬁ,VXE4)7'

On the identification event in Assumption [7]
2t Mg 5 vec(R)H2
n ;
— ' [XMg X' |4
> Crank |7

This inequality is uniform over all candidate ranks and admissible representations. Hence

—1/2
7l < et
Also,
|Anlr _ IBlF | [X x4v|F
NN NG
=7+ X
<7+ X[zl
Consequently,
<l I2nle =1+ el IXlF = 0,(1 125
H’Y” = Crank r, \/ﬁ X AnT, an 1= + Crank ” ”F - p( ) ( )

The same random bound a,, applies to every candidate.
We next establish a deterministic error-contraction bound. Let

L=V + 4.
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The difference Ay admits a grouped CP representation with at most £ + ¢y < L terms. We

claim that
KE, Anyr| < LIEC|| Al p. (126)

To verify this, define the grouped tensor difference
Ag = AH X1 QID
Because the first-mode fibers of Ap belong to col(D) = col(@Qp) and QpQp = Ig,
(E,Amyr = (EY Af)r,  [Af]F = [An]e.
For Ay # 0, choose a representation of A§ with at most L terms. Let
O1 ERGXTI, OzeRMxrg
be orthonormal bases of the spans of its first-mode and second-mode factor vectors. Then
0/101 = 17"17 0/202 = I‘I'za 1,72 < La

and
(Af)3) = (Af)(3)(01 ® 02)(01 ® 0)'.

If 01,4 and o3 are columns of O; and Oy, respectively, then
HEg)(OLa ® OQ’b)H = sup |<EG, 01,4002 0 w>F‘

lw]=1

< |E“].
Since there are r179 such columns,
|EG) (01 ® O3)|p < /rir2 | EC.

Using the displayed support identity and Cauchy—Schwarz,

KB, Anyr| = [(EG)(01©02), (8§)(5)(01©02) ) |
< |EG)(01® 02)|p[(AF) 3)(01 ® Os) |
Vrirs |[EC|| A F

<
< LIEC|| Al

The bound is immediate when Ap; = 0. Thus holds for every realization and every
admissible candidate. In particular, it applies to data-dependent candidate factors without
conditioning on them, and it does not require candidate factor matrices to satisfy strong-
factor lower bounds.
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Since Y = X x4 4} + Iy + E, equations (125]) and (126) give

1 ~ 2
—Y = X x4 O —T||3 Vg =1 — —(B, R)r

2 2L
> 2 — _|y|[|Xe| — = EC|A
T \/ﬁHvHH ef - IEZ || Al
27‘2—bnr

I
N

=

|
| &
SN—
®

|

—=b2 (127)

where

2112 2La
bn _ rank X n
P xef 4 2

|ESI.

By (124), fixed L, and n='/2 < p,
bn=0p(p),  bn=0, by =o0p(1).

The criterion inequality holds simultaneously over all candidate ranks and admissible pa-
rameter values on the identification event.

2. Overfitted ranks. For every £ > {;, the true common component Iy belongs to Cé?CU
by zero padding. Evaluating the criterion at (dg, ) therefore gives V(¢) < Vg. Together

with (127)),
1
VE—Zbiévw)éVE, 0= f,

simultaneously on an event whose probability tends to one.
The candidate classes are nested, so V(¢) < V({y) when ¢ > {;. Consequently,

1

It follows that 1
PC(l) = PC(ly) = (£ — Lo)gn — Zbi'

ﬁ_%<”ﬁ—%m.

In dn

The penalty condition gives

Therefore,
PC(¢) > PC(¢y)

with probability approaching one, simultaneously over all overfitted candidate ranks.
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3. Underfitted ranks. On the strong-factor event,
1 1 1
>\min <NU6D,DUO> = Co, >\min (M‘/()I‘/O) = Co, >\min (TW6WO> = Cp.-

For every z € Rfo,

2
1 DU, . Vo '
——|(DUy * Vp)z|* = d —
DU+ Vo)) ‘W s () |
1 1
> D (0D DU ) A (37V5 ) | ding(2)1
> cpll=]*.
Hence
O'min(DUO * Vo) = coVINM, O'min(WO) > /coT.
Since

Iy, (3) = Wo(DUy = V),

the smallest nonzero singular value satisfies
715 (Tl (3)) = anin(Wo) Fanin(DUo * Vo) = €/ *v/n.

