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Abstract

We develop a grouped three-way interactive fixed-effects model for estimating het-
erogeneous teacher effects in multidimensional panel data. We establish aggregate
consistency of the global least-squares estimator, derive stochastic expansions and lim-
iting distributions for the slope estimator and aligned factor estimates, and characterize
three mode-specific incidental-parameter bias terms. Under the maintained identifica-
tion and strong factor conditions, slope and aggregate factor consistency permit one
dimension to remain fixed when the other two diverge. An application to matched
student–teacher achievement data reveals that teacher–group matching accounts for
approximately 27% of fitted relative teacher value added variation. Using adaptive
LASSO, we identify six CLASS, MQI, or teacher survey items that explain the teacher-
level effect, and one teacher survey item that explains the matching effect. We also
find that teacher rankings are sensitive to classroom assignment and that substantial
gains are potentially attainable from improved teacher- student matching.

JEL: C33, C55, I21

1 Introduction
Conventional teacher value-added specifications often summarize teacher effects using a
scalar coefficient, even though effects may differ across student types and years. For example,
one teacher may be especially effective with students who enter the year with low prior
achievement, while another may be more effective with initially high-achieving students.
Recent studies, such as Ahn et al. (2025), Bates et al. (2025), Biasi et al. (2026), and
Delgado (2025), have begun to investigate heterogeneous teacher value added. Estimating
this heterogeneity remains challenging because teacher–student-type–year cells often contain
few observations. This paper develops a grouped three-way interactive fixed-effects model
to estimate heterogeneous teacher effects, and uses these estimates to study matching effects
between teachers and students. The grouped three-way interactive structure in the fixed
effects is especially useful in this setting because it pools information across different teacher–
student-type–year cells by imposing economically meaningful restrictions.

We use math scores from fourth- and fifth-grade classrooms from the National Center for
Teacher Effectiveness to estimate the teacher value-added.1 To study teacher-student match-
ing effects, we divide students into five distinct groups based on prior academic achievements.

1A causal value-added interpretation requires teacher assignment to be conditionally independent of
unobserved determinants of achievement.
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We find that the matching effect accounts for approximately 27% of fitted teacher value-
added variation, which is much higher than the value 12% found in Ahn et al. (2025).2

To examine the characteristics that explain the variations in the teacher’s level and
matching effects, we use adaptive LASSO on 55 candidate regressors. We use the estimated
teacher level effects and the difference in matching effects between the lowest and highest
prior-achievement groups as the dependent variables. The difference in matching effects
captures the comparative advantage of a teacher in instructing students in the lower prior
achievement group. We find that higher teacher-level effects are associated with classroom
behavior management, mathematical precision, cognitively engaging instruction, and not
reducing demanding mathematics problems in order to prepare for state tests. For example,
a one-point increase in the teacher’s skill in behavior management (a CLASS item measured
on a 1–7 scale) is associated with 0.0328σ increase in level effects, and a one-point increase
in mathematical language or notation imprecision (an MQI item measured on a 1–3 scale)
is associated with a 0.0655σ decrease in level effects.

On the other hand, we find that higher comparative advantage in teaching the lower-
achieving students is associated with the frequency of assigning problems requiring a few
minutes of thought. One possible interpretation is that assigning such problems provides
opportunities for deliberate mathematical reasoning that are particularly well matched to
lower-achieving students’ learning needs.

Using counterfactual exercises, we assess the sensitivity of teacher rankings to classroom
assignment. We find that 27.59% of the teachers that were ranked at the bottom 5% in
teaching effectiveness escape the bottom 5% when reassigned to their best-matched class-
rooms within the same school. Even when every teacher is assigned to their individual
best classrooms and the bottom 5% threshold is recalculated, 17.24% of the teachers in the
original bottom 5% would no longer be the bottom 5%.

We also quantify the potential gains from reallocating teachers to different classrooms,
holding classroom rosters fixed. We find that there are substantial potential gains from
improved teacher– student matching.3 The students in the lowest prior achievement group
have the most potential gains. For example, by reassigning only 25% of teachers to better-
matched classrooms within the same school, students’ standardized test scores can increase
by 0.037σ on average. For the students in the lowest quintile, the improvement is 0.097σ on
average.

We also find that imposing the three-way separability structure within an empirical
Bayes framework can modestly improve out-of-sample forecasts of teacher-level effects rel-
ative to an unrestricted time-varying empirical Bayes specification. We find no consistent
improvement in forecasting matching effects. Out-of-sample R2 for matching effects is low
across specifications, although these values should be interpreted cautiously because the
benchmark targets are unrestricted group-specific teacher-effect estimates that may contain
substantial sampling error.

Aside from the empirical results described above, this paper makes four theoretical con-
tributions. First, we develop a grouped three-way separable specification in the fixed effects
in panel models and establish consistency of the least-squares estimator. The sample growth

2This comparison is descriptive. Differences in samples, model specifications, and variance definitions
limit direct comparability. Our statistic uses plug-in sample variances of the estimated teacher-level and
matching components and may therefore reflect estimation noise. In contrast, Ahn et al. (2025) estimate
population variance components using a Gaussian-mixture model that accounts for sampling error in the
teacher-coefficient estimates. The time-invariant teacher coefficients in Ahn et al. (2025) may also understate
matching effects when the true effects vary over time.

3These findings are consistent with Ahn et al. (2025)
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condition needed for consistency permits one dimension to remain fixed when the other two
diverge.

Second, we derive stochastic expansions and limiting distributions for the slope estimator
and aligned factor estimates. The slope expansion identifies three mode-specific incidental-
parameter bias components. Grouping and separability reduce the order of the incidental-
parameter bias term associated with the cross-sectional units. We also construct a feasible
bias correction when the errors are conditionally uncorrelated.

Third, we propose an information criterion for selecting the number of trilinear compo-
nents in the fixed effects, following the penalized-fit approach of Bai and Ng (2002). Fourth,
we extend the least squares consistency analysis to the inclusion of additive fixed effects.
While demeaning observations across each mode removes the additive fixed effects, esti-
mating the additive fixed effects directly using least squares can avoid information loss and
improve precision.

The framework studied in this paper can also be applied to other settings with observed
types and multidimensional data, including worker-type–firm, consumer-type–products, product-
type–market, and patient-type–hospital panels. Its usefulness depends on whether grouping
and separability provide an appropriate representation of the latent heterogeneity.

Related literature. This paper is related to four strands of literature. The first strand
studies heterogeneous teacher effectiveness and student–teacher matching. Biasi et al. (2026)
divide students into low- and high-prior-achievement groups according to whether lagged
achievement lies below or above the grade-specific state median. They estimate two teacher-
specific value-added measures using OLS and empirical Bayes shrinkage and use them as
teacher attributes in a structural model of district wage setting and teacher sorting. Ahn
et al. (2025) do not impose a single mutually exclusive grouping. Instead, they allow teacher
value added to depend on continuous and discrete student attributes, e.g., prior achievement,
gender, or free or reduced-price lunch status, by allowing teacher-specific slope coefficients.
They estimate the model using a two-step fixed-effects and Gaussian-mixture procedure.
Bates et al. (2025) separate economically disadvantaged and advantaged students, construct
best linear predictions of group-specific teacher value added from prior-year outcomes, and
incorporate these measures into a two-sided matching model. Delgado (2025) estimates
reliability-weighted teacher effects for Black and non-Black students, with extensions based
on race-by-income and race-by-gender groups.

These studies estimate subgroup-specific teacher effects or teacher-specific coefficients
on observed student attributes. In contrast, we represent the full student-group–teacher–
year effect using a fully interactive, or three-way separable, structure. This structure pools
information across student groups, teachers, and years. We estimate this component jointly
with the slope coefficients and provide asymptotic and rank-selection theory for the least
squares estimator.

The second studies interactive fixed effects and multifactor error structures in panel data.
Pesaran (2006) proposes the common correlated effects estimator for heterogeneous panels
with unobserved common factors, while Bai (2009) develops least-squares estimation and
inference for large-(N), large-(T ) panels. Moon and Weidner (2015) study inference when
the number of factors used in estimation may exceed the true number. More recently, Free-
man (2026) develops transformation-based slope estimators for panels with three or more
dimensions under separable interactive fixed effects, treating the latent effects as nuisance
parameters. Our focus is the grouped separable restriction and the joint least-squares es-
timation, including the estimation of the latent component itself. We establish asymptotic
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theory for both the slope coefficients and the fixed effects. Our analysis can naturally be
extended to models with more dimensions as in Freeman (2026).

The third strand studies grouped and structured heterogeneity. Bonhomme and Man-
resa (2015) assign units to latent groups whose time-varying fixed effects are common within
groups but differ across groups. Our model likewise pools observations through a group
structure, but differs in two respects. First, the grouped heterogeneity enters multiplica-
tively through a low-rank tensor component rather than through group-specific additive
time effects. Second, group membership is observed and treated as known in our analysis.

The fourth strand is the literature on tensor factor models with Canonical Polyadic (CP)
structure on the common component. Chen et al. (2026) and Chang et al. (2026) develop
CP tensor factor models for high-dimensional tensor data where the common component is
identified using a pervasiveness assumption on the common component. Our contribution
differs by embedding the CP structure in a regression model with observed covariates, allow-
ing the covariates to be correlated with the latent component, and focusing on estimation
and inference for the slope coefficient as well as the grouped interactive effects.

The remainder of the paper is organized as follows. Section 2 introduces the grouped
three-way interactive fixed effects model. Section 3 defines the least-squares estimator and
describes its alternating-least-squares implementation. Section 4 states the assumptions and
Section 5 develops the asymptotic theory. Section 6 proposes an information criterion for
selecting the number of trilinear components. Section 7 extends the model to the inclusion
of additive fixed effects. Section 8 compares finite-sample performance with alternative es-
timators. Section 9 presents the teacher-value-added application, and Section 10 concludes.

Notations and definitions of different norms, products, and matricizations can be found
in Appendix 11.1.

2 Model
We consider a balanced three-way array indexed by i “ 1, . . . , N , j “ 1, . . . ,M , and
t “ 1, . . . , T . The indices may represent units, locations, products, cohorts, or other obser-
vational positions, depending on the application. The observed outcome satisfies

yijt “ δ1xijt ` πijt ` εijt, (1)

where xijt P Rp is a vector of observed covariates, δ P Rp is the corresponding coefficient
vector, εijt is an idiosyncratic error, and πijt is an unobserved interactive fixed-effect com-
ponent. We specify the interactive component as

πijt “

ℓ
ÿ

k“1

ugpiq,kvjkwtk, (2)

where g : t1, . . . , Nu Ñ t1, . . . , Gu assigns each first-mode unit i to one of G groups. Group
membership is observed and treated as known throughout the analysis.4 Accordingly, units
belonging to the same group share a common vector of first-mode factor loadings. This
restriction reduces the number of first-mode loading parameters from Nℓ to Gℓ, yielding

4The analysis conditions on the group assignments. When group membership is latent, it may instead
be estimated jointly with the remaining parameters using a grouped fixed-effects procedure such as that of
Bonhomme and Manresa (2015). Analyzing the asymptotic consequences of estimating group membership
is beyond the scope of this paper.
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substantial parsimony when G ! N . The specification in (2) is multiplicatively separable
across the three modes and therefore admits a CP representation with at most ℓ rank-
one components. The grouping restriction imposes repeated rows in the first-mode loading
matrix. In the special case G “ N and gpiq “ i for every i, each first-mode unit has
its own loading vector, so the grouping restriction disappears and (2) reduces to πijt “
řℓ
k“1 uikvjkwtk.
Collecting the observations into tensors, let

Y “ pyijtq, E “ pεijtq P RNˆMˆT ,

and let
X “ pxijtqq P RNˆMˆTˆp, xijt “ pxijtqq

p
q“1.

Suppressing the singleton fourth mode, the mode-4 product of X and δ1 satisfies5

X ˆ4 δ
1 :“ pδ1xijtq

N,M,T
i,j,t“1 P RNˆMˆT .

Define the membership matrix D P t0, 1uNˆG by Dih “ 1tgpiq “ hu, i “ 1, . . . , N, h “

1, . . . , G. Let Ng “
řN
i“1 1tgpiq “ gu, g “ 1, . . . , G denote the number of samples in group

g. We assume that the group membership is exclusive so that

DιG “ ιN , D1D “ diagpN1, . . . , NGq,

where ιG, ιN are G and N dimensional vectors of ones. For k “ 1, . . . , ℓ, collect the unob-
served fixed effects in each mode as

uk “ pu1k, . . . , uGkq1 P RG

vk “ pv1k, . . . , vMkq1 P RM

wk “ pw1k, . . . , wTkq1 P RT .

The model (1) can be written in tensor form as

Y “ X ˆ4 δ
1 `

ℓ
ÿ

k“1

pDuk ˝ vk ˝ wkq ` E,

where fixed effects are written as outer products, reflecting a multiplicatively separable
structure across the three modes. Let b denote the Kronecker product. Then, the model
also admits the vectorized representation

y “ X 1
p4qδ `

ℓ
ÿ

k“1

pDuk b vk b wkq ` e,

where y “ vecpY q, e “ vecpEq, and Xp4q denotes mode-4 matricization of X satisfying
vecpX ˆ4 δ

1q “ X 1
p4q
δ.6 In particular, X 1

p4q
P RNMTˆp collects pxijtqi,j,t in its rows.

5The definitions and notations used for different products used in this paper are described in Appendix
11.1.

6The definitions and notations used for different matricizations used in this paper are described in Ap-
pendix 11.1.
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Example: Matched student–teacher data. Let j “ 1, . . . ,M index teachers and t “

1, . . . , T index academic periods. We interpret each teacher–year cell pj, tq as a classroom
taught by teacher j in year t. In the balanced benchmark, each classroom contains N
students, indexed locally by i “ 1, . . . , N . The index i denotes a within-classroom position
rather than a persistent student identifier. Consequently, the student occupying position
i may differ across classrooms and periods, and the N ˆ M ˆ T array does not require
the same students to be followed across teachers or over time. The grouped specification
is particularly useful in this setting because it links otherwise incomparable local student
positions through observed prior-achievement groups.

We group the students into G observed groups according to prior achievement. Note
that the group assignment g : t1, . . . , Nu Ñ t1, . . . , Gu does not depend on pj, tq. Let Ng
denote the number of students in group g within each classroom, where

řG
g“1Ng “ N .

The homogeneous group assignment assumes that every teacher–period classroom contains
exactly Ng students from prior-achievement group g.7

Interpretation of the separable structure. Suppose πgjt “
řℓ
k“1 ugkvjkwtk is inter-

preted as teacher j’s value-added for a given group g in year t. A natural mechanism that
can impose this separable structure in the teaching effects is common changes in the produc-
tivity or importance of teaching inputs, combined with stable group and teacher responses.
Suppose there are ℓ teaching inputs or activities. Teacher j’s effective provision of activity
k in year t is

ejtk “ vjkwtk,

where vjk is the teacher’s proficiency and wtk is a common change in the availability, pro-
ductivity, or importance of that activity. If group g’s return to the activity is ugk, then

πgjt “

ℓ
ÿ

k“1

ugkejtk “

ℓ
ÿ

k“1

ugkvjkwtk.

For example, suppose:

• One activity is remedial instruction: lower-achieving groups benefit more, teachers
differ in their remedial teaching skills, and a common policy changes its intensity over
time.

• Another is advanced problem-solving instruction: groups have different returns, teach-
ers have different proficiencies, and curriculum changes alter its importance.

• Digital resources provide another possible channel: common changes in technology
interact with teacher proficiency and group-specific benefits.

Comparison with a flattened model. The proposed structure differs from flattening
pi, jq into a single cross-sectional index and applying the two-way interactive fixed-effects
framework of Bai (2009). The flattened specification is

yijt “ x1
ijtδ `

ℓ
ÿ

k“1

λij,kftk ` εijt,

7When classroom sizes or group compositions vary across teacher–period cells, the resulting sample is
unbalanced. While the benchmark model assumes a balanced sample, we discuss the unbalanced case in
Appendix 11.10.
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with unrestricted loadings across theNM pairs. Our specification imposes λij,k “ ugpiq,kvjk.
For fixed rank, the number of parameters therefore scales with G`M ` T , compared with
NM ` T in the unrestricted flattened model. The restriction also links the fitted effects
across economically meaningful dimensions. Group loadings ugk describe how student types
respond to each latent dimension k, teacher loadings vjk capture teachers’ contributions
along that dimension, and year loadings wtk allow these interactions to evolve over time.

The grouped separable structure also changes the number of observations contributing to
each loading estimate. Let Ng denote the number of units i in the group g with

řG
g“1Ng “

N . In estimating ug, we use information in the variations of NgMT samples. Similarly, in
estimating vj and wt, we use variations of NT and NM samples respectively. In contrast, an
unrestricted flattened loading λij is estimated using observations along the time dimension
alone, with only variations in T samples. The grouped separable structure can therefore be
particularly useful when the panel has a short time dimension.

3 Estimation
For a given number ℓ of interactive components, we estimate the model by minimizing the
average squared residual

SNMT pδ, U, V,W q “
1

NMT

›

›

›

›

›

Y ´X ˆ4 δ
1 ´

ℓ
ÿ

k“1

pDuk ˝ vk ˝ wkq

›

›

›

›

›

2

F

“
1

NMT

N
ÿ

i“1

M
ÿ

j“1

T
ÿ

t“1

˜

yijt ´ x1
ijtδ ´

ℓ
ÿ

k“1

ugpiq,kvjkwtk

¸2

(3)

with respect to pδ, U, V,W q.
Provided that the relevant Gram matrices are nonsingular, the first-order condition with

respect to δ can be written as

δ̂ “

´

Xp4qX
1
p4q

¯´1

Xp4q

˜

y ´

ℓ
ÿ

k“1

pDûk b v̂k b ŵkq

¸

. (4)

Similarly, the first-order conditions with respect to the factor matrices can be expressed as

Û “ pD1Dq´1D1
´

Y ´X ˆ4 δ̂
1
¯

p1q
pV̂ ˚ Ŵ q

´

pV̂ ˚ Ŵ q1pV̂ ˚ Ŵ q

¯´1

,

V̂ “

´

Y ´X ˆ4 δ̂
1
¯

p2q
pDÛ ˚ Ŵ q

´

pDÛ ˚ Ŵ q1pDÛ ˚ Ŵ q

¯´1

, (5)

Ŵ “

´

Y ´X ˆ4 δ̂
1
¯

p3q
pDÛ ˚ V̂ q

´

pDÛ ˚ V̂ q1pDÛ ˚ V̂ q

¯´1

.

Equations (4) and (5) jointly characterize a stationary point of the least-squares criterion.
We compute a solution to these simultaneous first-order conditions using an alternat-

ing least squares (ALS) algorithm. Starting from initial values, ALS successively applies
the blockwise solution maps in (4) and (5), using the most recently available values of
the remaining parameter blocks. Because each block update minimizes the criterion while
holding the other blocks fixed, the sequence of objective values is nonincreasing and there-
fore converges. Under suitable boundedness and regularity conditions, every accumulation
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point of the parameter sequence is a stationary point of the least-squares criterion. Because
the criterion is nonconvex, global optimality is not guaranteed. We therefore use multiple
initializations and retain the solution with the smallest residual sum of squares.

Projected representation. For given pU, V,W q, define

T pU, V,W q “

#

ℓ
ÿ

k“1

pDak b vk b wk `Duk b bk b wk `Duk b vk b ckq :

ak P RG, bk P RM , ck P RT , k “ 1, . . . , ℓ

+

.

(6)

The minimizer δ̂ of (3) can also be characterized as

δ̂ “

´

Xp4qM pTX
1
p4q

¯´1

Xp4qM pT y, T̂ “ T pÛ , V̂ , Ŵ q.

This is a Frisch–Waugh–Lovell-type representation that projects out the variations in the
unobserved fixed effects.8

4 Assumptions
Let

F “ σpX,D,U, V,W q, I “ t1, . . . , Nu ˆ t1, . . . ,Mu ˆ t1, . . . , T u.

For a “ pia, ja, taq P I, write εa “ εiajata . Suppose that the following conditions hold.

Assumption 1 (Asymptotic Framework, Normalization, and Estimation). Along an asymp-
totic sequence satisfying

mintNMT {G, NT, NMu Ñ 8,

the dimensions p and ℓ remain fixed. The membership matrix D P t0, 1uNˆG has full column
rank, and

1 ď ℓ ď mintG,M, T u.

For a constant cU ą 0 independent of the panel dimensions, let Θℓ be the set of triples
pU, V,W q P RGˆℓ ˆ RMˆℓ ˆ RTˆℓ satisfying

diag

ˆ

1

M
V 1V

˙

“ diag

ˆ

1

T
W 1W

˙

“ ιℓ, λmax

ˆ

1

N
U 1D1DU

˙

ď cU , (7)

where ιℓ is the ℓ-dimensional vector of ones. The true factor matrices admit a representation
in Θℓ. The least-squares estimator satisfies

pδ̂, Û , V̂ , Ŵ q P argmin
δPRp, pU,V,W qPΘℓ

SNMT pδ, U, V,W q.

8The derivation is in Appendix 11.2
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Assumption 2 (Strong Factors and Stochastic Bounds). The regressor xijt has uniformly
bounded fourth moment conditional on group assignment, i.e., there exists a constant cx ă 8

independent of the panel dimensions,

sup
pi,j,tqPI

Er}xijt}
4|Ds ď cx

almost surely, uniformly along the asymptotic sequence. The grouped-error satisfies

}EG} “ Opp
?
G`M ` T q,

where

EG “ E ˆ1 pD1Dq´1{2D1 “

¨

˚

˝

1
a

Ng

N
ÿ

i“1
gpiq“g

εijt

˛

‹

‚

G,M,T

g,j,t“1

.

For constants 0 ă c0 ď 1 ď c1 ă cU ă 8, with probability approaching one,

c0Iℓ ĺ
1

N
U 1D1DU ĺ c1Iℓ

c0Iℓ ĺ
1

M
V 1V ĺ c1Iℓ

c0Iℓ ĺ
1

T
W 1W ĺ c1Iℓ.

Assumption 3. The errors have uniformly finite fourth moments and Erεa | Fs “ 0. Let
Γab “ Erεaεb | Fs for a, b P I. For some finite constant cε, with probability approaching
one,

sup
aPI

ÿ

bPI
|Γab| ď cε.

Define

RD “ tpa, bq P I2 : gpiaq “ gpibq or ja “ jb or ta “ tbu, zab “ εaεb ´ Γab.

For some finite constant c4, with probability approaching one,

sup
pa,bqPRD

ÿ

pc,dqPRD

|Covpzab, zcd | Fq| ď c4.

Assumption 4 (Identification of δ). There exists a constant cδ ą 0 such that, with proba-
bility approaching one,

inf
rUPRGˆℓ, rV PRMˆℓ

λmin

„

1

NMT
Xp4q

`

MD rU˚ rV bMW

˘

X 1
p4q

ȷ

ě cδ,

where W denotes the true factors.

Assumption 1 describes the asymptotic framework. In particular, not all N,M, T need
to diverge as long as mintNMT {G, NT, NMu Ñ 8. Additional rate conditions will
be imposed when necessary. We define the estimator as a global minimizer satisfying the
constraints in Θℓ. We show in Lemma 1 that the constraints do not bind so that the
first-order conditions (5) hold with probability approaching one.
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Assumption 2 implies that the factors are strong and the within-group averaged idiosyn-
cratic errors are non-pervasive. In particular, the tensor spectral norm bound on EG can be
shown to hold when the idiosyncratic errors are independent with uniformly bounded fourth
moments. Assumption 3 imposes weak serial and cross-sectional correlation. For condition-
ally centered Gaussian errors, the Gaussian fourth-moment identity, e.g., fourth-order case
of Isserlis’ formula, gives

Covpzab, zcd | Fq “ ΓacΓbd ` ΓadΓbc

It follows that
ÿ

pc,dqPRD

|Covpzab, zcd | Fq| ď
ÿ

c,d

`

|ΓacΓbd| ` |ΓadΓbc|
˘

ď 2c2ε.

Thus, for this class, the fourth-order condition follows from the second-order row-sum bound.
Assumption 4 requires sufficient regressor variation to remain after projecting the pi, jq-

mode away from an arbitrary candidate structured loading space pD rU˚rV q and projecting the
time mode away from the true factor space W . Equivalently, with probability approaching
one,

1

NMT

›

›

›
MW

`

X ˆ4 a
1
˘

p3q
MD rU˚ rV

›

›

›

2

F
ě cδ}a}2

uniformly over a P Rp, rU P RGˆℓ, and rV P RMˆℓ. Thus, the assumption rules out changes
in δ that can be absorbed by changing the candidate interactive component. Uniformity
over prU, rV q ensures that the lower bound holds at the jointly estimated loading space.

Remark: Comparing identification of δ with a flattened two-way interactive fixed
effects model. Suppose instead that the indices pi, jq are enumerated into a single cross-
sectional index and the model is estimated as the unrestricted two-way interactive fixed-
effects model. Because the two-way least-squares problem is symmetric in its cross-sectional
and time dimensions, the analogue of Bai (2009)’s Assumption A after interchanging the
cross-sectional and time dimensions is given by

inf
HPRNMˆℓ

λmin

„

1

NMT
Xp4q pMH bMW qX 1

p4q

ȷ

ą 0

with probability approaching one, where W denotes the true factors. This condition is
stronger than Assumption 4. Indeed, every structured loading matrixD rU˚rV is an element of
RNMˆℓ, whereas an unrestricted H P RNMˆℓ need not have separable or grouped columns.
To illustrate, consider a scalar regressor of the form

xijt “ qijτt.

Let

Q “ pqijq
N,M
i,j“1 P RNˆM , q “ vecpQq P RNM , τ “ pτ1, . . . , τT q1 P RT .

For any candidate cross-sectional loading matrix H,

1

NMT
Xp4q pMH bMW qX 1

p4q “

ˆ

q1MHq

NM

˙ˆ

τ 1MW τ

T

˙

.
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If H “ D rU ˚ rV , every vector in the column space of H, when reshaped as an N ˆM matrix,
has matrix rank at most ℓ. Therefore, by the Eckart–Young inequality,

q1MD rU˚ rV q “
›

›q ´ PD rU˚ rV q
›

›

2

F

“ inf
aPRℓ

›

›

›

›

›

Q´

ℓ
ÿ

k“1

akpDrukqrv1
k

›

›

›

›

›

2

F

ě inf
rankpAqďℓ

}Q´A}
2
F

“

minpN,Mq
ÿ

r“ℓ`1

σ2
rpQq.

Consequently, Assumption 4 holds in this example if

lim inf
N,MÑ8

1

NM

minpN,Mq
ÿ

r“ℓ`1

σ2
rpQq ą 0, lim inf

TÑ8

τ 1MW τ

T
ą 0.

By contrast, under the unrestricted two-way condition, one may choose H P RNMˆℓ

with MHq “ 0 so that

inf
HPRNMˆℓ

1

NMT
Xp4q pMH bMW qX 1

p4q “ 0.

Thus, the grouped separable structure can identify δ for regressors that may not be identified
after flattening the pi, jq indices and allowing an unrestricted NM ˆ ℓ loading matrix.

Remark: Implication for the teacher value-added model. Suppose we estimate a
conventional teacher value-added model with teacher-year fixed effects,

yijt “ x1
ijtδ ` vjt ` εijt.

A well-known feature of this model is that teacher-year characteristics, such as teaching
experience, cannot be included as regressors because they are absorbed into the teacher-
year fixed effects.9 Under the three-way separable model, teacher covariates are identified
in general, as long as they cannot be absorbed into the separable loading structure, and can
directly enter as regressors.

5 Asymptotic Theory
The following lemma gives the consistency and convergence rate of the interactive fixed
effect components pU, V,W q.

Lemma 1 (Normalized factor alignment and asymptotic inactivity of the inequality con-
straint). Suppose that Assumptions 1, 2, 3, and 4 hold. Let pU, V,W q denote the true factor
matrices in the normalized representation satisfying (7). Let pδ̂, Û , V̂ , Ŵ q be the global least-
squares estimator defined in Assumption 1. There exist possibly random ℓ ˆ ℓ permutation

9Kwon (2026) instead considers using teacher covariates to construct a target location for shrinkage
estimators.
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and diagonal sign matrices Πℓ, Sv, Sw, with the diagonal entries of Sv and Sw belonging to
t´1, 1u, such that

}DpÛΠℓSvSw ´ Uq}F
?
N

`
}V̂ΠℓSv ´ V }F

?
M

`
}ŴΠℓSw ´W }F

?
T

“ Op

˜

c

G`M ` T

NMT

¸

.

(8)
Define the residual tensor

Ê “ Y ´X ˆ4 δ̂
1 ´

ℓ
ÿ

k“1

pDûk ˝ v̂k ˝ ŵkq.

With probability approaching one, the estimator satisfies the unrestricted normal equations

Xp4q vecpÊq “ 0, D1Êp1qpV̂ ˚ Ŵ q “ 0,

Êp2qpDÛ ˚ Ŵ q “ 0, Êp3qpDÛ ˚ V̂ q “ 0.
(9)

Lemma 1 shows that the regression equations (5) hold with probability approaching one.
Also, the estimated fixed effect components pÛ , V̂ , Ŵ q are consistent up to permutations and
sign changes. This is consistent with the inherent indeterminacies of the CP decomposition
as studied by Kruskal (1977). The following Proposition 1 gives the stochastic expansion
for δ̂ needed to apply the central limit theorem.

Proposition 1. Suppose that Assumptions 1, 2, 3, and 4 hold. Let T be the tangent space
defined in (6) evaluated at the true parameters pU, V,W q. Let

ΓNMT “
1

NMT
Xp4qMTX

1
p4q, ZNMT “

1
?
NMT

Xp4qMT vecpEq.

The least squares estimator δ̂ defined in Assumption 1 satisfies

ΓNMT

?
NMT pδ̂ ´ δq “ ZNMT ´ B1 ´ B2 ´ B3 `RNMT , (10)

where the remainder term RNMT has the bound Op

´
b

G`M`T
NMT `

pG`M`T q
3{2

NMT

¯

and the
mode specific bias terms are given by

B1 “
1

?
NMT

Xp4qPTQ vec
`

ŪpŪ 1Ūq´1ppV ˚W q1pV ˚W qq´1pV ˚W q1ΩG1 MV ˚W

˘

B2 “
1

?
NMT

Xp4qPTQK
G
1,2 vec

`

V pV 1V q´1ppŪ ˚W q1pŪ ˚W qq´1pŪ ˚W q1ΩG2 MŪ˚W

˘

B3 “
1

?
NMT

Xp4qPTQK
G
1,3 vec

`

W pW 1W q´1ppŪ ˚ V q1pŪ ˚ V qq´1pŪ ˚ V q1ΩG3 MŪ˚V

˘

.

Here, Ū “ pD1Dq1{2U and ΩGm “ ErpEG
pmq

q1EG
pmq

| Fs for m “ 1, 2, 3. The matrix Q is
defined as

QD “ DpD1Dq´1{2, Q “ QD b IM b IT

and PT is projection on (6). and KG
1,m denotes the mode-permutation matrix for tensors

of dimensions G ˆ M ˆ T .10 All factor-dependent matrices and projectors in the displayed
bias terms are evaluated at the true parameters. Moreover,

B1 “ OppG{
?
NMT q, B2 “ OppM{

?
NMT q, B3 “ OppT {

?
NMT q.

10For example, the matrix KG
1,2 satisfies pu b v b wq “ KG

1,2pv b u b wq for all u, v, w of dimension G, M ,
and T respectively. A general definition of the mode-permutation matrices is in Appendix 11.1.
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Remark: Dimension conditions for negligible expansion remainders The remain-
der in (10) has the bound

RNMT “ Op

˜

c

G`M ` T

NMT
`

pG`M ` T q3{2

NMT

¸

.

In particular, this allows one dimension to remain fixed, as long as the other two dimensions
diverge at the same rate. Let any two of N,M, T have the same order as L Ñ 8 while the
remaining dimension is OpLq. Since G ď N and all dimensions are positive integers, we
have

G`M ` T

NMT
“ OpL´1q Ñ 0,

pG`M ` T q3{2

NMT
“ OpL´1{2q Ñ 0.

This is regardless of which two dimensions diverge.

Remark: Higher-order extensions Consider a model with grouped four-way separable
fixed effects,

yijℓt “ x1
ijℓtδ `

r
ÿ

k“1

ugpiq,kvjkhℓkwtk ` εijℓt,

with total sizes pN,M,L, T q in each dimension. Under suitable extensions to the assump-
tions given in Section 4, we may derive a similar stochastic expansion as in Proposition 1
with four mode-specific bias terms, and the bound on the remainder term given by11

RNMLT “ Op

˜

c

G`M ` L` T

NMLT
`

pG`M ` L` T q3{2

NMLT

¸

.

In particular, the remainder term is asymptotically negligible when two dimension sizes
grow at a common rate, and the remaining dimension sizes are fixed. Thus, a fully separable
specification on the fixed effects permits a valid limit distribution for the slope parameter
without requiring every dimension to diverge.

Remark: Bias reduction from the grouped separable structure The three bias
components in (10) are incidental-parameter bias terms associated with estimation of the
three sets of factor parameters. More precisely, first-order perturbations of the mode-specific
projections MV ˚W , MŪ˚W , and MŪ˚V generate quadratic error terms whose conditional
expectations produce the displayed covariance-based biases. Their bounds imply

B1 ` B2 “ Op

ˆ

G`M
?
NMT

˙

, B3 “ Op

ˆ

T
?
NMT

˙

.

All three bias components are opp1q in the
?
NMT -normalized expansion if

G2

NMT
Ñ 0,

M

NT
Ñ 0,

T

NM
Ñ 0.

These sufficient conditions are equivalent to pG ` M ` T q2{pNMT q Ñ 0. They hold, in
particular, when all N , M , and T grows at a comparable rate.

11The relevant assumptions and stochastic expansion can be found in Appendix 11.9.
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For comparison, stack pi, jq into a cross-sectional index of dimension NM . The true
loading matrix in the resulting two-way representation is DU ˚ V . Let δ̂flat denote the
estimator obtained by allowing an unrestricted NM ˆ ℓ loading matrix. This estimator
differs from δ̂, which imposes both grouping and separability. The conventional loading-side
and time-factor-side bias scales associated with Bai (2009) are, respectively,

Op

˜

c

NM

T

¸

“ Op

ˆ

NM
?
NMT

˙

, Op

˜

c

T

NM

¸

“ Op

ˆ

T
?
NMT

˙

.

Relative to these scales, the grouped separable structure reduces the loading-side dimen-
sional bias bound from NM{

?
NMT to pG`Mq{

?
NMT , while retaining the same dimen-

sional bound for the time-factor-side bias.

Remark: Conditionally uncorrelated and homoskedastic case If the errors are
additionally conditionally uncorrelated and homoskedastic with

Eree1 | Fs “ σ2INMT ,

then
ΩG1 “ Gσ2IMT , ΩG2 “ Mσ2IGT , ΩG3 “ Tσ2IGM .

The mode-specific bias formulas give

B1 “ B2 “ B3 “ 0.

Thus conditional uncorrelatedness and homoskedasticity eliminate these leading population
bias terms.

To derive the stochastic expansion of the estimated factors and factor loadings, we impose
the following assumption.

Assumption 5 (Slice-averaged weighted covariance summability). Let uh, vj, and wt de-
note the transposes of the corresponding rows of U , V , and W , respectively. For b “

pib, jb, tbq P I, define

ωb “ }ugpibq}2}vjb}2 ` }ugpibq}2}wtb}2 ` }vjb}2}wtb}2.

Define the source slices

Iptq
τ “ ta P I : ta “ τu, |Iptq

τ | “ NM,

Ipgq

h “ ta P I : gpiaq “ hu, |Ipgq

h | “ NhMT,

Ipjq

j0
“ ta P I : ja “ j0u, |Ipjq

j0
| “ NT.

For every fixed admissible τ , h, and j0, suppose that

1

NM

ÿ

aPIptq
τ

ÿ

bPI
|Γab|ωb “ Opp1q,

1

NhMT

ÿ

aPIpgq

h

ÿ

bPI
|Γab|ωb “ Opp1q,

1

NT

ÿ

aPIpjq

j0

ÿ

bPI
|Γab|ωb “ Opp1q.
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These conditions are pointwise in the slice indices; no uniform bound over τ , h, or j0 is
imposed.

Remark: Role of slice-averaged weighted summability Assumption 5 controls co-
variance magnitudes weighted by the factor norms that enter higher-order error contractions.
Its additional content is control on the selected source slices. To see the distinction from
global averaging, write aU “ trpU 1D1DU{Nq, aV “ trpV 1V {Mq, and aW “ trpW 1W {T q.
Note that Assumption 2 and Assumption 3 implies

1

NMT

ÿ

aPI

ÿ

bPI
|Γab|ωb ď cε

1

NMT

ÿ

bPI
ωb “ cεpaUaV ` aUaW ` aV aW q “ Opp1q.

Thus, global weighted summability already follows from existing assumptions, whereas As-
sumption 5 prevents the weighted covariance mass from concentrating on the particular
group, teacher, or year under consideration. A stronger sufficient condition that can replace
Assumption 5 is maxbPI ωb “ Opp1q, which follows, for example, from uniformly bounded
factors. Assumption 5 requires only the slice averages for each fixed index.