Every candidate I € CfCU has rank(II(3)) < ¢. The matrix rank-approximation inequal-
ity therefore gives, for £ < £,

1 1
—|ITT — o||% = =[5y — Ho (5%
-l o7 = M) — o3 Iz

1 EEO 2 (128)
= — Jk(H07(3))
n
k=(+1

= ((0 — E)cg

Combining (125 and (128)), every admissible candidate at rank ¢ < ¢ satisfies

r= o Ton i= 08/2\2607—8'
n
Because a, = Op(1) and b, = 0,(1),
anbyn, = 0p(1).
In particular, with probability approaching one,
by, < %Zg’n

simultaneously for every ¢ < £y. On this event, r > r, , implies b, < r/2, and (127) gives
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Taking the minimum over all admissible candidates at rank ¢, and using V(¢y) < Vg, yields

(fo —O)cp
202

V(E) — V(go) = <y,

simultaneously with probability approaching one.
Therefore,
PC(l) — PC(ly) = V(£) — V(o) — (bo — £)gn

o
= t0=0 (35 =o1).
The lower bound may be random, but its positivity follows from
apngn = 0p(1),
because a,, = O,(1) and g, — 0. Thus
PC(¢) > PC(4y)

with probability approaching one, simultaneously over all underfitted candidate ranks.
Combining the underfitting and overfitting comparisons over the finite candidate set
gives
P{PC(¢) > PC(¥y) for every £ # £y, 0 < € < lpax} — 1.

On this event, £y is the unique minimizer of the penalized criterion. Hence
P{l = o} — 1.
O

C Proofs for Section [7| (Inclusion of Additive Fixed Ef-
fects)

Lemma [2| (Consistency with group, teacher, and period additive effects). Suppose As-
sumptions [1, [3 [3 and [§ hold. Both the true and candidate additive effects satisfy the
observation-weighted normalizations in . Define the global least-squares estimator by
(21). Then the slope and the interactive component satisfy

. -1 G+M+T
16 5\|+7ﬁ =0, «/7NMT . (24)

The uncentered joint loading spaces satisfy

1 |G+ M+T
WHM{/*W(V*W)HF =0y ( NMT) )
1 |G+ M+T
WHMDU*W(DU*W)HF =0y ( NMT> ) (25)
1 |G+ M+T
W”MDU*V(DU*V)HF =0y ( NMT> .
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Moreover, the additive-effect estimators satisfy

iow—o (L, [ErMiT
- P\WNMT NMT )’
L ing = | S| o Vi AT
VN TR Y g et e e\ NN T NHT ) o
- 6
N SR B (< T s
v T T\ UNT NMT

)

iné—gH—O L, [G+M+T
VT - P\ VNM NMT

Proof. Writen = NMT,s =G+ M+T, and p = 1/s/n. Assumptiongives p—0. Let A
and A denote the true and estimated additive-effect tensors. All stochastic bounds involving
conditional covariances are understood on the events in Assumption [3] whose probabilities
tend to one, with localization for random coefficient norms. Only the conditional mean-zero
and second-order covariance restrictions in that assumption are needed below.

The conditional regressor-moment bound implies |X|r = Op(y/n). Let e = vec(E).
Assumption [3| gives ||E[ee’ | F]|| < C. with probability approaching one. Therefore,

E[| X Mapel® | F] < Ce| Xy Ma, |3 < Ce| X7
Conditional Markov’s inequality and Assumption [2] yield

X7

Nl Op(1), [ X@Mape| =0p(vn),  [E| = 0p(5). (129)

1. The slope and additive-within common component. For any factor triple,

(U, V, W)Ar = 2 [Dui 0 vy, oWy + Uk LN O VR, O WY,
k=1

+17kDuEOLMowg+kauZov,20LT]. (130)

Each first-mode vector belongs to col(D). Hence every transformed common component
has a grouped CP representation with at most 4¢ terms, and the difference of two such
components has at most 8¢ terms.

For any grouped tensor Z with a representation of at most r terms,

KE, Z)| < r|EY)|Z] . (131)

Indeed, let Z¢ = Z x; Q, where Qp = D(D'D)~'2. Then (E,Z) = (E%,Z%) and
|Z%|r = |Z|F. Choose orthonormal bases By, By for the spans of the first- and second-
mode vectors in a representation of Z G with at most r terms. Their column counts 71,7
are at most 7, and

ZG) = ZG(B1 ® By)(B1® By)'.
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Each column of Eg)(Bl ® Bs) has Euclidean norm at most |E%|. Frobenius Cauchy—
Schwarz therefore proves , with 4/rira < r. The bound is pathwise and applies to
data-dependent tensors.