Proposition 2 (Fixed-index expansions with mode-specific remainders). Suppose that As-
sumptions 1, 2, 3, 4, and 5 hold. Let pδ̂, Û , V̂ , Ŵ q be the global least-squares estimator
defined in Assumption 1, and let Hu, Hv, Hw be the alignment matrices defined as

H 1
u “ pV ˚W q1pV̂ ˚ Ŵ q

”

pV̂ ˚ Ŵ q1pV̂ ˚ Ŵ q

ı´1

,

H 1
v “ pDU ˚W q1pDÛ ˚ Ŵ q

”

pDÛ ˚ Ŵ q1pDÛ ˚ Ŵ q

ı´1

,

H 1
w “ pDU ˚ V q1pDÛ ˚ V̂ q

”

pDÛ ˚ V̂ q1pDÛ ˚ V̂ q

ı´1

and let ΣVW “
`

1
M V 1V

˘

d
`

1
TW

1W
˘

, ΣUW “
`

1
NU

1D1DU
˘

d
`

1
TW

1W
˘

, and ΣUV “
`

1
NU

1D1DU
˘

d
`

1
M V 1V

˘

.
For each fixed admissible group g, teacher j, and period t, define

Su,g “
1

a

NgMT

ÿ

1ďiďN
gpiq“g

M
ÿ

j1“1

T
ÿ

t1“1

εij1t1 pvj1 d wt1 q,

Sv,j “
1

?
NT

N
ÿ

i“1

T
ÿ

t1“1

εijt1 pugpiq d wt1 q,

Sw,t “
1

?
NM

N
ÿ

i“1

M
ÿ

j1“1

εij1tpugpiq d vj1 q,
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and the ℓˆ p cross-moment matrices

Qu,g “
1

NgMT

ÿ

1ďiďN
gpiq“g

M
ÿ

j1“1

T
ÿ

t1“1

pvj1 d wt1 qx1
ij1t1 ,

Qv,j “
1

NT

N
ÿ

i“1

T
ÿ

t1“1

pugpiq d wt1 qx1
ijt1 ,

Qw,t “
1

NM

N
ÿ

i“1

M
ÿ

j1“1

pugpiq d vj1 qx1
ij1t.

Let θNMT “
?
NMT pδ̂ ´ δq. Then

?
NMH´1

w pŵt ´Hwwtq “ Σ´1
UV

„

Sw,t ´
1

?
T
Qw,tθNMT

ȷ

`Rw,t,NMT ,

?
NTH´1

v pv̂j ´Hvvjq “ Σ´1
UW

„

Sv,j ´
1

?
M
Qv,jθNMT

ȷ

`Rv,j,NMT ,

a

NgMTH´1
u pûg ´Huugq “ Σ´1

VW

«

Su,g ´

c

Ng
N
Qu,gθNMT

ff

`Ru,g,NMT .

The remainder vectors satisfy

}Rw,t,NMT } “ Op

˜

ρ`

?
N

T
?
M

`

?
M

T
?
N

¸

,

}Rv,j,NMT } “ Op

˜

ρ`

?
N

M
?
T

`

?
T

M
?
N

¸

,

}Ru,g,NMT } “ Op

˜

ρ`

a

NgM

N
?
T

`

a

NgT

N
?
M

`
a

NgMT ρ4

¸

,

where ρ “

b

G`M`T
NMT . If NgG{N “ Opp1q, we have

}Ru,g,NMT } “ Op

˜

ρ`

a

NgM

N
?
T

`

a

NgT

N
?
M

¸

.

The group-size condition holds, in particular, when G remains fixed or when Ng “ OppN{Gq

for the group under consideration.

Remark: When slope estimation affects the leading expansion The normalizations
in Proposition 2 reflect the numbers of observations entering the respective normal equations:
NgMT for a group loading, NT for a teacher loading, and NM for a year factor.

The Assumption 2 imply Qu,g “ Opp1q, Qv,j “ Opp1q, and Qw,t “ Opp1q by the Cauchy–
Schwarz inequality. If, in addition, θNMT “ Opp1q, the slope-estimation terms satisfy

1
?
T
Qw,tθNMT “ OppT´1{2q,

1
?
M
Qv,jθNMT “ OppM´1{2q,

c

Ng
N
Qu,gθNMT “ Op

˜

c

Ng
N

¸

.

16



Consequently, when the respective remainders are opp1q, the teacher and year expansions
have the same first-order score representations as if the slope were known whenever T Ñ 8

and M Ñ 8, respectively. The group expansion has this oracle property if Ng{N Ñp 0. By
contrast, if G is fixed and Ng{N Ñp πg ą 0, the slope correction generally remains in the
leading group expansion. The limiting distribution must then account jointly for Su,g and
θNMT , including their covariance.

Remark: Mode-specific dimension conditions In addition to ρ Ñ 0, sufficient con-
ditions for the displayed remainder bounds to be opp1q are

NgM

N2T
`

NgT

N2M
Ñp 0 for the group expansion under the upper group-size condition.

N

M2T
`

T

M2N
Ñ 0 for the teacher expansion,

N

MT 2
`

M

NT 2
Ñ 0 for the year expansion.

These restrictions are mode-specific and need not follow from ρ Ñ 0. For example, if N is
fixed and M,T Ñ 8 grow at a comparable rate, the year and teacher remainder bounds
vanish, whereas the group remainder bound need not vanish.

When allN,M, T has the same order as L Ñ 8, the restriction G ď N gives ρ “ OpL´1q,
and

}Rw,t,NMT } ` }Rv,j,NMT } “ OppL´1q, }Ru,g,NMT } “ Op

˜

L´1 `

a

Ng

L

¸

.

In particular, when Ng grows at the same rate as N{G, the group remainder is OppL´1 `

pLGq´1{2q and is negligible for both fixed and growing G.

Assumption 6 (Joint fixed-index and slope-score central limit theorem). Let Su,g, Sv,j , Sw,t,
the cross-moment matrices Qu,g, Qv,j , Qw,t, and the normalized loading Gram matrices
ΣVW ,ΣUW ,ΣUV be as defined in Proposition 2. Let ZNMT , ΓNMT , and Bm, m “ 1, 2, 3,
be as defined in Proposition 1. All scores, cross-moment matrices, Gram matrices, and bias
terms are evaluated at the same normalized representation of the true factors. Along the
asymptotic sequence in Assumption 1, the following conditions hold.

The slope Gram matrix and bias terms satisfy

ΓNMT
p

ÝÑ Γδ ą 0, Bm
p

ÝÑ bm, m “ 1, 2, 3,

where Γδ P Rpˆp and bm P Rp. We define bδ “ b1 ` b2 ` b3. The normalized loading Gram
matrices satisfy

ΣVW
p

ÝÑ ΣVW ą 0,

ΣUW
p

ÝÑ ΣUW ą 0,

ΣUV
p

ÝÑ ΣUV ą 0,

where ΣVW ,ΣUW ,ΣUV P Rℓˆℓ. For every fixed admissible group g, teacher j, and period t,
the group share satisfies

Ng
N

p
ÝÑ πg, πg P r0, 1s,
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and the cross-moment matrices satisfy

Qu,g
p

ÝÑ Qu,g, Qv,j “ Opp1q, Qw,t “ Opp1q,

where Qu,g, Qv,j , Qw,t P Rℓˆp and Qu,g P Rℓˆp. These matrices need not be zero. We define
the limiting group slope coefficient Cu,g “

?
πg Qu,g so that

c

Ng
N
Qu,g

p
ÝÑ Cu,g.

For every fixed admissible triple pg, j, tq, the loading scores and the oracle slope score satisfy
the joint central limit theorem

¨

˚

˚

˝

Su,g
Sv,j
Sw,t

ZNMT

˛

‹

‹

‚

d
ÝÑ N p0,Σgjtq,

where Σgjt P Rp3ℓ`pqˆp3ℓ`pq is symmetric and positive semidefinite, with block representation

Σgjt “

¨

˚

˚

˝

Γvwg Ξuv,gj Ξuw,gt ΞgZ
Ξ1
uv,gj Γuwj Ξvw,jt ΞjZ

Ξ1
uw,gt Ξ1

vw,jt Γuvt ΞtZ
Ξ1
gZ Ξ1

jZ Ξ1
tZ ΩZ

˛

‹

‹

‚

.

The diagonal covariance blocks satisfy

Γvwg ,Γuwj ,Γuvt P Rℓˆℓ, Γvwg ą 0, Γuwj ą 0, Γuvt ą 0,

and
ΩZ P Rpˆp, ΩZ ą 0.

Theorem 1 (Joint asymptotic normality of the slope and aligned factor errors). Suppose
that Assumptions 1, 2, 3, 4, 5, and 6 hold. Let pδ̂, Û , V̂ , Ŵ q be the global least-squares
estimator defined in Assumption 1. Suppose that

pG`M ` T q3{2

NMT
Ñ 0. (11)

Let bδ “ b1 ` b2 ` b3, and use the limiting matrices and vectors defined in Assumption 6.
The estimated factors are expressed in the true-factor column labeling and sign orienta-

tion. Specifically, among the equivalent least-squares triples

pÛΠℓSvSw, V̂ΠℓSv, ŴΠℓSwq,

where Πℓ ranges over ℓ ˆ ℓ permutation matrices and Sv, Sw range over diagonal matrices
with entries in t´1, 1u, choose a representative minimizing

1

M
}V̂ΠℓSv ´ V }2F `

1

T
}ŴΠℓSw ´W }2F .

Retain the hat notation for the selected representative, and define Hu, Hv, Hw from it as in
Proposition 2. The followings hold.
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1. (Identity limits of the alignment matrices.)
The matrices Hu, Hv, Hw are nonsingular with probability approaching one and satisfy

Hu
p

ÝÑ Iℓ, Hv
p

ÝÑ Iℓ, Hw
p

ÝÑ Iℓ.

2. (Slope central limit theorem.)
The slope estimator satisfies

?
NMT pδ̂ ´ δq

d
ÝÑ N

`

´Γ´1
δ bδ, Γ

´1
δ ΩZΓ

´1
δ

˘

.

3. (Joint fixed-index central limit theorem.)
Fix an admissible triple pg, j, tq and suppose additionally that

N `M

T
?
NM

Ñ 0,
N ` T

M
?
NT

Ñ 0,

a

NgpM ` T q

N
?
MT

p
ÝÑ 0. (12)

Let
Cu,g “

?
πg Qu,g.

Then the aligned factor errors satisfy
¨

˚

˚

˝

a

NgMT pûg ´Huugq
?
NT pv̂j ´Hvvjq?
NMpŵt ´Hwwtq?
NMT pδ̂ ´ δq

˛

‹

‹

‚

d
ÝÑ N

`

µgjt, AgjtΣgjtA1
gjt

˘

, (13)

where

Agjt “

¨

˚

˚

˚

˝

Σ
´1

VW 0 0 ´Σ
´1

VWCu,gΓ
´1
δ

0 Σ
´1

UW 0 0

0 0 Σ
´1

UV 0
0 0 0 Γ´1

δ

˛

‹

‹

‹

‚

, µgjt “

¨

˚

˚

˝

Σ
´1

VWCu,gΓ
´1
δ bδ

0ℓ
0ℓ

´Γ´1
δ bδ

˛

‹

‹

‚

.

For completeness, define

Vu,g “ Σ
´1

VW

”

Γvwg ` Cu,gΓ
´1
δ ΩZΓ

´1
δ C 1

u,g ´ ΞgZΓ
´1
δ C 1

u,g ´ Cu,gΓ
´1
δ Ξ1

gZ

ı

Σ
´1

VW ,

Vv,j “ Σ
´1

UWΓuwj Σ
´1

UW ,

Vw,t “ Σ
´1

UV Γ
uv
t Σ

´1

UV .

The marginal fixed-index limits are

a

NgMT pûg ´Huugq
d

ÝÑ N
´

Σ
´1

VWCu,gΓ
´1
δ bδ, Vu,g

¯

,

?
NT pv̂j ´Hvvjq

d
ÝÑ N p0, Vv,jq,

?
NMpŵt ´Hwwtq

d
ÝÑ N p0, Vw,tq.

(14)
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Remark: Bias limits for groups with a positive limiting share If πg ą 0, the group
loading rate condition can be written as

c

Ng
N

M ` T
?
NMT

Ñp 0.

It therefore implies M{
?
NMT Ñ 0 and T {

?
NMT Ñ 0. The bias bounds in Proposition

1 yield B2,B3 “ opp1q, so b2 “ b3 “ 0. If G is also fixed, B1 “ OppG{
?
NMT q “ opp1q,

and hence bδ “ 0. All limiting means in part (iii) then vanish. Nevertheless, Cu,g may
remain nonzero, so slope estimation can affect the group variance even when it produces no
asymptotic mean shift.

Remark: Alignment matrices and the centering of factor errors The identity
limits of Hu, Hv, Hw allow their inverse premultipliers to be removed from the normalized
expansions because the corresponding normalized errors are stochastically bounded. For
example,

a

NgMT pûg ´Huugq “
a

NgMTH´1
u pûg ´Huugq ` opp1q.

However, we may not replace Huug by ug. Such a replacement would require the additional
condition

a

NgMT pHu ´ Iℓqug “ opp1q,

with analogous conditions for the teacher and year factors.

5.1 Bias Corrected Estimator
In this section, we show that the three bias terms in (10) can be corrected, as in the
framework of Hahn and Kuersteiner (2002) and Bai (2009).

Suppose the errors are conditionally uncorrelated, i.e., Erεaεb | Fs “ 0 for a ‰ b. We
define

ε̂ijt “ yijt ´ x1
ijtδ̂ ´

ℓ
ÿ

k“1

ûgpiq,kv̂jkŵtk, pσ 2
gjt “

1

Ng

ÿ

i:gpiq“g

ε̂ 2
ijt.

The grouped conditional variance is σG,2gjt “ N´1
g

ř

i:gpiq“g Erε2ijt | Fs, and each ΩGm is
diagonal. We may use the corresponding residual-based estimators given by

pΩG1 “ diag

¨

˝

˜

G
ÿ

g“1

pσ 2
gjt

¸

pj,tq

˛

‚, pΩG2 “ diag

¨

˝

˜

M
ÿ

j“1

pσ 2
gjt

¸

pg,tq

˛

‚, pΩG3 “ diag

¨

˝

˜

T
ÿ

t“1

pσ 2
gjt

¸

pg,jq

˛

‚,

(15)

with the pair indices ordered according to the corresponding unfolding convention.

Proposition 3. Suppose that Assumptions 1, 2, 3, and 4 hold. Suppose also that Erεaεb |

Fs “ 0 for all distinct a, b P I. The true factor rows satisfy

1

N

G
ÿ

g“1

Ng}ug}4 `
1

M

M
ÿ

j“1

}vj}
4 `

1

T

T
ÿ

t“1

}wt}
4 “ Opp1q
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and the group sizes satisfies
G
ÿ

g“1

1

Ng
“ Op

ˆ

G2

N

˙

. (16)

Let T be the tangent space defined in (6) evaluated at the true parameters pU, V,W q and let
ΓNMT and ZNMT be as defined in Proposition 1. Set pŪ “ pD1Dq1{2Û and

p pF1, pF2, pF3q “ ppŪ, V̂ , Ŵ q, p pC1, pC2, pC3q “ pV̂ ˚ Ŵ , pŪ ˚ Ŵ , pŪ ˚ V̂ q.

Let pΩGm, m “ 1, 2, 3, be data-based estimators of the conditional covariance defined in (15),
of dimensions MT ˆMT , GT ˆGT , and GM ˆGM , respectively. Define

pBm “
1

?
NMT

Xp4qP pTQK
G
1,m vec

´

pFmp pF 1
m
pFmq´1p pC 1

m
pCmq´1

pC 1
m
pΩGmM pCm

¯

, m “ 1, 2, 3.

The bias-corrected estimator δ̂bc is defined as

δ̂bc “ δ̂ `
1

?
NMT

pΓ´1
NMT

´

pB1 ` pB2 ` pB3

¯

, pΓNMT “
1

NMT
Xp4qM pTX

1
p4q

Then, we have

ΓNMT

?
NMT pδ̂bc ´ δq “ ZNMT `Op

˜

c

G`M ` T

NMT
`

pG`M ` T q3{2

NMT

¸

. (17)

Remark: Centered asymptotic normality. Suppose additionally that

pG`M ` T q3{2

NMT
Ñ 0, ΓNMT

p
ÝÑ Γδ ą 0, ZNMT

d
ÝÑ N p0,ΩZq.

The bias-corrected expansion and Slutsky’s theorem imply
?
npδ̂bc ´ δq

d
ÝÑ N

`

0,Γ´1
δ ΩZΓ

´1
δ

˘

.

The limiting covariance is determined by the oracle slope score. This conclusion does not
require the individual bias terms Bm to converge to finite limits: the correction estimates
and removes their sum at the required rate.

Remark: Aggregate control of group sizes. The reciprocal-size condition can be
written as

1

G

G
ÿ

g“1

N{G

Ng
“

N

G2

G
ÿ

g“1

1

Ng
“ Opp1q.

Cauchy–Schwarz implies that this quantity is at least one, with equality for equal group
sizes. The condition therefore controls the average reciprocal group size relative to the
equal-size benchmark. A uniform lower bound Ng ě cN{G is sufficient, but the aggregate
condition allows some substantially smaller groups. For example, if N “ L2, G “ L, N1 “ 1,
and Ng “ L` 1 for g ě 2, then

N

G2

ÿ

g

1

Ng
“ 1 `

L´ 1

L` 1
Ñ 2,

although N1{pN{Gq “ 1{L Ñ 0.
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6 Selecting the Number of Interactive Components
In this section, we let ℓ0 denote the true number of interactive components and ℓ P t0, . . . , ℓmaxu

denote a candidate number, where ℓmax is fixed and 1 ď ℓ0 ď ℓmax. Assumptions 1 and 2
concerning the true factor matrices are understood with ℓ “ ℓ0. For each candidate rank,
we jointly minimize the residual sum of squares over the slope coefficient and the grouped
interactive component. Following the penalized-fit approach of Bai and Ng (2002), we select
the rank by adding a complexity penalty to the resulting criterion.

For ℓ ě 1, let Θℓ impose the normalization and upper bound in Assumption 1, with ℓ
columns and the same constant cU for every candidate rank:

Θℓ “

!

prU, rV ,ĂW q P RGˆℓ ˆ RMˆℓ ˆ RTˆℓ :

diag

ˆ

1

M
rV 1

rV

˙

“ diag

ˆ

1

T
ĂW 1

ĂW

˙

“ ιℓ, λmax

ˆ

1

N
rU 1D1D rU

˙

ď cU

)

.

Define the admissible grouped common-component classes by

CDℓ,cU “

#

ℓ
ÿ

k“1

pDruk ˝ rvk ˝ rwkq : prU, rV ,ĂW q P Θℓ

+

, ℓ ě 1,

CD0,cU “ t0u.

Every tensor in CDℓ,cU has CP rank at most ℓ with the parameter bound used in estima-
tion. Appending a zero column to rU and columns with norms

?
M and

?
T to rV and ĂW ,

respectively, preserves both the fitted tensor and the normalization restrictions. Therefore,

CD0,cU Ď CD1,cU Ď ¨ ¨ ¨ Ď CDℓmax,cU .

For each candidate ℓ, define

Vpℓq “ min
δPRp, ΠPCD

ℓ,cU

1

NMT

›

›Y ´X ˆ4 δ
1 ´ Π

›

›

2

F
.

Concentrating the criterion over δ gives

Vpℓq “ min
ΠPCD

ℓ,cU

1

NMT

›

›

›
MX1

p4q
vecpY ´ Πq

›

›

›

2

.

Let gpG,N,M, T q ą 0 be a deterministic penalty. Define

PCpℓq “ Vpℓq ` ℓgpG,N,M, T q, pℓ “ min argmin
0ďℓďℓmax

PCpℓq, (18)

where the outer minimum specifies the tie-breaking rule.

Assumption 7 (Uniform identification over candidate ranks). There exists a constant
crank ą 0 such that, with probability approaching one,

inf
rUPRGˆℓmax

rV PRMˆℓmax

λmin

„

1

NMT
Xp4q

`

MD rU˚ rV bMW

˘

X 1
p4q

ȷ

ě crank.

Here W is the true T ˆ ℓ0 factor matrix.
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Proposition 4 (Consistency of the information criterion). Suppose that Assumptions 1, 2,
3, and 7 hold, with the true-factor restrictions evaluated at rank ℓ0. Let ℓmax be fixed, with
1 ď ℓ0 ď ℓmax, and define pℓ by (18). If the positive deterministic penalty satisfies

gpG,N,M, T q Ñ 0,
NMT

G`M ` T
gpG,N,M, T q Ñ 8, (19)

then, along the asymptotic sequence in Assumption 1, we have

Ptpℓ “ ℓ0u Ñ 1.

Remark: Penalty choice. The conditions in (19) require a penalty that vanishes but
dominates the order pG`M `T q{pNMT q of the improvement from fitting additional com-
ponents. Natural admissible choices are

g1pG,N,M, T q “
G`M ` T

NMT
log

ˆ

NMT

G`M ` T

˙

g2pG,N,M, T q “
G`M ` T

NMT
log

`

C2
GNMT

˘

g3pG,N,M, T q “
logpC2

GNMT q

C2
GNMT

,

where C2
GNMT “ minpNMT {G,NT,NMq. This choice remains admissible throughout the

asymptotic framework of Assumption 1, without requiring the three panel dimensions to
grow at comparable rates.

Remark: Zero true rank. The result also extends to ℓ0 “ 0. In that case, set Π “ 0,
regard U, V,W as matrices with no columns, and setMW “ IT . The positive-rank dimension
restriction and true-factor normalization and Gram conditions in Assumptions 1 and 2 are
then omitted; their remaining dimensional, membership, regressor, and error conditions
are retained. There are no underfitted candidates, and the uniform criterion bound and
overfitting argument prove Ptpℓ “ 0u Ñ 1.

Remark: Scale-invariant information criterion The additive criterion

PCpℓq “ Vpℓq ` ℓgpG,N,M, T q

depends on the scale of the outcome variable because Vpℓq has the units of a residual variance,
whereas gpG,N,M, T q is dimensionless. A scale-invariant alternative is

ICpℓq “ logVpℓq ` ℓgpG,N,M, T q.

Suppose, in addition, that
Vpℓ0q

p
ÝÑ σ2

ε ą 0.

For overfitted models, we may show

Vpℓ0q ´ Vpℓq “ Oppρ2q,

where ρ “

b

G`M`T
NMT . Thus, a first-order expansion of the logarithm gives

logVpℓq ´ logVpℓ0q “ Oppρ2q.
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For underfitted models, we may show that the residual-variance gap remains bounded away
from zero. Therefore, the same penalty conditions imply consistency of

pℓIC “ argmin
0ďℓďℓmax

ICpℓq.

Another scale-adjusted alternative is

PC˚pℓq “ Vpℓq ` ℓpσ2gpG,N,M, T q,

where
pσ2 “ Vpℓmaxq

or any other consistent estimator of the limiting idiosyncratic variance.

7 Inclusion of Additive Fixed Effects
Consider the model with both additive and interactive fixed effects

yijt “ x1
ijtδ ` κ` µgpiq ` νj ` ξt ` πijt ` εijt, πijt “

ℓ
ÿ

k“1

ugpiq,kvjkwtk.

To select a unique intercept–group–teacher–year representation of the additive component,
we impose

ι1NDµ “

G
ÿ

g“1

Ngµg “ 0, ι1Mν “ 0, ι1T ξ “ 0. (20)

Define the N ˆM ˆ T dimensional additive tensor by

Apκ, µ, ν, ξq “ κpιN ˝ ιM ˝ ιT q ` pDµ ˝ ιM ˝ ιT q ` pιN ˝ ν ˝ ιT q ` pιN ˝ ιM ˝ ξq.

Let y “ vecpY q, e “ vecpEq, apκ, µ, ν, ξq “ vecpApκ, µ, ν, ξqq, and πpU, V,W q “ vecpΠpU, V,W qq.
Suppressing parameter arguments at the true values, the tensor and vector representations
are

Y “ X ˆ4 δ
1 ` A ` Π ` E, y “ X 1

p4qδ ` a` π ` e.

Define a global least-squares estimator by

pδ̂, κ̂, µ̂, ν̂, ξ̂, Û , V̂ , Ŵ q

P argmin
δPRp, κPR, µPRG, νPRM , ξPRT

pU,V,W qPΘℓ

ι1
NDµ“0, ι1

Mν“0, ι1
T ξ“0

1

NMT

›

›

›
y ´X 1

p4qδ ´ apκ, µ, ν, ξq ´ πpU, V,W q

›

›

›

2

. (21)

To derive the profiled objective function from (21), let

AD “
`

ιN b ιM b ιT D b ιM b ιT ιN b IM b ιT ιN b ιM b IT
˘

Although AD contains redundant columns, its column space is precisely the space of ad-
ditive fitted vectors satisfying the representation Apκ, µ, ν, ξq. Conditional on pδ, U, V,W q,
minimization over the normalized additive coefficients is therefore orthogonal projection
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of y ´ X 1
p4q
δ ´ πpU, V,W q onto AD. Since ιN P colpDq, the matrix PD ´ PιN is the or-

thogonal projector onto the group-constant vectors with observation-weighted mean zero.
Consequently,

PAD
“ Pιn ` pPD ´ PιN q b PιM b PιT ` PιN bMιM b PιT ` PιN b PιM bMιT ,

where ιn “ ιN b ιM b ιT . The four summands are mutually orthogonal projectors onto the
intercept, normalized group-effect, normalized teacher-effect, and normalized period-effect
spaces. In particular,

rankpPAD
q “ 1 ` pG´ 1q ` pM ´ 1q ` pT ´ 1q “ G`M ` T ´ 2.

Let MAD
“ In ´ PAD

. Profiling the additive coefficients out of (21) gives

pδ̂, Û , V̂ , Ŵ q P argmin
δPRp

pU,V,W qPΘℓ

1

NMT

›

›

›
MAD

ty ´X 1
p4qδ ´ πpU, V,W qu

›

›

›

2

. (22)

Conversely, any global minimizer of (22), completed with its normalized additive least-
squares coefficients, is a global minimizer of (21). Writing Π̂ “ ΠpÛ , V̂ , Ŵ q and Â “

Apκ̂, µ̂, ν̂, ξ̂q, the fitted additive component satisfies

vecpÂq “ PAD
py ´X 1

p4qδ̂ ´ vecpΠ̂qq.

The individual additive estimates have explicit expressions. For an arbitrary residual
tensor R “ prijtq, define

r̄¨¨¨ “
1

NMT

N
ÿ

i“1

M
ÿ

j“1

T
ÿ

t“1

rijt, r̄g¨¨ “
1

NgMT

ÿ

i:gpiq“g

M
ÿ

j“1

T
ÿ

t“1

rijt,

r̄¨j¨ “
1

NT

N
ÿ

i“1

T
ÿ

t“1

rijt, r̄¨¨t “
1

NM

N
ÿ

i“1

M
ÿ

j“1

rijt.

The projection and residual-making formulas, indexed according to the original tensor en-
tries, are

rPAD
vecpRqsijt “ r̄gpiq¨¨ ` r̄¨j¨ ` r̄¨¨t ´ 2r̄¨¨¨,

rMAD
vecpRqsijt “ rijt ´ r̄gpiq¨¨ ´ r̄¨j¨ ´ r̄¨¨t ` 2r̄¨¨¨.

Thus, for r̂ijt “ yijt ´ x1
ijtδ̂ ´ π̂ijt, the normalized additive coefficients associated with the

selected profiled minimizer are

κ̂ “ ¯̂r¨¨¨, µ̂g “ ¯̂rg¨¨ ´ ¯̂r¨¨¨,

ν̂j “ ¯̂r¨j¨ ´ ¯̂r¨¨¨, ξ̂t “ ¯̂r¨¨t ´ ¯̂r¨¨¨. (23)

The means in (23) are computed after subtracting both the fitted regression component and
the fitted interactive component.

Assumption 8 (Additive fixed effects). The following two assumptions hold.
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(i) Strong centered factors. Define

ū1 “
1

N
ι1NDU, v̄1 “

1

M
ι1MV, w̄1 “

1

T
ι1TW,

U c “ U ´ ιGū
1, V c “ V ´ ιM v̄

1, W c “ W ´ ιT w̄
1.

Assume ℓ ď mintG´ 1,M ´ 1, T ´ 1u. For a constant cc ą 0 independent of the panel
dimensions, with probability approaching one,

ccIℓ ĺ
1

N
pU cq1D1DU c ĺ c1Iℓ,

ccIℓ ĺ
1

M
pV cq1V c ĺ c1Iℓ,

ccIℓ ĺ
1

T
pW cq1W c ĺ c1Iℓ.

Here c1 is as in Assumption 2. These conditions concern the true centered factors;
neither the true nor the estimated raw factor matrices are required to have zero column
means.

(ii) Identification after accounting for additive and interactive effects. For arbitrary rU P

RGˆℓ and rV P RMˆℓ, define

rCAprU, rV q “

”

ιN b ιM , D rU ˚ rV
ı

, WA “ rιT ,W s.

There exists a constant cδ,A ą 0 such that, with probability approaching one,

inf
rUPRGˆℓ

rV PRMˆℓ

λmin

„

1

NMT
Xp4q

´

M
rCAp rU, rV q

bMWA

¯

X 1
p4q

ȷ

ě cδ,A.

This condition extends Assumption 4 to the inclusion of additive fixed effects.

Lemma 2 (Consistency with group, teacher, and period additive effects). Suppose As-
sumptions 1, 2, 3, and 8 hold. Both the true and candidate additive effects satisfy the
observation-weighted normalizations in (20). Define the global least-squares estimator by
(21). Then the slope and the interactive component satisfy

}δ̂ ´ δ} `
}Π̂ ´ Π}F

?
n

“ Op

˜

c

G`M ` T

NMT

¸

. (24)

The uncentered joint loading spaces satisfy

1
?
MT

}MV̂ ˚Ŵ pV ˚W q}F “ Op

˜

c

G`M ` T

NMT

¸

,

1
?
NT

}MDÛ˚Ŵ pDU ˚W q}F “ Op

˜

c

G`M ` T

NMT

¸

, (25)

1
?
NM

}MDÛ˚V̂ pDU ˚ V q}F “ Op

˜

c

G`M ` T

NMT

¸

.
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Moreover, the additive-effect estimators satisfy

|κ̂´ κ| “ Op

˜

1
?
NMT

`

c

G`M ` T

NMT

¸

,

1
?
N

}Dpµ̂´ µq} “

«

1

N

G
ÿ

g“1

Ngpµ̂g ´ µgq2

ff1{2

“ Op

˜

c

G

NMT
`

c

G`M ` T

NMT

¸

,

1
?
M

}ν̂ ´ ν} “ Op

˜

1
?
NT

`

c

G`M ` T

NMT

¸

,

1
?
T

}ξ̂ ´ ξ} “ Op

˜

1
?
NM

`

c

G`M ` T

NMT

¸

.

(26)

Remark: The interactive component after profiling. Additive profiling removes the
intercept and the group, teacher, and year additive effects. To describe what remains in the
interactive effects, let uck, v

c
k, w

c
k denote the columns of U c, V c,W c, and let ūk, v̄k, w̄k denote

the corresponding column means. Expanding each rank-one component gives

ΠAD “

ℓ
ÿ

k“1

!

Duck ˝ vck ˝ wck ` w̄kpDuck ˝ vck ˝ ιT q ` v̄kpDuck ˝ ιM ˝ wckq ` ūkpιN ˝ vck ˝ wckq

)

.

The last three terms are, respectively, group–teacher interactions constant across years,
group–years interactions constant across teachers, and teacher–years interactions constant
across groups. Each is orthogonal to the additive space because its two varying factors have
zero means. Thus additive profiling retains these two-way interactions together with the
fully centered three-way interaction; full three-way centering retains only the first term. In
other words, we have

MAD
ľ MιN bMιM bMιT ,

and fitting an unrestricted rank-ℓ CP tensor to the outcome and regressors transformed by
MιN bMιM bMιT would generally define a different estimator.

The fully three-way centered sample alone does not identify the raw factor means or the
additive coefficients, whereas the profiling estimator defined in Lemma 2 identifies both the
raw factor means and the additive effects. Consistency of the fully three-way centered slope
estimator requires identification from the regressor variation surviving MιN b MιM b MιT ,
which is not generally implied by Assumption 8(ii). The additional contrasts retained by
profiling may strengthen identification and improve precision.

Remark: Average consistency and the stochastic expansions of the model with additive
fixed effects as in Lemma 1 and Propositions 1 and 2 can be derived from Lemma 2 using
the same arguments as in the corresponding proofs under suitable additional assumptions.
With additive effects, the relevant tangent space is

TA “ colpADq ` T ,

so that the slope Gram matrix and oracle score become

ΓANMT “
1

NMT
Xp4qMTA

X 1
p4q, ZA

NMT “
1

?
NMT

Xp4qMTA
e.

The bias formulas also require corresponding modifications. The details are omitted.
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8 Monte Carlo Simulations
In this section, we assess finite-sample performance of the proposed grouped three-way
estimator.

8.1 Data-Generating Process
We simulate data from the model

yijt “ x1
ijtδ ` κ` µgpiq ` νj ` ξt ` πijt ` εijt, πijt “

ℓ
ÿ

k“1

ugpiq,kvjkwtk.

We set p “ 2 and ℓ “ 2. We assume that G divides N and construct equally sized groups:

Ng “
N

G
, gpiq “ g for i “ pg ´ 1qNg ` 1, . . . , gNg, g “ 1, . . . , G.

The additive fixed effects µg, νj , ξt are drawn from a standard normal distribution and
are demeaned. The grand mean is κ “ 1. We also draw the fixed effects pug, vj , wtq
from a standard normal distribution and rescale the terms without changing the interactive
component so that columns of 1?

M
V and 1?

T
W are unit norm. No sample mean-zero

restriction is imposed on the columns of U , V , or W .
The regressors are generated according to

xijt,q “ mq ` cqπijt ` ηijt,q, q “ 1, 2,

where ηijt,q
i.i.d.
„ N p0, 1q. We set

δ “

ˆ

1
3

˙

, m1 “ m2 “ c1 “ c2 “ 1.

Thus, the regressors are correlated with the interactive fixed effects but contain independent
variation through their idiosyncratic components.

We consider two error specifications. In the first specification,

εijt
i.i.d.
„ N p0, 1q.

In the second specification, we independently draw rεijt
i.i.d.
„ N p0, 1q for t “ 0, . . . , T and

define
εijt “

1
?
2

prεijt ` rεij,t´1q , t “ 1, . . . , T.

This moving-average specification satisfies

Varpεijtq “ 1, Corrpεijt, εij,t´1q “
1

2
, t “ 2, . . . , T,

with zero autocorrelations at lags greater than one and independence across distinct pairs
pi, jq. Both error specifications therefore have the same marginal variance. All primitive
Gaussian draws used to generate the additive effects, interactive factors, regressor innova-
tions, and error innovations are mutually independent.
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8.2 Estimation
Given the estimation model,

yijt “ x1
ijtδ ` κ` αij ` ξt `

ℓ
ÿ

k“1

λij,kftk ` eijt,

we consider two restrictions

Separability pR1q : αij “ µi ` νj , λij,k “ aikbjk,

Grouping pR2q : µi “ µgpiq, aik “ agpiq,k.

The four estimation methods implemented here are summarized in a table.

Methods Fixed effects structure Interactive parameters Estimation

1 Grouped three-way (R1, R2) pG`M ` T qℓ Joint least squares
2 Ungrouped three-way (R1) pN `M ` T qℓ Joint least squares
3 Ungrouped three-way (R1) pN `M ` T qℓ Freeman (2026)
4 Flattened two-way pNM ` T qℓ Joint least squares

The first method uses the correctly specified grouped three-way interactive fixed effect
model. The second and third methods do not impose the grouping restriction. The second
method estimates the model using least squares; the third method estimates the model using
a transformation method as in Freeman (2026). The final method estimates a flattened two-
way interactive fixed effect model that does not impose the separability restriction on fixed
effects for i and j. All four methods are correctly specified; differences arise from fixed
effects parameter parsimony and estimation method.12 For each configuration and each
error specification, we generate R “ 1,000 Monte Carlo replications.

12Details on implementation methods are in Appendix 11.3.
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Table 1: Monte Carlo performance of the slope estimators

Estimator pδ1 pδ2

Bias SD RMSE Ratio Bias SD RMSE Ratio

i.i.d. errors; N “ 24, M “ 24, T “ 8, G “ 4
Grouped three-way -0.0004 0.0146 0.0146 1.0000 -0.0002 0.0148 0.0148 1.0000
Ungrouped three-way -0.0001 0.0148 0.0147 1.0114 0.0001 0.0149 0.0149 1.0056
Freeman linear -0.0007 0.0218 0.0218 1.4952 0.0005 0.0214 0.0214 1.4425
Flattened two-way 0.0013 0.0195 0.0195 1.3382 0.0021 0.0192 0.0193 1.3026

i.i.d. errors; N “ 48, M “ 24, T “ 8, G “ 6
Grouped three-way 0.0001 0.0105 0.0105 1.0000 0.0003 0.0106 0.0106 1.0000
Ungrouped three-way 0.0002 0.0105 0.0105 1.0041 0.0003 0.0106 0.0106 1.0037
Freeman linear -0.0003 0.0148 0.0148 1.4131 0.0001 0.0145 0.0145 1.3653
Flattened two-way 0.0003 0.0132 0.0132 1.2606 0.0006 0.0132 0.0132 1.2416

i.i.d. errors; N “ 48, M “ 48, T “ 8, G “ 8
Grouped three-way 0.0003 0.0074 0.0074 1.0000 -0.0008 0.0075 0.0075 1.0000
Ungrouped three-way 0.0003 0.0074 0.0074 1.0038 -0.0007 0.0075 0.0075 1.0030
Freeman linear 0.0001 0.0099 0.0099 1.3360 -0.0007 0.0099 0.0100 1.3258
Flattened two-way 0.0004 0.0093 0.0093 1.2598 -0.0006 0.0096 0.0096 1.2842

i.i.d. errors; N “ 48, M “ 48, T “ 12, G “ 8
Grouped three-way -0.0002 0.0060 0.0060 1.0000 -0.0001 0.0061 0.0061 1.0000
Ungrouped three-way -0.0001 0.0060 0.0060 1.0045 -0.0001 0.0061 0.0061 1.0042
Freeman linear -0.0002 0.0076 0.0076 1.2608 0.0000 0.0075 0.0075 1.2310
Flattened two-way -0.0001 0.0072 0.0072 1.1900 0.0001 0.0071 0.0071 1.1647

Notes: Ratio is the estimator RMSE divided by the grouped-estimator RMSE

Table 1 shows that the grouped three-way estimator has the lowest RMSE for both slope
coefficients in every reported design. Its bias is small relative to its standard deviation, and
its RMSE declines approximately at the 1{

?
NMT rate: the values of

?
NMT times RMSE

lie between approximately 0.99 and 1.02. The ungrouped three-way estimator performs
almost identically, with RMSE only 0.3%–1.1% larger. Thus, in these designs, the additional
gain from grouping is modest.