Set

y=0-3y, A=T-T, A4 =142 —1II3'»,

[Rapl
Jn

Ra, = MAD{X@W + vec(A)}, T, =

Global optimality of the profiled estimator

(6,U,V,W)e argmin 1
JERP n
(UV,W)eO,

Moty — X{s —m@ v

implies |[Ma,e — Ra,|?> < |Ma,e|? so that

”R-AD H2 2<M-AD€7 R-AD>

<
< 2|y Xy Mapel + 2KE, A4P))|
< 2071 X @y Mapel + 166| EC[[AA | p. (132)

The last line follows from (130)—(131]).
Let

Ly =M, @i, pirsv] ® Mg, wi]-

This orthogonal projector annihilates Ap, vec(Ilp), and vec(II). To see this, note that the
column ¢y ® tpr in Cy removes arbitrary year effects and the column 7 in Wy = [vp, W]
removes group and teacher effects, which are constant over time.

Thus Ly o Ma, = Ly ¢, and the uniform identification condition gives

1 1
= Ly g Ral* = {nX@)ﬁﬁ,vX@)] v = el
with probability approaching one. Consequently,
- AAD _12|X
1/2 F 2 F
vl < Cé,A/ Tn ” Vn S AT, an =1+ 06,114/ “\/% = 0p(1).

Dividing (132) by n gives 72 < b,7,, where

~1/2
Cs,A

n

20,0

Since ry,, b, = 0, this implies r,, < b,, on the identification event. Therefore,

b, = HX(4)M.AD6H + 16[@,1

A2 — T |

16— b + = 0,0p) (133)
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2. Recovering the untransformed interactive component. We recover the full com-
ponent from its fully centered tensor and its three pairwise contractions.

Let (dy,ds,ds) = (G, M,T) and define the unit constant directions in grouped coordi-
nates by

D'D)Y2¢ LM br
qa = (\/)N7 q2 = 7%’ a3 = ﬁ, Mg, = 1a,, — G -

Introduce normalized true factors and their centered parts,

D'D 1/2
A = <\/)NUO, Ay = %7 Az = %, By = Mg, A, Um = Al G-

Then A,, = B, + ¢mal,. Use hats for the estimated counterparts. In particular,

B1 _ (D/D)l/ng 32 _ ‘/E)C Ba = W(S:

VN VM’ VT

so the centered-strength condition gives c.Iy < B}, B,, < ¢1I, with probability approaching
one.
Since A}, Ay, = Bl By, + amal,, Assumptions [2] and [§(i) imply

¢y < B, By < Al Ay <cily,  m=1,23, (134)

with probability approaching one. Below, < suppresses constants depending only on ¢, c., ¢1, ¢y .
Define the normalized grouped tensors and their difference by

_ L 1
SV Vn

Thus C = Zi:l a1,k © Gz k © a3k, with the analogous representation for C. Let

C Iy x1 Qp, C= I %1 Q' z:vec((A:—C).

Q=Qp®In®Ir, MG =Q'Ma,Q.

Since Q'Q = Igpr and the additive space is contained in col(Q), we have M4, Q = QMﬁD,
and MED is the additive residual-maker in grouped coordinates. Consequently,

Al F
/\/ﬁ b

We first recover the raw loading spaces. Define

AAD
= 101,21 = 2212 = 0,00) = o,0)

21l =

51=C><2]\4'q2 ><3Mq3, §1=€X2Mq2 ><3Mq3.

Every grouped additive term has at least two modes proportional to the corresponding g,,.
Hence centering in modes two and three annihilates the grouped additive space, giving

(IG ® MQ2 ®MQ3)M¢§D = IG ®MQ2 ® Mqa'
It follows that R
IS1 = S1lF < nns (S1)(1) = A1(Ba * Bs)'".
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The Schur-product identity and (134) imply
(Bs * B3)'(Bz * Bs) = (ByB2) © (B3 B3) > i1y,

and therefore o((S1)(1)) = 2, Singular-value perturbation gives

~

oe((S1) ) = —n. >0

with probability approaching one. Since (§1)(1) = A (Bg * Bg)’ has rank at most ¢, it has
rank exactly ¢, as does A;. Moreover,

ce| Mz, Arllp < M4, (S1)yllr = IM5,{(S1) ) — S HF < .