The larger precision gains arise when comparing the grouped three-way estimator with
the Freeman linear and flattened two-way estimators. Their RMSEs are approximately
23%–50% and 16%–34% larger than those of the grouped three-way estimator, respectively.
The flattened two-way estimator has lower RMSE than the Freeman linear estimator in
every i.i.d. design. Because biases are small relative to standard deviations, these differences
primarily reflect differences in sampling variability. The results support the precision benefits
of exploiting the separable three-way structure.
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Table 2: Monte Carlo performance of the slope estimators

Estimator pδ1 pδ2

Bias SD RMSE Ratio Bias SD RMSE Ratio

MA(1) errors; N “ 24, M “ 24, T “ 8, G “ 4
Grouped three-way -0.0006 0.0144 0.0145 1.0000 -0.0003 0.0147 0.0147 1.0000
Ungrouped three-way 0.0010 0.0247 0.0247 1.7060 0.0014 0.0241 0.0241 1.6334
Freeman linear 0.0010 0.0184 0.0184 1.2745 0.0017 0.0186 0.0186 1.2647
Flattened two-way 0.0721 0.0914 0.1164 8.0500 0.0726 0.0915 0.1168 7.9213

MA(1) errors; N “ 48, M “ 24, T “ 8, G “ 6
Grouped three-way 0.0003 0.0101 0.0101 1.0000 0.0000 0.0104 0.0104 1.0000
Ungrouped three-way 0.0004 0.0102 0.0102 1.0019 0.0002 0.0104 0.0104 1.0037
Freeman linear 0.0004 0.0130 0.0130 1.2798 0.0002 0.0121 0.0121 1.1661
Flattened two-way 0.0723 0.0971 0.1210 11.9342 0.0724 0.0967 0.1208 11.6442

MA(1) errors; N “ 48, M “ 48, T “ 8, G “ 8
Grouped three-way 0.0003 0.0076 0.0076 1.0000 -0.0005 0.0074 0.0074 1.0000
Ungrouped three-way 0.0003 0.0076 0.0076 0.9994 -0.0004 0.0074 0.0074 1.0015
Freeman linear 0.0004 0.0088 0.0088 1.1541 -0.0002 0.0087 0.0087 1.1837
Flattened two-way 0.0634 0.0873 0.1079 14.2169 0.0627 0.0887 0.1086 14.7104

MA(1) errors; N “ 48, M “ 48, T “ 12, G “ 8
Grouped three-way -0.0001 0.0058 0.0058 1.0000 -0.0001 0.0061 0.0061 1.0000
Ungrouped three-way 0.0000 0.0058 0.0058 1.0003 -0.0001 0.0061 0.0061 1.0049
Freeman linear 0.0000 0.0069 0.0069 1.1798 0.0000 0.0069 0.0069 1.1254
Flattened two-way 0.0139 0.0150 0.0204 3.5015 0.0139 0.0152 0.0206 3.3736

Notes: Ratio is the estimator RMSE divided by the grouped-estimator RMSE

Table 2 shows that the grouped three-way estimator maintains small bias and declin-
ing RMSE under serial dependence. Grouped and ungrouped three-way estimators have
essentially identical RMSEs in the three larger designs; the ungrouped three-way estimator
has a slightly lower RMSE for the first coefficient when N “ M “ 48 and T “ 8. In the
smallest design, however, ungrouped three-way RMSE is approximately 63%–71% larger
than grouped three-way RMSE. Freeman linear RMSE is approximately 13%–28% larger
than grouped three-way RMSE across the reported MA(1) designs.

The flattened two-way estimator exhibits substantially larger bias and dispersion, with
RMSE approximately 3.4–14.7 times that of the grouped three-way estimator. Squared
bias accounts for approximately 33%–46% of its MSE, so both bias and sampling variability
contribute to the deterioration. At T “ 8, increasing the cross-sectional dimensions produces
little reduction in its bias. Increasing T from 8 to 12, holding N “ M “ 48 and G “ 8,
sharply reduces both bias and standard deviation. This pattern is consistent with difficulties
associated with estimating unrestricted interactive effects under serial dependence when the
time dimension is short. The Freeman linear estimator outperforms flattened two-way in
every MA(1) design, reversing their ranking under i.i.d. errors.

9 Empirical Application: Heterogeneous Teacher Value
Added

We use student-level records from the National Center for Teacher Effectiveness Main Study
(ICPSR 36095). The estimation sample contains 11,390 student-year observations on 9,818
distinct students and 317 teachers, covering fourth and fifth grades in 53 schools across
four districts. The data span three academic years, 2010–2011 through 2012–2013, with
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4,814, 4,130, and 2,446 observations, respectively. The resulting panel is unbalanced13 and
contains 583 observed teacher-year pairs.

Students are classified into five prior-achievement groups using their prior-year state
mathematics test scores. Table 3 reports teachers’ coverage across the three study years,
while Table 4 reports achievement-group coverage within teacher–year pairs. A group is
represented if at least one student from that group is observed for the teacher in that year.

Table 3: Number of years observed per teacher
Years observed Teachers Percent
One year 126 39.75
Two years 116 36.59
Three years 75 23.66
Total 317 100.00

Notes: Only 75 teachers appear on all three years.

Table 4: Achievement groups represented per teacher–year
Groups represented 2010–2011 2011–2012 2012–2013 Total Percent
One 1 2 0 3 0.51
Two 12 8 3 23 3.95
Three 32 22 11 65 11.15
Four 77 62 34 173 29.67
Five 130 120 69 319 54.72
Total 252 214 117 583 100.00

Notes: Percentages use all 583 observed teacher–year pairs as the denominator. Group coverage is
calculated after pooling a teacher’s classrooms within each year.

Teacher–year pairs represent 4.34 achievement groups on average, with a median of five.
Overall, 2,531 of the 2,915 possible group–teacher–year cells contain observed students, cor-
responding to coverage of 86.83%. Occupied group–teacher–year cells contain 4.50 students
on average, with a median of four and a range of 1–24. Among these cells, 345 (13.63%)
contain one student and 730 (28.84%) contain at most two students.

The sparse and uneven coverage in Tables 3 and 4 motivates imposing structure on the
teacher effects. Unrestricted group–teacher–year effects rely on the observations within each
cell, which can yield noisy estimates in small cells and provide no direct estimates for empty
cells. The three-way separability restriction pools information across groups, teachers, and
years: group loadings are shared across teachers and years, year factors are shared across
teachers and groups, and each teacher’s loadings are estimated using all of that teacher’s
observed groups and years. Provided the observed support contains sufficient identifying
variation, this structure allows observations from other cells to contribute to estimation.

We use the following model with additive teacher specific effects and grouped three-way
13Discussion of estimation with unbalanced panel is in Appendix 11.10.
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interactive fixed effects,

yijt “ x1
ijtδ ` νj ` πgpiq,jt ` εijt, πgpiq,jt “

ℓ
ÿ

k“1

ugpiq,kvj,kwt,k.

Student achievement yijt is measured using standardized state mathematics scores. The
student controls xijt include prior standardized test score and dummies for grade, gender,
race, free or reduced-price lunch eligibility, special education status, and limited English
proficiency status. The unobserved component νj ` πgjt is the teacher j’s effects in year t
for students in prior-achievement group g.

We plot the estimated teacher components pûg, v̂j , ŵtq estimated using ℓ “ 2 in the
following Figure 1.1415

Figure 1: The estimated teacher components pûg, v̂j , ŵtq with ℓ “ 2. The first row plots
k “ 1 and the second row plots k “ 2.

Write π̂pkq

gjt “ ûgkv̂jkŵtk. The first component combines positive group loadings with an
increasing year factor. For a fixed group g, teacher j and two years t ă t1, its change is

π̂
p1q

gjt1 ´ π̂
p1q

gjt “ ûg1v̂j1pŵt11 ´ ŵt1q.

Since pŵt11 ´ ŵt1q ą 0 is shared across teachers, the first component π̂p1q

gjt works to increase
the teacher effect over time for teachers with v̂j1 ą 0. The magnitude of the increase varies
across achievement groups through ûg1.

14Assumption 8 implicitly requires T ě ℓ ` 2 because full column rank in W c implies rankprιT ,W sq “

ℓ ` 1. This contradicts ℓ “ 2 because we only have T “ 3. However, when only teacher-specific additive
fixed effects are included, a uniform eigenvalue lower bound on 1

NMT
Xp4qpM

Cνp rU, rV q
b MW qX 1

p4q
where

Cν “ pιN b IM , D rU ˚ rV q is enough so that only T ě ℓ ` 1 is required.
15We also report the results with ℓ “ 1 in Appendix 11.7. The results are qualitatively similar, with a

smaller proportion of variation in the relative teacher value added explained by the matching effects.
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For the second component, the declining group loadings and positive year factors imply
that, for v̂j2 ą 0, this component contributes more to predicted achievement among initially
lower-achieving students. For a lower-achievement group gL and a higher-achievement group
gH , we have

π̂
p2q

gLjt
´ π̂

p2q

gHjt
“ pûgL,2 ´ ûgH ,2qv̂j2ŵt2.

Note that pûgL,2 ´ ûgH ,2q ą 0 is shared across teachers. For teachers with v̂j2 ą 0, the
second component π̂p2q

gjt works to raise the teachers’ effectiveness for the lower-achievement
group more than that for the higher-achievement group, increasing this teacher’s compar-
ative advantage over the lower-achievement group. The differential reverses for teachers
with negative v̂j2. The estimated second year factor remains positive and relatively sta-
ble throughout the sample. Heatmaps visualizing the estimated relative value added and
matching effects are in Appendix 11.4.

9.1 Variance Decomposition of Teacher Effectiveness

Let τgjt “ νj `
řℓ
k“1 ugkvjkwtk denote the fitted teacher component. Let Jt be the set

of teachers observed in period t, with mt “ |Jt|. Using equal reference weights across the
G “ 5 prior-achievement groups, we define

τ̄jt “
1

G

G
ÿ

g“1

τgjt, τ̄gt “
1

mt

ÿ

jPJt

τgjt, τ̄t “
1

mt

ÿ

jPJt

τ̄jt, τ̄ “

řT
t“1mtτ̄t
řT
t“1mt

.

For each observed teacher–year cell, we evaluate τgjt for every achievement group, including
groups absent from that cell. The fitted teacher component admits the orthogonal decom-
position

τgjt ´ τ̄ “ τ̄t ´ τ̄
loomoon

year effect

` τ̄gt ´ τ̄t
loomoon

group level effect

` τ̄jt ´ τ̄t
loomoon

teacher level effect

` τgjt ´ τ̄jt ´ τ̄gt ` τ̄t
looooooooooomooooooooooon

matching effect

“ Tt `Ggt ` Ljt `Mgjt.

The year effect common to every teacher–group is captured in Tt. The group-level effect
Ggt captures effects that are common to teachers, i.e., how effective average teachers are
on group g. The teacher-level effect Ljt measures teacher j’s general effectiveness relative
to the average active teacher in period t. The matching effect Mgjt captures the remaining
interaction and measures the teacher’s comparative advantage for achievement group g.

Under equal weights across observed teacher–year cells and groups, the four components
are pairwise orthogonal. Consequently, the sample variance can be decomposed as

Vτ “ VT ` VG ` VL ` VM ,

34



where

Vτ “
1

G
řT
t“1mt

T
ÿ

t“1

ÿ

jPJt

G
ÿ

g“1

pτgjt ´ τ̄q2,

VT “
1

řT
t“1mt

T
ÿ

t“1

mtT
2
t , VG “

1
řT
t“1mt

T
ÿ

t“1

mt

˜

1

G

G
ÿ

g“1

G2
gt

¸

,

VL “
1

řT
t“1mt

T
ÿ

t“1

ÿ

jPJt

L2
jt, VM “

1

G
řT
t“1mt

T
ÿ

t“1

ÿ

jPJt

G
ÿ

g“1

M2
gjt.

Teacher value added relative to the average active teacher for group g in period t is defined
as

VAgjt “ Ljt `Mgjt,

The estimated variance components are
´

pVT , pVG, pVL, pVM

¯

“ p0.000, 0.003, 0.097, 0.036q.

We tabulate the variance share of the matching effect estimated using this method and
estimated in Ahn et al. (2025).

Grouped Three-Way Ahn, Aucejo, and James (2025): Math

Variance Share Variance Share

Relative teacher value added 0.133 100% 0.056 100%
Level 0.097 73% 0.049 88%
Matching 0.036 27% 0.007 12%

The matching component accounts for approximately 27% of relative teacher-value-added
variation in the grouped three-way model, compared with 12% in the math estimates of
Ahn et al. (2025).16

9.2 Explaining the Teacher Effects
To understand what explains the differences in the teacher-level and matching effects, we
run two adaptive LASSO regressions with the estimated teacher-level effect, L̂jt, and the
matching difference, Djt “ M̂1jt ´ M̂5jt, as dependent variables. We use 55 regressors that
comprise 12 CLASS variables (DS0001); 13 MQI variables and the overall five-point lesson
rating (DS0002); teaching experience and an indicator of elementary mathematics certi-
fication (DS0006); 25 survey items covering mathematics instruction, classroom climate,
differentiated assignments, and test-related instructional changes (DS0007); and ACCU-
RACY and KOSM (DS0008).17 Both regressions use the same sample of 483 teacher-years
from 279 teachers.

16When the model ℓ “ 1 is used, 16% of the variation in the estimated relative teacher value added is
explained by the matching effects.

17Detailed descriptions of the variables used are available in Appendix 11.5
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The level regression selects six predictors (Table 5), whereas the matching-difference
regression selects only MIS04 (Table 6).18 Tables below report penalized coefficients in
original units, without post-selection OLS refitting. All remaining slopes are zero.

Table 5: Adaptive LASSO: Teacher-level effect pLjt

Predictor Coefficient
CLASS measures (DS0001)

Behavior management (CLBM) 0.0328

MQI measures (DS0002)

Imprecision in mathematical language or notation (LANGIMP) ´0.0655

Enacted task cognitive activation (ETCA) 0.0188

Teacher survey items (DS0007)

Comparing different ways of solving procedural problems (MIR06) 0.0018
Instructional time lost to student misbehavior (CLC06) ´0.0302

Reducing demanding problems that challenge advanced students
(TPC05)

´0.0089

Selected penalty, λ 0.0010
Teacher-year observations 483
Teachers 279

Table 5 reports coefficients in the regressors’ original units. A one-point increase in
the teacher-year average behavior-management rating (CLBM), measured on a 1–7 scale, is
associated with a 0.0328σ increase in pLjt. For the MQI items, measured on 1–3 scales, a
one-point increase in enacted task cognitive activation19 (ETCA) is associated with a 0.0188σ

increase in pLjt, whereas a one-point increase in mathematical language or notation impre-
cision (LANGIMP) is associated with a 0.0655σ decrease. The remaining selected items use
1–5 scales. A one-category increase in the reported frequency of comparing different ways
of solving procedural problems (MIR06) is associated with a 0.0018σ increase in pLjt, while
a one-category increase in instructional time lost to misbehavior (CLC06) is associated with
a 0.0302σ decrease. A one-category increase in the reported extent of reducing demanding
problems for advanced students in preparation for state-test (TPC05) is associated with a
0.0089σ decrease.

These patterns associate higher teacher-level effects with classroom management, math-
ematical precision, cognitively engaging instruction, and not reducing demanding problems
in preparation for the state test.

18The adaptive penalty uses inverse-absolute OLS coefficient weights with γ “ 1. We choose the penalty
separately for each outcome by five-fold cross-validation, keeping all observations of a teacher in the same
fold. Predictor standardization and adaptive weights are recomputed within each training fold. The selected
penalties are λL “ 0.0010 and λD “ 0.0034.

19This measures the ability of the teacher to challenge students to actively process information
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Table 6: Adaptive LASSO: Matching difference Djt “ xM1jt ´ xM5jt

Predictor Coefficient
Teacher survey item (DS0007)

Assigning problems requiring a few minutes of thought (MIS04) 0.0368
Selected penalty, λ 0.0034
Teacher-year observations 483
Teachers 279

Notes: The penalty is selected by five-fold cross-validation, with folds grouped by teacher. The model
considers the same 55 predictors and uses the same sample as the level regression. Only the nonzero
slope is shown. The coefficient is reported in original units, without post-selection OLS refitting.

In Table 6, MIS04 measures the frequency of assigning problems requiring a few minutes
of thought, using a scale from 1 (rarely or never) to 5 (always). A one-category increase
is associated with a 0.0368σ increase in Djt “ xM1jt ´ xM5jt, implying a more favorable
matching for lower-achieving students. One possible interpretation is that assigning such
problems provides opportunities for deliberate mathematical reasoning that are particularly
well matched to lower-achieving students’ learning needs.

9.3 Counterfactual Teacher Reallocation
We conduct two counterfactual exercises. First, we evaluate each teacher’s relative value
added when assigned to their individually best-matched classroom within their school or
district. Second, we find the assignment that maximizes aggregate value added subject
to every classroom receiving exactly one teacher and every teacher teaching exactly one
classroom. Throughout both exercises, classroom rosters, student characteristics, and the
estimated teacher-effect surface remain fixed.

For each year t, let Ct denote the included classrooms and Jt the included teachers. We
restrict attention to teacher–classroom pairs for which the observed assignment is one-to-
one, so |Ct| “ |Jt|. Let j0t pcq denote classroom c’s observed teacher and c0t pjq denote teacher
j’s observed classroom.

Let ngct be the number of students from achievement group g in classroom c, and define

nct “

G
ÿ

g“1

ngct, pgct “
ngct
nct

, nt “
ÿ

cPCt

nct.

The predicted matching contribution Mtpj, cq and average relative value added VAtpj, cq of
teacher j in classroom c are

Mtpj, cq “

G
ÿ

g“1

pgctM̂gjt,

VAtpj, cq “

G
ÿ

g“1

pgctxVAgjt “ L̂jt `Mtpj, cq.

Thus, classroom value added depends on the teacher’s general effectiveness and their match-
ing effects evaluated at the classroom’s actual achievement-group composition. We retain
the original estimates L̂jt and M̂gjt throughout the counterfactuals.
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Let spcq, dpcq, and rpcq denote classroom c’s school, district, and grade. Define teacher
j’s eligible classrooms under within-school and within-district reallocation as

CSjt “ tc P Ct : spcq “ spc0t pjqq, rpcq “ rpc0t pjqqu,

CDjt “ tc P Ct : dpcq “ dpc0t pjqq, rpcq “ rpc0t pjqqu.

Teachers remain in their original grade and year. Within-school reallocation preserves their
school, whereas within-district reallocation permits movement across schools in their original
district. The observed classroom belongs to both menus, and CSjt Ď CDjt .

Exercise 1: Each teacher’s individually best-matched classroom. For b P tS,Du,
define

cbest,bjt P argmax
cPCb

jt

Mtpj, cq.

Because L̂jt is fixed for teacher j, maximizing the matching contribution also maximizes
that teacher’s average relative value added. The resulting increase in value added from the
observed classroom is

∆best,b
jt “ Mtpj, c

best,b
jt q ´Mtpj, c

0
t pjqq

Consequently,
0 ď ∆best,S

jt ď ∆best,D
jt .

The mean gain across teacher–year observations is

∆
best,b

“

řT
t“1

ř

jPJt
∆best,b
jt

řT
t“1 |Jt|

.

This exercise evaluates each teacher separately. Several teachers may select the same class-
room, while other classrooms may receive no selections. Its results therefore measure indi-
vidual opportunities rather than gains from a simultaneously feasible allocation.

Exercise 2: The optimal feasible assignment. Let ajct “ 1 indicate that teacher j
is assigned to classroom c in year t, and let A “ pajctqjPJt, cPCt

. For b P tS,Du, define the
feasible assignment set

Ab
t “

#

A : ajct P t0, 1u,
ÿ

cPCt

ajct “ 1 for every j,
ÿ

jPJt

ajct “ 1 for every c, ajct “ 0 if c R Cbjt

+

.

The row constraints assign every teacher to exactly one classroom. The column constraints
give every classroom exactly one teacher. The eligibility constraints impose the school or
district restriction.

For a feasible assignment, total predicted relative value added across students is

zTVAtpAq “
ÿ

cPCt

ÿ

jPJt

ajctnctVAtpj, cq.

Define the model-implied first-best assignment within the specified restrictions by

AFB,b
t P argmax

APAb
t

zTVAtpAq.

38



Let A0
t denote the observed assignment. The maximum total value added and the average

gain per student are

zTVA
FB,b

t “ zTVAtpA
FB,b
t q,

∆FB,b
t “

zTVAtpA
FB,b
t q ´ zTVAtpA

0
t q

nt
.

Because the observed assignment is feasible and the district assignment set contains the
school assignment set,

0 ď ∆FB,S
t ď ∆FB,D

t .

The pooled average gain across years is

∆FB,b “

řT
t“1

!

zTVAtpA
FB,b
t q ´ zTVAtpA

0
t q

)

řT
t“1 nt

.

Computationally, we construct the teacher–classroom payoff matrix with entries nctVAtpj, cq
and solve a maximum-weight one-to-one assignment problem separately for each school–
grade–year or district–grade–year pool. The optimization accounts for the opportunity cost
of assigning a teacher to a classroom that could instead receive another teacher. It can
therefore assign some teachers to classrooms other than their individually preferred choices.

Holding L̂jt fixed preserves each teacher’s estimated general effectiveness. Nevertheless,
with unequal classroom sizes, the student-weighted level contribution

ÿ

cPCt

ÿ

jPJt

ajctnctL̂jt

can change as teachers move between classrooms. The total-value-added optimum can there-
fore exploit both matching and the allocation of teacher-level effectiveness across classrooms
of different sizes.

To isolate the matching channel, define

ĤtpAq “
ÿ

cPCt

ÿ

jPJt

ajctnctMtpj, cq, Amatch,b
t P argmax

APAb
t

ĤtpAq.

The corresponding average matching gain is

∆match,b
t “

ĤtpA
match,b
t q ´ ĤtpA

0
t q

nt
.

This statistic measures the improvement in the matching component alone. With unequal
classroom sizes, its optimizing assignment can differ from the assignment maximizing total
value added.

Let jFB,bt pcq be classroom c’s teacher under the optimal feasible assignment. The pre-
dicted gain for achievement group g in that classroom is

∆FB,b
gct “ L̂jFB,b

t pcq,t ´ L̂j0t pcq,t ` M̂g,jFB,b
t pcq,t ´ M̂g,j0t pcq,t.

The average gain for group g is

∆FB,b
g “

řT
t“1

ř

cPCt
ngct∆

FB,b
gct

řT
t“1

ř

cPCt
ngct

,
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provided that its denominator is positive. Although the optimized aggregate gain is non-
negative, individual classrooms or achievement groups can experience losses. We therefore
report both aggregate gains and their distribution across groups and classrooms.

These counterfactuals change teacher assignments while preserving student rosters, class-
room composition, and the fitted teacher effect surface. The first-best is conditional on the
estimated model and the specified eligibility restrictions. A causal interpretation addition-
ally requires teacher effects to remain valid after reassignment; cross-school moves require
their effectiveness to transfer across school environments. Estimated optimal gains should
also be understood with the qualification that optimized assignments could partly reflect
estimation error.

Empirical results. The reallocation sample contains 566 teacher–classroom-year pairs
and 10,621 student-year observations over 2011–2013. We exclude 17 teacher-year pairs
associated with multiple classrooms and retain the original fitted effects and reference
weights throughout the exercises.20 Table 7 reports counterfactual gains in standardized
state mathematics-score units and individual-best matching diagnostics.

Teachers’ individual opportunities are unevenly distributed. The mean gain from a
teacher’s individually best classroom is 0.0644 within schools and 0.1499 within districts,
whereas the corresponding medians are 0.0138 and 0.0885. Observed assignments already
maximize predicted value added within the eligible menu for 206 of the 566 teacher-year
observations (36.40%) under school restrictions and 26 (4.59%) under district restrictions,
counting tied optima as already best matched. These opportunities are evaluated separately
for each teacher and need not form a feasible joint allocation.

We also examine whether individual best matching changes the classification of teachers
initially in the bottom tail of observed classroom-average relative value added. Defining
the bottom 5% separately within each year and including cutoff ties yields 29 teacher-year
observations. When all teachers are evaluated in their individual best classrooms and the
within-year 5th-percentile cutoffs are recalculated, 5 of these observations (17.24%) leave the
bottom tail under school restrictions and 8 (27.59%) under district restrictions. Relative to
the fixed original within-year cutoffs, 8 observations (27.59%) improve above the threshold
under school restrictions and 16 (55.17%) do so under district restrictions. The larger fixed-
cutoff escape rates show that some teachers clear the original benchmark while remaining
in the counterfactual bottom tail as other teachers also improve.

Under the optimal feasible allocation, pooled average total value added increases by
0.0538 per student within schools and 0.1352 within districts. Matching contributes 0.0429
and 0.0916 to these gains, respectively, accounting for approximately 80% and 68% of the
total improvement. The remaining contributions, 0.0109 and 0.0436, reflect the allocation of
fixed teacher-level effectiveness across classrooms of different sizes. Separately maximizing
the matching component yields matching gains of 0.0476 within schools and 0.0989 within
districts, with corresponding total value-added gains of 0.0422 and 0.0939. Thus, the two
objectives favor different allocations when classroom enrollment is unequal.

Under the total-value-added optimum, pooled average gains are positive in all five
achievement groups. Figure 2 shows that gains are largest in the lowest-achievement group,
followed by the highest-achievement group, and smallest in the middle group. Nevertheless,
classroom-average gains are negative for 27.0% of classroom-year observations under school

20For the 12 included classrooms containing students from more than one grade, eligibility is determined
by the unique modal student grade.
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reallocation and 36.7% under district reallocation. Positive aggregate gains therefore coexist
with losses in some classrooms.

Table 7: Counterfactual gains and matching diagnostics
Within school Within district

Panel 1A: Individually best classroom
Mean gain 0.0644 0.1499
Median gain 0.0138 0.0885

Panel 1B: Individual-best matching diagnostics
Already in a best classroom 206 (36.40%) 26 (4.59%)
Escape after re-ranking 5 (17.24%) 8 (27.59%)
Exceed original 5th-percentile cutoff 8 (27.59%) 16 (55.17%)

Panel 2A: Feasible total-value-added optimum
Total value-added gain 0.0538 0.1352
Matching contribution 0.0429 0.0916
Level contribution 0.0109 0.0436

Panel 2B: Feasible matching-only optimum
Total value-added gain 0.0422 0.0939
Matching contribution 0.0476 0.0989
Level contribution -0.0054 -0.0050

Panel 2C: Group gains under the total-value-added optimum
Q1 (lowest prior achievement) 0.1007 0.2245
Q2 0.0539 0.1138
Q3 0.0197 0.0649
Q4 0.0343 0.0862
Q5 (highest prior achievement) 0.0594 0.1829

Panel 2D: Group gains under the matching-only optimum
Q1 (lowest prior achievement) 0.1090 0.1992
Q2 0.0490 0.0830
Q3 -0.0030 0.0086
Q4 0.0191 0.0290
Q5 (highest prior achievement) 0.0363 0.1459

Notes: Except for Panels 1B, all report changes from the observed assignment in standardized state
mathematics-score units. Panels 2A and 2B report average gains over students and years. Panel 2C
and 2D report average gains over students and years for each group. Panel 2B and 2D maximizes
matching alone. Panel 1B reports counts with percentages in parentheses. Already-best percentages
use all 566 teacher-year observations; escape percentages use the 29 originally bottom-tail teacher-year
observations. Bottom-tail membership is defined within each year, including cutoff ties. Re-ranking
uses the restriction-specific individual-best value-added distribution; the original-cutoff measure holds
the observed threshold fixed.
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Figure 2: Under reassignment based on total value-added, gains are largest in the lowest-
achievement group, followed by the highest-achievement group, and smallest in the middle
group. Under within-school reassignment based on matching effects, gains are largest in the
lowest-achievement group, followed by the lower-achievement group.

Reassigning a large share of teachers may be difficult to implement in practice. We there-
fore examine allocations that allow at most a fraction ρ P t0.10, 0.25, 0.50, 1u of included
teachers to change classrooms in each year. Let c0t pjq denote teacher j’s observed classroom
and let ajct indicate assignment to classroom c. We impose

ř

jPJt
r1 ´ aj,c0t pjq,ts ď ρ|Jt|,

which limits the fraction of teachers changing classrooms to at most ρ. The cap is shared
across all included teachers within a year, while assignments remain subject to the rele-
vant school or district restriction, preservation of grade, and one-to-one teacher–classroom
matching. The specification with ρ “ 1 reproduces the unrestricted baseline.

42



Table 8: Gains from feasible teacher reallocation by movement cap
Within school Within district

Move cap 10% 25% 50% 100% 10% 25% 50% 100%

Panel A: Total-value-added optimum
Average gain 0.028 0.044 0.053 0.054 0.046 0.083 0.117 0.135
Q1 (lowest) 0.065 0.084 0.099 0.101 0.069 0.131 0.188 0.225
Q2 0.028 0.043 0.052 0.054 0.052 0.078 0.098 0.114
Q3 0.012 0.019 0.020 0.020 0.021 0.043 0.053 0.065
Q4 0.010 0.024 0.036 0.034 0.017 0.046 0.067 0.086
Q5 (highest) 0.024 0.047 0.057 0.059 0.070 0.117 0.177 0.183

Panel B: Matching-only optimum
Average gain 0.026 0.037 0.043 0.042 0.038 0.064 0.085 0.094
Q1 (lowest) 0.067 0.097 0.107 0.109 0.086 0.142 0.184 0.199
Q2 0.029 0.038 0.050 0.049 0.036 0.061 0.072 0.083
Q3 0.011 0.009 0.004 -0.003 0.004 0.005 0.016 0.009
Q4 0.004 0.015 0.019 0.019 0.003 0.016 0.022 0.029
Q5 (highest) 0.017 0.028 0.035 0.036 0.061 0.093 0.130 0.146
Notes: All entries report gains in total relative value added, including level and matching effects, in standard-
ized state mathematics-score units per student. Movement caps apply jointly across all included teachers
within each year. The 100% specification imposes no additional movement constraint. Panel B selects
assignments by maximizing matching effects alone but reports total value-added gains.

Under the total-value-added optimum, restricting teacher movement to at most 25%
per year retains approximately 81.4% and 61.6% of the average gains under unrestricted
within-school and within-district reallocation, respectively. Thus, a substantial share of the
model-implied gains remains attainable under teacher mobility limited at 25%.

9.4 Forecasting Teacher Effects in the Randomized Sample
The National Center for Teacher Effectiveness (NCTE) study included a randomized-assignment
component in its final academic year, 2012–2013. Participating schools first constructed
classroom rosters through their usual procedures, after which NCTE staff worked with
school leaders to assign participating fourth- and fifth-grade mathematics teachers to those
rosters by lottery within eligible school–grade groups.

We compare unrestricted time-varying empirical Bayes estimation with grouped three-
way empirical Bayes estimation, which imposes the restrictions on the population mean and
covariance described in Appendix 11.8. All models are estimated using 8,944 usable student
observations from 306 teachers in 2010–2011 and 2011–2012. For the grouped three-way
specification, we consider ranks ℓ P t1, 2, 3, 4u. We apply two forecast rules to the posterior
teacher effects estimated from both training years: carrying forward the 2011–2012 effect
and averaging the effects from the two training years.

The target teacher effects are estimated using an unrestricted group-teacher model. In
other words, we estimate the benchmark model21

yijT “ x1
ijT δ

B ` τBgpiq,j ` εBijT .

21Achievement groups and the regressors are the same as in the main analysis. In the randomized-roster
sample, the grade dummy is absorbed by the teacher–group fixed effects and is not included.
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Here, T denotes the final study year, 2012–2013, and j indexes the student’s observed
teacher. We decompose the fitted benchmark effects and the forecast effects into level and
matching components on the same common eligible teacher–group cells.

Table 9: Out-of-sample R2 for teacher-level and matching effects: actual-classroom bench-
mark

Carry-forward Two-year average
Specification Level Matching Level Matching
Unrestricted time-varying EB 0.3025 0.0423 0.3328 0.0314
Three-way EB, rank 1 0.2051 ´0.0059 0.2417 ´0.0123

Three-way EB, rank 2 0.3057 0.0194 0.3506 0.0130
Three-way EB, rank 3 0.3110 0.0309 0.3427 0.0264
Three-way EB, rank 4 0.3024 0.0401 0.3328 0.0339

Notes: All forecasting models are estimated using only 2010–2011 and 2011–2012 data. The un-
restricted time-varying one-step EB model is estimated by Gaussian EM with monotone Anderson
acceleration. The unrestricted 2013 benchmark uses the same 968 original randomized-roster observa-
tions, attributing outcomes to observed teachers rather than originally assigned teachers. Evaluation
requires at least one benchmark observation per teacher–group cell and uses identical eligible cells across
methods: 68 teachers and 256 cells, containing 853 observations. Benchmark and forecast components
are decomposed on these common cells. Out-of-sample R2 is 1 ´

ř

kpBk ´ Pkq2{
ř

kpBk ´ B̄q2, where
Bk is the estimated benchmark component, Pk its forecast, and B̄ the evaluation-sample benchmark
mean. Level calculations weight teachers equally; matching calculations weight eligible cells equally.
Negative values indicate greater squared error than the benchmark-mean predictor. Actual-classroom
assignments may reflect nonrandom switching.

Table 9 shows that grouped three-way specifications with ranks two and three yield
modestly higher teacher-level forecast R2 than unrestricted time-varying empirical Bayes
estimation under both forecast rules. Rank four performs very similarly to the unrestricted
specification, with slightly lower carry-forward performance and approximately equal per-
formance under the two-year-average rule. The highest teacher-level forecast R2 is 0.3506,
obtained by the rank-two specification using the two-year average. Forecast R2 is substan-
tially lower for the estimated matching components. Unrestricted empirical Bayes estimation
performs best for matching under carry-forward, whereas the rank-four specification per-
forms best under the two-year-average rule. Within the structured specifications, matching
performance improves as rank increases from one to four, suggesting that additional flexi-
bility can help forecast matching effects. However, the targets are estimated unrestricted
benchmark effects, and their sampling error, especially in sparsely populated cells, may
partly account for the low matching forecast R2.

10 Conclusion
This paper develops a grouped three-way interactive fixed-effects model for panel data that
can be used to estimate latent matching effects. We establish the asymptotic properties
of the least-squares estimator and provide an alternating-least-squares implementation that
works well with unbalanced samples and inclusion of additive fixed effects. In particular,
we show that consistency of the slope parameter and aggregate consistency of the factor
estimates require only two dimensions to diverge. This result is useful in many applications
where data has multiple indices but has short samples for many indices.
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The proposed least-squares estimator for the interactive fixed-effect model is shown to
outperform that of Freeman (2026) in estimating the slope coefficient in the Monte Carlo
designs considered. Furthermore, the least-squares estimator can also consistently estimate
the interactive fixed effects themselves, in contrast with Freeman (2026), which treats the
fixed effects as nuisance parameters.

The empirical application estimates heterogeneous teacher value added using matched
student–teacher achievement data. The application illustrates how scalar measures of teacher
effectiveness can conceal comparative advantage across student groups. Holding classroom
rosters fixed, the fitted model predicts that reallocating at most 25% of teachers within their
schools to maximize matching gains increases average achievement by 0.037 standard devia-
tions, with a gain of 0.097 standard deviations for students in the lowest prior-achievement
quintile.

We also find that imposing the three-way separability structure within an empirical Bayes
framework can modestly improve out-of-sample forecasts of teacher-level effects relative to
an unrestricted time-varying empirical Bayes specification.

This framework is relevant to other settings with naturally three- or higher-dimensional
data, including worker-firm, consumer-products, product-market, trade, and health care
panels. Possible future extensions include estimating latent group structures and estimating
dynamic or nonlinear panels with grouped three-way interactive fixed effects.
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11 Appendix

11.1 Notations
We use ˝, ˚, b, d to denote the outer, Khatri-Rao, Kronecker, and Hadamard products,
respectively. In particular, for

A “ pa1, . . . , aRq P RIˆR and B “ pb1, . . . , bRq P RJˆR,

the Khatri-Rao product is defined as

A ˚B “ pa1 b b1, . . . , aR b bRq P RIJˆR.