Repeating this argument cyclically yields

rank(Am) = f’ ”MAmAmHF < Cc_lnnv m = 172337

with probability approaching one.
Let O,, = Am(A;nAm)*lm, so that O],0,, = I; and P4, = O0,0,,. Equality of the
true and estimated loading-space dimensions gives

|P4, = Pa 3 =2|M; Owml.
Thus, by (134),

= Pa, | < V2|Mg Omlr < vV2¢% 00, m=1,2,3.

m H

||PA77L
Next, define
P=Pa®P1,®Ps,, P=P;®P; ®P;, J=M;,®M,®M,.

A telescoping expansion of the Kronecker products gives

< M-

m

3
|P-Pl< > IPs, —Pa
m=1

The parameter-space restrictions imply

< 0/Cy.

L
IClr < D) lavellas,el s,
k=1

Since P vec(C) = vec(C) and P vec(C) = vec(C),

|(Ienr —P)z| = |Uear — P)(P —P)vec(C)|
<P =PlIClF < - (135)

To control the remaining component |Pz|, observe that

O;’)’LMQWLOm = (A;YLAm)71/2B;TLBm(A;’)’LA"VL)il/Q = %Ié
1
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Let O = 01 ® 02 ® O3. Then O’'O = I3, P = O0’, and

3 c 3
(70)(70) = @ (Ol My, O) = () I,

m=1 €1
Consequently,
e 3/2
lgvl= {2 ) vl verange(P).

Full centering annihilates the grouped additive space, so JTM§ = J and ||Tz|| < |[MS 2| =
M. Therefore, using ((135)),

C1

3/2 3/2
(&
Pl < (2) 1Pl < (2) o + I(Taner = P:I < e

(6]

where we’ve used
| TPz = |T(z = Ueur = P)2)| = [Tz = T(Uaur — P)z| < |Tz| + |T Ugmr — P)z|.
Together with (135)), this proves

1T — ol
Jn

Combining (133 and (136]) establishes (24).

= |zl < Pz| + |Zemr — P)z| < 1 = Op(p). (136)

3. The uncentered joint loading spaces. The first-mode matricizations satisfy
(o,(1) = T11)) My = DUs(Vo * Wo) My -
Since U{D'DUy = Ne Iy, it follows that

VNeco| My (Vo = Wo)lr < |(Wo 1y — I1y) My | 7 < |1A] 5.
Honee My (Vo = W) N
vaw (Vo * Wo)llF - —1221F
S CC = O .
VAT v =)

The other two bounds in follow by cyclic permutation.

4. The additive effects. Let A, = vec(A — A). The additive profiling identity gives
Ay = Papie — X(yv — vec(A)}.

Denote the four mutually orthogonal summands of P4,, by P, P,, P,, P¢, with respective
ranks
r. =1, r,=G—1, r, =M —1, re="T—1.

These projectors are F-measurable. The conditional covariance bound implies

E[|Pyel® | F1 < Cers, e {r, 1,1}
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By conditional Markov’s inequality, (129)), (133]), and (136)),
1208l _ |Poell | [Xr |1A]#

v S ovm o M

=0, <\/z+p>, be{k,u,v, &}

The observation-weighted additive normalizations give

IPA] _ e 1P Al _ 1D g0
Vn ’ Vn VN
1PAG 7 v 1Pl _ JE ¢l
NG VM’ N VT
Substitution of the four ranks proves . O

D Proofs for Section [11] (Appendix)

Lemma [3| (Convergence with an unbalanced sample). Maintain the model, membership
conditions, normalized parameter space, and true-parameter feasibility specified above. Let
p, L be fixed, and suppose that

G+M+T
pa =A—— pa —p0. (41)
no

Let (S,U,V,W) be a global minimizer in , and suppose that Assumptions and
hold.

(i) Observed-sample convergence. The slope and observed interactive component satisfy

: |Ra(i — )|
0—4|l+ ——=0 . 42
(i) Full-component convergence. If Assumption also holds, then
11— 1)
— =0 . 43
——L = 0y(pa) (43)

(#4) Full joint loading-space convergence. Suppose Assumption holds and, for a constant
cs > 0 independent of the panel dimensions, with probability approaching one,

1 1 1
NU/D/DU > CfIg, MV/V > Cf]g, TW/W > CfIg. (44)
Then

ﬁH My (V= W)|E = Op(po),

FH Mpgaw (DU = W)lr = Op(pa), (45)

\/7H DU*V( U=V)|r = Op(pa).