For arbitrary matrix A P Rmˆr, define the projection and annihilator matrices

PA “ ApA1Aq`A1 “ AA`, MA “ Im ´ PA,

where A` is the Moore-Penrose inverse. We use } ¨ }F and } ¨ } to denote the Frobenius
and spectral norms, respectively, for vectors, matrices, and tensors. For tensors A,B P

RN1ˆ¨¨¨ˆNd , define the inner product

xA,By “

N1
ÿ

i1“1

¨ ¨ ¨

Nd
ÿ

id“1

ai1...idbi1...id ,

so that }A}F “ xA,Ay1{2. The spectral norm of A is defined as

}A} “ max
}upmq

}2“1
m“1,...,d

ˇ

ˇ

ˇ

A

A, up1q ˝ ¨ ¨ ¨ ˝ updq
E
ˇ

ˇ

ˇ
,

where upmq P RNm for m “ 1, . . . , d. For vectors, the Frobenius and spectral norms both
coincide with the Euclidean norm, while for matrices the above definition of } ¨ } coincides
with the usual matrix spectral norm. In particular, for vectors upmq P RNm , m “ 1, . . . , d,

›

›

›
up1q ˝ ¨ ¨ ¨ ˝ updq

›

›

›
“

›

›

›
up1q ˝ ¨ ¨ ¨ ˝ updq

›

›

›

F
“

d
ź

m“1

}upmq}2.

For Y P RN1ˆ...ˆNd , define the ℓ-th generalized singular value of a tensor as

δℓpY q “ inf
pa

piq
s q

d,ℓ´1
i,k“1

›

›

›

›

›

Y ´

ℓ´1
ÿ

s“1

pap1q
s ˝ ¨ ¨ ¨ ˝ apdq

s q

›

›

›

›

›

.

For matrices, this residual equals the ℓ-th singular value by the Eckart–Young theorem.
The mode-n product of a tensor Y P RN1ˆ¨¨¨ˆNd with a matrix A P RJˆNn is denoted by

Y ˆn A P RN1ˆ¨¨¨ˆNn´1ˆJˆNn`1ˆ¨¨¨ˆNd

and has entries

pY ˆn Aqi1¨¨¨in´1jin`1¨¨¨id “

Nn
ÿ

r“1

yi1¨¨¨in´1rin`1¨¨¨idajr.
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The mode-n matricization of Y , denoted by

Ypnq P RNnˆ
ś

r‰nNr ,

is the matrix whose columns are the mode-n fibers of Y . We order the mode-n fibers by
backward, or last-index-fastest, enumeration: among the modes other than n, the highest-
numbered mode varies fastest. Formally, let pr1, . . . , rd´1q be the increasing sequence ob-
tained by removing n from p1, . . . , dq. Then

pYpnqqin,k “ yi1,...,id , k “ 1 `

d´1
ÿ

q“1

pirq ´ 1q

d´1
ź

h“q`1

Nrh ,

where an empty product is understood to equal one.22
Likewise, vecpY q denotes the vectorization of Y induced by backward enumeration.

Specifically,
“

vecpY q
‰

k
“ yi1,...,id , k “ 1 `

d
ÿ

q“1

piq ´ 1q

d
ź

h“q`1

Nh.

For matrices, vecp¨q therefore coincides with row-major vectorization.
The main reason we adopt backward enumeration is that it preserves the natural ordering

of the modes in the Kronecker and Khatri–Rao representations of outer-product tensors. In
particular,

vec
´

ap1q ˝ ¨ ¨ ¨ ˝ apdq
¯

“ ap1q b ¨ ¨ ¨ b apdq.

Moreover, let

Y “

ℓ
ÿ

s“1

pap1q
s ˝ ¨ ¨ ¨ ˝ apdq

s q, Apmq “ pa
pmq

1 , . . . , a
pmq

ℓ q P RNmˆℓ.

Then its mode-n matricization is

Ypnq “ Apnq
´

Apr1q ˚ ¨ ¨ ¨ ˚Aprd´1q
¯1

,

where pr1, . . . , rd´1q is the increasing sequence of mode indices other than n.
For a tensor Y P RN1ˆ¨¨¨ˆNd and i, j P t1, . . . , du, let Ki,j P t0, 1uNˆN , where N “

śd
m“1Nm, denote the mode-permutation matrix satisfying

Ki,j vec
`

Ypjq

˘

“ vec
`

Ypiq

˘

.

More explicitly, let pr
pnq

1 , . . . , r
pnq

d´1q be the increasing sequence obtained by removing n from
p1, . . . , dq. Then, for arbitrary vectors apmq P RNm , m “ 1, . . . , d,

Ki,j

´

apjq b apr
pjq

1 q b ¨ ¨ ¨ b apr
pjq

d´1q
¯

“ apiq b apr
piq

1 q b ¨ ¨ ¨ b apr
piq

d´1q.

The mode-permutation matrices satisfy

Ki,i “ IN , K´1
i,j “ Kj,i “ K 1

i,j , Ki,k “ Ki,jKj,k.

Since vecpY q “ vecpYp1qq under our backward-enumeration convention,

K1,j vec
`

Ypjq

˘

“ vecpY q, j “ 1, . . . , d.
22This ordering differs from the convention of Kolda and Bader (2009), under which the lowest-numbered

remaining mode varies fastest, i.e., first-index-fastest.
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11.2 Derivation of the FWL representation
Since the mode-3 matricization of the interactive component is W pDU ˚ V q1, concentrating
over W gives

min
WPRTˆℓ

SNMT pδ, U, V,W q “
1

NMT

›

›pY ´X ˆ4 δ
1qp3qMDU˚V

›

›

2

F

Consequently, the joint normal equations for δ and W imply

δ̂ “

”

Xp4q

`

MDÛ˚V̂ b IT
˘

X 1
p4q

ı´1

Xp4q

`

MDÛ˚V̂ b IT
˘

y

This is a Frisch–Waugh–Lovell-type representation conditional on the estimated loadings
DÛ, V̂ : the outcome vector and the columns of X 1

p4q
are projected onto the orthogonal

complement of colpDÛ ˚ V̂ q b RT .
A representation incorporating all three factor normal equations can be obtained. For

given pU, V,W q, define

T pU, V,W q “

#

ℓ
ÿ

k“1

pDak b vk b wk `Duk b bk b wk `Duk b vk b ckq :

ak P RG, bk P RM , ck P RT , k “ 1, . . . , ℓ

+

.

Since D has full column rank, let

QD “ DpD1Dq´1{2, Ū “ pD1Dq1{2U, Q “ QD b IM b IT .

Then DU “ QDŪ and Q1Q “ IGMT . Let KG
i,j denote the mode-permutation matrices

defined in the notation section for tensors of dimensions GˆMˆT . Suppressing dependence
on pU, V,W q, define the grouped block projectors

PG1 “ IG b PV ˚W ,

PG2 “ KG
1,2 pIM b PŪ˚W qKG

2,1,

PG3 “ KG
1,3 pIT b PŪ˚V qKG

3,1.

These project onto the grouped perturbation spaces generated by changes in U , V , and W ,
respectively. Set

SG “ PG1 ` PG2 ` PG3 , T G “ rangepSGq.

Because the PGm are orthogonal projectors,

T G “ rangepPG1 q ` rangepPG2 q ` rangepPG3 q, T pU, V,W q “ QT G.

The block spaces generally overlap, so SG need not itself be an orthogonal projector. The
orthogonal projectors onto T G and T “ T pU, V,W q are instead

PT G “ SGpSGq`, PT “ QPT GQ1.

The corresponding annihilator in the original observation space is

MT “ INMT ´QPT GQ1

“ MD b IM b IT `Q pIGMT ´ PT GqQ1.
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In particular, this annihilator retains variation orthogonal to the group-membership space.
Evaluate the tangent space at the joint estimates and write

pT “ T pÛ , V̂ , Ŵ q, π̂ “

ℓ
ÿ

k“1

pDûk b v̂k b ŵkq, ê “ y ´X 1
p4qδ̂ ´ π̂.

The normal equations for the three factor blocks imply that ê is orthogonal to every per-
turbation in (6), whereas the normal equation for δ gives Xp4qê “ 0. Thus,

P
pT ê “ 0, Xp4qê “ 0.

Moreover, π̂ P pT , as follows by taking ak “ ûk and bk “ ck “ 0 in (6). Consequently,

ê “ M
pT

´

y ´X 1
p4qδ̂

¯

.

Combining this identity with Xp4qê “ 0 yields

δ̂ “

”

Xp4qM pTX
1
p4q

ı´1

Xp4qM pT y,

provided that Xp4qM pTX
1
p4q

is nonsingular.

11.3 Details on Monte Carlo Simulations
Below are the details of the four estimation methods.

1. Grouped three-way least squares.

The grouped three-way least squares estimator uses the observed group assignment
and jointly fits

yijt “ x1
ijtδ ` κ` µgpiq ` νj ` ξt `

ℓ
ÿ

k“1

agpiq,kbjkftk ` eijt. (27)

We denote the slope component of the joint least-squares estimator by pδG. We absorb
the mean of each additive effect in κ so that the additive effects satisfy

G
ÿ

g“1

Ngµg “

M
ÿ

j“1

νj “

T
ÿ

t“1

ξt “ 0.

The factor scales are normalized so that

1

M

M
ÿ

j“1

b2jk “
1

T

T
ÿ

t“1

f2tk “ 1, k “ 1, . . . , ℓ,

with the corresponding scales absorbed into the first-mode loadings. No mean-zero
restrictions are imposed on the factor columns. The additive effects and trilinear
component are estimated jointly, or equivalently the additive effects are profiled from
the joint least-squares criterion.
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2. Ungrouped three-way least squares.

The second estimator ignores the group restriction and jointly fits

yijt “ x1
ijtδ ` κ` µi ` νj ` ξt `

ℓ
ÿ

k“1

aikbjkftk ` eijt. (28)

We denote its slope estimator by pδU. This model contains the DGP under

µi “ µgpiq, aik “ ugpiq,k, bjk “ vjk, ftk “ wtk.

The estimator uses the same factor scale normalizations as the grouped estimator,
while the additive effects satisfy

N
ÿ

i“1

µi “

M
ÿ

j“1

νj “

T
ÿ

t“1

ξt “ 0.

Relative to the grouped specification, this model estimates Nℓ rather than Gℓ first-
mode loadings and N ´ 1 rather than G ´ 1 first-mode additive effects. It therefore
introduces pN ´Gqpℓ` 1q additional first-mode parameters. The comparison between
pδG and pδU measures the gains from imposing the observed grouping on both the
additive effects and the interactive loadings.

3. Freeman linear projection.

The third estimator implements the linear-projection construction in Section 5.3 of
Freeman (2026), using separate preliminary matrix interactive fixed effects regressions
to estimate the three loading spaces. It does not use the group assignment or jointly
fit a trilinear decomposition.

Let Xq P RNˆMˆT denote the tensor containing regressor q. We first center the
outcome and each regressor in all three modes:

Y c “ Y ˆ1 MιN ˆ2 MιM ˆ3 MιT ,

Xc
q “ Xq ˆ1 MιN ˆ2 MιM ˆ3 MιT , q “ 1, . . . , p. (29)

This removes the additive effects while preserving a trilinear representation of the
remaining interactive component:

πcijt “

ℓ
ÿ

k“1

pugpiq,k ´ ūkqpvjk ´ v̄kqpwtk ´ w̄kq,

where ūk, v̄k, and w̄k are the averages over groups, the second mode, and the third
mode, respectively.

Write n “ NMT , d1 “ N , d2 “ M , and d3 “ T . For each m “ 1, 2, 3, let Y c
pmq

and
Xc
q,pmq

denote the mode-m unfoldings, with dimension dm ˆ pn{dmq. The preliminary
estimates solve

prδm, pBmq P argmin
θPRp, B:rankpBqďℓ

1

n

›

›

›

›

›

Y cpmq ´

p
ÿ

q“1

θqX
c
q,pmq ´B

›

›

›

›

›

2

F

,
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where B P Rdmˆpn{dmq. For each mode, form

pRm “ Y cpmq ´

p
ÿ

q“1

rδm,qX
c
q,pmq.

Let pLm P Rdmˆℓ contain the leading ℓ left singular vectors of pRm, normalized by
pL1
m
pLm “ Iℓ, and define

xMm “ Idm ´ pLmpL1
m, m “ 1, 2, 3.

The singular vectors are extracted before subtracting the fitted low-rank component
pBm. We then transform the centered data:

Y̌ “ Y c ˆ1
xM1 ˆ2

xM2 ˆ3
xM3,

X̌q “ Xc
q ˆ1

xM1 ˆ2
xM2 ˆ3

xM3, q “ 1, . . . , p.

Writing x̌ijt “ ppX̌1qijt, . . . , pX̌pqijtq
1, the final slope estimator is

pδFW “

˜

N
ÿ

i“1

M
ÿ

j“1

T
ÿ

t“1

x̌ijtx̌
1
ijt

¸´1 N
ÿ

i“1

M
ÿ

j“1

T
ÿ

t“1

x̌ijty̌ijt.

No intercept is included in this final regression.
This comparator is the full-sample linear-projection point estimator, without kernel
smoothing or sample splitting. The preliminary centering in (29) also removes pairwise
additive variation that is constant in one mode and is therefore stronger than profiling
only the additive effects specified in (27) or (28). The two joint three-way least-squares
estimators are fitted to the original data and do not use this preliminary three-mode
centering.

4. Flattened matrix IFE.
The fourth estimator treats pi, jq as a single cross-sectional index and fits

yijt “ x1
ijtδ ` κ` αij ` ξt `

ℓ
ÿ

k“1

λij,kftk ` eijt.

The model permits unrestricted pair-specific intercepts and loadings, while retaining
a rank-ℓ factor structure over time. It contains the DGP under

αij “ µgpiq ` νj , λij,k “ ugpiq,kvjk, ftk “ wtk.

Unlike the ungrouped trilinear specification, it does not impose the additive decom-
position of αij or the separability of λij,k across i and j.
Let Yp3q, pXqqp3q P RTˆNM denote the mode-3 unfolding of outcome and regressor ma-
trices Xq P RNˆMˆT containing regressor q. Profiling out the pair-specific intercepts
and time effects gives the slope estimator

pδF P argmin
θPRp

min
rankpBqďℓ

1

NMT

›

›

›

›

›

MιT

˜

Yp3q ´

p
ÿ

q“1

θqpXqqp3q

¸

MιNM
´B

›

›

›

›

›

2

F

.

Here B P RTˆNM represents the interactive component after profiling out the additive
effects.
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The grouped, ungrouped, and flattened specifications impose successively weaker restric-
tions on the conditional mean. Freeman’s estimator differs from these joint least-squares
estimators in both its nuisance estimation and the variation retained by its transformations.
Consequently, differences in finite-sample performance reflect not only the imposed grouping
and separability restrictions but also the estimation procedure.

Numerical Implementation and Performance Measures We consider the sample-
size configurations

pN,M, T,Gq P tp24, 24, 8, 4q, p48, 24, 8, 6q, p48, 48, 8, 8q, p48, 48, 12, 8qu.

For each configuration and each error specification, we generate R “ 1,000 Monte Carlo
replications. All four estimators are applied to the same simulated observations within each
replication.

The grouped and ungrouped three-way estimators are computed by alternating least
squares. Conditional on the current slope and additive effects, we update the three loading
matrices sequentially by linear least squares. Conditional on the updated interactive com-
ponent, we jointly update the slope and additive effects by profiling out the appropriate
additive-effect space. The second- and third-mode loading columns are rescaled to have
sample mean square one, with compensating scales absorbed into the first-mode loadings.
These normalizations preserve the fitted interactive component, and no sample mean-zero
restrictions are imposed on the CP loading columns.

Each CP regression is computed from 20 starting values. For the first start, we fit the
regression containing only the slope and the specified additive effects and extract the lead-
ing ℓ left singular vectors from the second- and third-mode unfoldings of its residual tensor.
These vectors initialize the corresponding loading matrices, while the first-mode loadings
are initialized by conditional least squares. The remaining starts use orthonormalized inde-
pendent Gaussian draws for the second- and third-mode loading matrices, followed by the
same conditional first-mode update. Only the grouped estimator uses the observed group
assignment.

The flattened matrix IFE estimator and each of Freeman’s three preliminary matrix
IFE regressions alternate between a slope update and a rank-ℓ truncated singular value
decomposition of the regression residual matrix. Each matrix regression also uses 20 starts:
the first uses the ordinary least-squares slope from the relevant transformed data, the second
uses a zero slope vector, and the remaining starts use Gaussian perturbations of the ordinary
least-squares slope, scaled by the residual and regressor root mean squares. Freeman’s final
slope is obtained by a single least-squares regression after applying the estimated loading-
space projections; no kernel bandwidth or sample splitting is used.

Stopping rule and numerical convergence. Each start is allowed at most 10,000 com-
plete update cycles. Let Qpsq denote the mean squared residual, δpsq the slope vector, and
pY psq the fitted outcome array after cycle s. For the matrix regressions, these quantities are
evaluated on the transformed data entering the relevant regression. We declare numerical
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convergence when all three conditions hold:

|Qpsq ´Qps´1q|

maxt1, |Qps´1q|u
ď 10´8,

}δpsq ´ δps´1q}

maxt1, }δps´1q}u
ď 10´7,

}pY psq ´ pY ps´1q}F

maxt1, }pY ps´1q}F u
ď 10´5.

All 1,000 replications yielded finite, converged estimates for every estimator in each
sample-size configuration and error specification.

Slope-estimation performance. Let pδ
prq
a denote estimator a P tG,U,FW,Fu in repli-

cation r. For coefficient q “ 1, 2, let

δa,q “
1

R

R
ÿ

r“1

pδprq
a,q.

We report the empirical bias, standard deviation, and root mean squared error:

Biasa,q “
1

R

R
ÿ

r“1

´

pδprq
a,q ´ δq

¯

,

SDa,q “

#

1

R ´ 1

R
ÿ

r“1

´

pδprq
a,q ´ δa,q

¯2
+1{2

,

RMSEa,q “

#

1

R

R
ÿ

r“1

´

pδprq
a,q ´ δq

¯2
+1{2

.
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11.4 Heatmaps of Teacher Relative Value Added and Matching
Effects

Figure 3: Heatmap of teacher-year rankings of relative value added L̂jt ` M̂gjt for each
group g, ordered by their Q5 rank.

Figure 4: Heatmap of teacher-year rankings of matching effects M̂gjt for each group g,
ordered by their Q5 rank. The matching effects add up to zero across groups and across
teachers for each year by construction.

In each heatmap, columns represent observed teacher-years and are ordered separately by
their estimated ranking for Q5, the highest prior-achievement quintile. For relative value
added, the broad Q5 ordering remains visible in Q4 and, to a lesser extent, Q3 and Q2,
whereas Q1 exhibits considerable reordering. The common teacher-level component pLjt
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coexists with group-specific matching effects that can change the ranking of teacher-years
across student groups.

The matching-effect heatmap reveals a sharper contrast. Teacher-years with high esti-
mated matching effects for Q5 generally rank low for Q1, and vice versa. The zero-sum
normalization imposes a trade-off across groups, but it does not require the observed near
reversal in rankings between Q5 and Q1. This near reversal illustrates the estimated compar-
ative advantage across the prior-achievement distribution. Because the heatmaps display
ranks, they describe differences in ordering rather than the magnitude of the underlying
effects.