148



The observed-sample conclusion requires neither Assumption[15 nor the strong-factor bounds
in . All conclusions are aggregate-norm statements, not uniform fized-index consistency
results.

Proof. In the proof, write (dq, Uy, Vo, Wo, I1g) for the true parameters and common compo-
nent denoted by (4, U, V, W,II) in the statement. Write m = ng, n = NMT, s =G+ M+T,
and po = 4/s/m. All stochastic orders involving the random sample size are relative to its
realized positive value.

1. The observed regressor score. On the conditional covariance event in Assumption

2

Xhe 1
E U QmQ ]:Q] = E tr (XéE[Eer ‘ .FQ]XQ)
C
< =2 Xql%.
“ | Xol}

Conditional Markov’s inequality, the regressor bound in Assumption [I3] and the probability
of the covariance event imply

Xhea |1 Xallr
2elr _ o ().
| 0,(1)

\/> = P(1)7 \/m

For the first assertion, one may first restrict to {|Xq|%/m < A} for a fixed A, apply
the conditional probability bound there, and then make the complementary probability
arbitrarily small by choosing A sufficiently large.

2. Identification and the basic inequality. Set

v=§-d,  A=TIMy  ro=XayiRove(d), i =12l

The candidate component lies in the first block of EQ, because
7 = Ro{(DU * V) ® Iy} vec(W").

The true component lies in its second block. Specifically, define by € REM* by stacking the
vectors upg O vg; in increasing group—teacher order. Then

7o, = Ra(D ® Inf @ Wo)bo.

Hence Mp_ Ro vec(A) = 0. On the uniform identification event,

1%

1 1
th > EHM,@QTQ”Q =7 (mesz;QXQ> v = cs0

Although ég depends on the errors, the inequality applies because the identification bound
is uniform over all candidate matrices. It follows that

—1/2 | Rq vec(A)|

_ X
IVl < e5.6 ta, T < antq, ag =1+ Cééﬂw —0,(1). (137)
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The true parameters are feasible, so global least-squares optimality gives |leq — 7o|? <
H69||2. Moreover, A € L'QDE, and therefore

leqRa vec(A)| < [ Elq.2¢| Ra vec(A)].

This inequality is also valid when Rg vec(A) = 0, in which case both sides are zero. Conse-
quently,

< 2eqro

< 2|[[Xgeql + 2| Bl 20 Ra vee(A)].

Using (137), divide by m to obtain t < batq, where

mt%

—1/2 %

2¢5.0 Q - s
b = 52 Xeal + 221 Elaan = 0, (m™+\[2 ) = Oyl

Both tq and by are nonnegative, so tq < bg on the identification event. Thus tg = Op(pq),
and (137) proves (42)). The convergence to zero follows from (41)).

3. Recovery of the full component. On the sampling-stability event, uniformity of
over the feasible parameter space permits evaluation at (U, V, W) and gives

181F _ -1/2|Bavec(A)]
= MI
Vn NG

This proves . No true-factor lower eigenvalue bound is used in this step.

= 0y(p)-

4. The three joint loading spaces. For h = 1,2,3, write Il () = AnoC},, where

(DUy, Vo = Wy, N)
(Ano, Cho,dn) = § (Vo, DUy = Wy, M)
(WOaDUO *VbaT)7

b

h=1,
b h = 27
h=3
Let Ah, C’h denote the corresponding estimated matrices. Since ﬂ(h) = Ahé;L, we have

A(h)Méh = _AhOC;loMéh‘

The Frobenius norm is unchanged by matricization and contracts under orthogonal projec-
tion. Hence
|AlF = | AnoChoMe, |F = {Amin(AhoAno)}? | Mg, Cholr-

On the true-factor strength event, it follows that

, —1/2
AhOAhO)} 1Al _ —12]AlF _ 0, (o).

dp, Vi S n
The factors \/dj,/n equal 1/v/MT, 1/v/NT, and 1/v/NM, respectively. This proves (45]).

The argument uses Moore-Penrose projectors and does not assume that the estimated load-
ing matrices or observed slice Gram matrices are nonsingular. O

dn
% |1z, Crole < {Amin
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