11.5 Regressors in the adaptive LASSO analyses
The regressors used in adaptive LASSO combine 12 CLASS variables (DS0001), 14 MQI
measures (DS0002), two teacher characteristics (DS0006), 25 teacher-survey items (DS0007),
and two knowledge-of-students scores (DS0008).

CLASS classroom-observation measures (DS0001). We include the following 12
variables from the Classroom Assessment Scoring System (CLASS). These measures describe
observed classroom interactions, instructional practices, and student engagement.

CLPC: Positive climate. Positive emotional tone, warmth, respect, and positive relation-
ships in classroom interactions.

CLTS: Teacher sensitivity. The teacher’s sensitivity and responsiveness to students’ aca-
demic and emotional needs.

CLRSP: Regard for student perspectives. Attention to students’ ideas and perspectives,
including opportunities for autonomy, meaningful choices, and participation.

CLNC: Negative climate. Negative emotional tone and hostile or disrespectful interac-
tions.

CLBM: Behavior management. Management of student behavior and behavioral expecta-
tions.

CLPRDT: Productivity. Classroom organization and productive use of instructional time.

CLILF: Instructional learning formats. Instructional formats and activities that sup-
port students’ involvement in learning.

CLCU: Content understanding. Instruction that develops understanding of content and
connections among ideas, including attention to prior knowledge and misconceptions.

CLAPS: Analysis and inquiry. Opportunities for students to engage in analysis and in-
quiry.

CLQF: Quality of feedback. Feedback that supports students’ learning and understand-
ing.

CLINSTD: Instructional dialogue. Dialogue and exchanges focused on instructional con-
tent.
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CLSTENG: Student engagement. Students’ observed attention to and involvement in class-
room learning.

The underlying CLASS ratings use a seven-point scale: 1–2 indicates low levels, 3–5
middle levels, and 6–7 high levels of the rated dimension. We retain the original direction
of each variable. In particular, higher CLNC indicates a more negative classroom climate.

Mathematical Quality of Instruction measures (DS0002). We use 13 MQI variables
that are included in the four categories described in Hill et al. (2012). We include these
items individually, together with the overall lesson rating, MQI5.

The constituent items are grouped as follows.

• Richness of mathematics: five items. LINK measures connections among mathe-
matical ideas; EXPL, mathematical explanations; MMETH, multiple procedures or alter-
native solution methods; MLANG, use of mathematical language; and MGEN, development
of mathematical generalizations.

• Working with students and mathematics: two items. USEPROD measures how in-
struction responds to and uses students’ mathematical work or contributions. REMED
measures attention to students’ mathematical errors, misunderstandings, and difficul-
ties.

• Errors and imprecision: three items. MAJERR records major mathematical errors;
LANGIMP, imprecision in mathematical language or notation;and LCP, lack of clarity in
presenting mathematical content.

• Student mathematical meaning-making and reasoning: three items. STEXPL
measures students’ provision of mathematical explanations; SMQR, students’ mathe-
matical questioning and reasoning; and ETCA, cognitive activation of the mathematical
task as enacted in the classroom.

We also use MQI5, the observer’s overall judgment of mathematical quality across the entire
lesson.

Teacher background characteristics (DS0006). We include two background charac-
teristics.

EXPERIENCE. Reported years of teaching experience.

ELMATHCERT. An indicator for self-reported elementary mathematics certification, coded one
when the qualification is reported and zero otherwise.

Teacher instructional-practice survey items (DS0007). We include 25 separate raw
items from the fall teacher questionnaires. The selected items have questionnaire mappings
in all three study years, corresponding to spring-year identifiers 2011, 2012, and 2013. The
variables used are

Mathematics instruction: six MIR items. MIR02: explaining why mathematical pro-
cedures work; MIR03: using concrete materials to explain why procedures work; MIR05:
asking questions about why procedures work; MIR06: comparing different ways of
solving procedural problems; MIR08: assigning procedural practice to improve speed,
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accuracy, or ease of use; and MIR09: using flashcards, games, or computers to improve
recall or skill. Thus, the included MIR items cover both conceptual explanations and
procedural practice.

Student reasoning and solution methods: four MIS items. MIS02: inviting students
to offer different solution methods; MIS03: assigning problems without specifying a
solution method; MIS04: assigning problems requiring a few minutes of thought; and
MIS05: asking students to compare or evaluate solution methods.

Classroom climate: eight CLC items. CLC01: students getting along with one another;
CLC02: reprimanding students to control the class; CLC04: feeling disrespected by stu-
dents; CLC05: friendly rapport between teacher and students; CLC06: instructional
time lost to misbehavior; CLC07: respectful language and listening; CLC08: students
following rules without constant reminders; and CLC09: harsh voices and negative
language in class.

Differentiated assignments: one FAS item. FAS03: differentiating mathematics as-
signments to address individual students’ learning needs.

Test-related instructional practices: six TPC items. TPC01: de-emphasizing math-
ematics topics rarely or never tested; TPC02: focusing on topics carrying greater test
weight; TPC03: limiting in-depth discussion of mathematical concepts; TPC04: limit-
ing mathematics projects or hands-on activities; TPC05: reducing demanding problems
that challenge advanced students; and TPC07: sequencing topics so tested content is
covered before the test.

Teachers’ knowledge of students (DS0008). We include two derived scores from the
spring teacher questionnaires.

ACCURACY. Accuracy in predicting the percentage of students in the teacher’s own class who
would answer particular mathematics test items correctly. Higher scores indicate more
accurate judgments of class performance.

KOSM. Knowledge of students’ mathematical misconceptions, assessed through teachers’ pre-
dictions of the most common incorrect answers among fourth- or fifth-grade students
generally. Higher scores indicate greater knowledge of these misconceptions.

11.6 Cross Validation Errors
Although adaptive LASSO cross-validation for tuning the parameter in matching difference
selects λ “ 0.0034, the cross-validation error does not increase dramatically as the tuning
parameter decreases to λ “ 0.0020.

Below are the cross-validation error plots for the adaptive LASSO regressions.
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Figure 5: Cross-validation errors of level effects (Left) and matching difference (Right)

We also report the adaptive LASSO result obtained using this penalty parameter.

Table 10: Adaptive LASSO: Matching differential with a fixed penalty
Predictor Coefficient
MQI measure (DS0002)

Lack of clarity in presenting mathematical content (LCP) 0.2089

Teacher survey items (DS0007)

Assigning procedural practice for speed, accuracy, or ease of use
(MIR08)

0.0018

Assigning problems requiring a few minutes of thought (MIS04) 0.0620
Fixed penalty, λ 0.0020
Teacher-year observations 483
Teachers 279

Notes: The dependent variable is the matching differential, Djt “ xM1jt ´ xM5jt.

Table 10 uses λ “ 0.0020. A one-point increase in the teacher-year average lack-of-clarity
rating (LCP), measured on a 1–3 scale, is associated with a 0.2089σ increase inDjt.23 The fol-
lowing survey items use 1–5 frequency scales, from rarely or never to always. A one-category
increase in assigning procedural practice (MIR08) is associated with a 0.0018σ increase in
Djt, while a one-category increase in assigning problems requiring thought (MIS04) is associ-
ated with a 0.0620σ increase. These positive coefficients describe shifts in relative matching
advantage toward the lowest achievement group.

Below we report the in-sample R2 of the penalized adaptive LASSO and an unpenalized
OLS refit using its selected predictors, together with the cross-validation R2 of the penalized
model.

23A one-standard-deviation increase in LCP corresponds to about 0.0225σ increase in the state math test
score in the matching differential.
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Table 11: Fit and cross-validation performance of the adaptive LASSO
Specification Penalized R2 OLS R2 CV R2

Level, CV-selected penalty 0.0523 0.0957 0.0065
Matching difference, CV-selected penalty pλ « 0.0034q 0.0134 0.0224 0.0039
Matching difference, fixed penalty pλ “ 0.002q 0.0265 0.0363 ´0.0080

Notes: All specifications use 483 teacher-year observations from 279 teachers. Penalized R2 uses the
adaptive LASSO estimates. OLS R2 is obtained by refitting the selected predictors and an intercept
without penalization on the same sample. Cross-validated R2 evaluates the penalized model and is
defined as R2

CV “ 1 ´ MSECV{MSECV,0, where MSECV,0 is the intercept-only benchmark. Both
MSEs use the same five teacher-grouped folds, with benchmark predictions given by the corresponding
training-fold outcome mean. Negative CV R2 indicates worse predictive performance than this bench-
mark.

Although teachers differ substantially in their contributions to student achievement,
predicting these contributions from observable characteristics remains difficult. Bau and
Das (2020) find that observed teacher characteristics account for less than 5% of in-sample
teacher-value-added variation, while Rockoff et al. (2011) find that expanding conventional
credentials to include cognitive and noncognitive measures yields predictions capturing only
about 10% of benchmark teacher-effect variation. Explaining teacher–student matching
poses an additional challenge because it requires identifying characteristics associated with
teachers’ comparative advantage across student groups, rather than their general effective-
ness. Consistent with this difficulty, Delgado (2025) finds that measured teacher character-
istics and teaching practices explain little variation in comparative advantage.

11.7 Results with one fitted component
Here, we report the results with ℓ “ 1 fitted component.

When ℓ “ 1 is used, the matching effect accounts for 16% of the variation in the relative
teacher-value added.
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Table 12: Estimated variance components (ℓ “ 1)
Component Variance Share of total (%)
Common year, VT 0.000011 0.01
Group level, VG 0.000297 0.30
Teacher level, VL 0.082019 83.86
Matching, VM 0.015478 15.83
Total teacher component, Vτ 0.097804 100.00

Notes: The relative-value-added variance is VL ` VM “ 0.097497, of which matching accounts for
15.88%.

We use adaptive LASSO to regress the teacher-level effect on the 55 regressors. The
selected variables for the teacher-level effect are given below. Five-fold cross-validation does
not select any variables for the matching difference.

Table 13: Adaptive LASSO: Teacher-level effect pLjt with ℓ “ 1

Predictor Coefficient
MQI measure (DS0002)
Enacted task cognitive activation (ETCA) 0.1061
Teacher survey items (DS0007)
Comparing different ways of solving procedural problems (MIR06) 0.0161
Asking students to compare or evaluate solution methods (MIS05) 0.0010
Instructional time lost to student misbehavior (CLC06) ´0.0199

Selected penalty, λ 0.0008993
Teacher-year observations 483
Teachers 279

Notes: The adaptive LASSO considers 55 predictors and selects the penalty using five-fold cross-
validation, keeping all observations of a teacher in the same fold. Coefficients are reported in the
regressors’ original units, without post-selection OLS refitting. The intercept is ´0.1695.

The tables below report results from counterfactual reassignment of teachers to different
classrooms.
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Table 14: Counterfactual gains and matching diagnostics (ℓ “ 1)
Within school Within district

Panel 1A: Individually best classroom
Mean gain 0.0321 0.0878
Median gain 0.0043 0.0442

Panel 1B: Individual-best matching diagnostics
Already in a best classroom 217 (38.34%) 29 (5.12%)
Escape after re-ranking 6 (20.69%) 6 (20.69%)
Exceed original 5th-percentile cutoff 8 (27.59%) 12 (41.38%)

Panel 2A: Feasible total-value-added optimum
Total value-added gain 0.0288 0.0931
Matching contribution 0.0141 0.0467
Level contribution 0.0147 0.0464

Panel 2B: Feasible matching-only optimum
Total value-added gain 0.0192 0.0488
Matching contribution 0.0177 0.0531
Level contribution 0.0016 -0.0043

Panel 2C: Group gains under the total-value-added optimum
Q1 (lowest prior achievement) 0.0461 0.1516
Q2 0.0328 0.0826
Q3 0.0175 0.0632
Q4 0.0203 0.0619
Q5 (highest prior achievement) 0.0272 0.1048

Panel 2D: Group gains under the matching-only optimum
Q1 (lowest prior achievement) 0.0549 0.1271
Q2 0.0264 0.0460
Q3 0.0033 0.0036
Q4 0.0017 -0.0016
Q5 (highest prior achievement) 0.0100 0.0674

Notes: Gains are changes from the observed assignment in standardized state mathematics-score units.
Panel 1A weights the 566 teacher-year observations equally. Panels 2A and 2B report pooled gains
weighted by the 10,621 student-year observations; Panels 2C and 2D use student-year weights within
each achievement group. Each feasible allocation assigns exactly one teacher to each classroom and
preserves teachers’ grade and year, student rosters, and fitted effects. Panels 2B and 2D select the
allocation by maximizing matching alone; total value-added gains and all group gains include both
level and matching effects. Panel 1B reports counts with percentages in parentheses. Already-best
percentages use all 566 teacher-years; escape percentages use the 29 originally bottom-tail teacher-
years. Bottom-tail membership is defined within each year, including cutoff ties. Re-ranking uses
the restriction-specific individual-best value-added distribution; the original-cutoff measure holds the
observed threshold fixed. Tied optima count as already best. Individual-best choices are evaluated
separately and need not form a feasible joint allocation.
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Table 15: Gains from feasible teacher reallocation by movement cap (ℓ “ 1)
Within school Within district

Move cap 10% 25% 50% 100% 10% 25% 50% 100%

Panel A: Total-value-added optimum
Average gain 0.014 0.023 0.028 0.029 0.031 0.058 0.081 0.093
Q1 (lowest) 0.025 0.041 0.048 0.046 0.039 0.082 0.126 0.152
Q2 0.014 0.024 0.032 0.033 0.026 0.052 0.076 0.083
Q3 0.012 0.015 0.017 0.018 0.022 0.043 0.059 0.063
Q4 0.007 0.013 0.021 0.020 0.026 0.039 0.046 0.062
Q5 (highest) 0.012 0.023 0.025 0.027 0.042 0.070 0.097 0.105

Panel B: Matching-only optimum
Average gain 0.011 0.015 0.018 0.019 0.021 0.036 0.043 0.049
Q1 (lowest) 0.031 0.040 0.053 0.055 0.054 0.089 0.113 0.127
Q2 0.008 0.019 0.024 0.026 0.017 0.028 0.036 0.046
Q3 0.004 0.007 0.005 0.003 0.005 0.009 0.015 0.004
Q4 0.005 0.002 0.003 0.002 0.000 -0.002 -0.003 -0.002
Q5 (highest) 0.007 0.009 0.008 0.010 0.030 0.056 0.053 0.067
Notes: Results use the ℓ “ 1 model. All entries report gains in total relative value added, including level and
matching effects, in standardized state mathematics-score units per student. Movement caps apply jointly
across all included teachers within each year; assignments preserve grade and remain within the indicated
school or district. The maximum number of movers is ρ|Jt|. The 100% specification imposes no additional
movement constraint. Panel B selects assignments by maximizing matching effects alone but reports total
value-added gains.

The magnitude of the variation in the relative teacher value added explained by the
matching effects and the magnitude of teacher reassignment gains decrease substantially
when ℓ “ 1 is used instead of ℓ “ 2. However, the qualitative results stay similar. We
see that three out of six variables selected in adaptive LASSO for ℓ “ 2 are still selected.
Also, the distribution of the potential gains across students from teacher reassignment is
also similar as well, with the lowest-performing students gaining the most.

We impose ℓ “ 2 so that the teacher effects change meaningfully across time. Under
ℓ “ 1, every teacher-group combination follows a scalar multiple of the same temporal
movement. Also, if the true teacher effects have rank one, both models with ℓ “ 1 and ℓ “ 2
would consistently estimate the teacher effects, and adding an additional component should
not produce a persistent increase in the estimated matching variance. Thus, the decrease in
the magnitude of the matching effects when ℓ “ 1 can be seen as a sign that the true rank
is greater than one.

11.8 Empirical Bayes Estimation and Grouped Three-Way Sepa-
rability

We formulate empirical Bayes estimation of time-varying group–teacher effects and introduce
the grouped three-way specification as interpretable restrictions on the population mean and
covariance of these effects. The Gaussian prior pools information across teachers and exploits
cross-group and temporal dependence. The estimated teacher-effect tensor can subsequently
be decomposed into teacher-level and matching components.

Consider the model
yijt “ x1

ijtδ ` θgpiq,jt ` εijt,
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where j “ 1, . . . ,M indexes teachers, t “ 1, . . . , T indexes academic years, and gpiq P

t1, . . . , Gu denotes the observed student group. Define

θjt “ pθ1,jt, . . . , θG,jtq
1, θj “ pθ1

j1, . . . , θ
1
jT q1 P RGT .

Conditional on the observed regressors and observation design, assume

θj „ NGT pµ,Λq, Λ ľ 0,

independently across teachers. Here,

µ “ pµ1
1, . . . , µ

1
T q1, Λ “ pΛtsq

T
t,s“1,

where µt P RG contains the population mean effects in year t, and

Λts “ Covpθjt, θjsq P RGˆG.

The diagonal blocks describe cross-group variation within years, while the off-diagonal blocks
describe dependence across groups and years.

The common conditional prior restricts dependence between teacher-effect trajectories
and observed student characteristics or observation patterns. Such dependence may be
accommodated through covariate-dependent prior means. Below, we consider population
means that are common across teachers.

For teacher j, stack the nj observed student outcomes across years:

Yj “ Xjδ ` Zjθj ` εj ,

where Zj is an nj ˆ GT selection matrix. Let egt denote the coordinate vector in RGT
with a one in position pt ´ 1qG ` g. Each row of Zj equals the appropriate e1

gpiq,t. This
representation accommodates unobserved group–year cells.

Conditional on the teacher effects, observed regressors, and observation design, assume
that the student-level errors are independent Gaussian variables with variance σ2 ą 0. Thus,

εj | θj , Xj , observation design „ N p0, σ2Inj
q,

with conditional independence across teachers.
For mean identification, let X and Z denote the matrices obtained by vertically stacking

Xj and Zj , respectively, and assume that rX,Zs has full column rank. We let µ absorb
common group–year means and exclude an overall intercept and other regressors determined
entirely by group and year from X. For the unrestricted covariance specification, we also
assume sufficient within-cell replication to identify σ2 and sufficient joint observation of
group–year cells across teachers to identify Λ.

Integrating out θj gives

Yj | Xj , observation design „ N pXjδ ` Zjµ,Vjq , Vj “ ZjΛZ
1
j ` σ2Inj

.

Define the negative marginal log-likelihood, up to an additive constant and a positive mul-
tiplicative factor, as

Lpδ, µ,Λ, σ2q “

M
ÿ

j“1

“

log |Vj | ` pYj ´Xjδ ´ Zjµq1V´1
j pYj ´Xjδ ´ Zjµq

‰

.

Unrestricted marginal maximum likelihood minimizes Lpδ, µ,Λ, σ2q over δ, µ,Λ ľ 0, and
σ2 ą 0.
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Grouped three-way separability restrictions. The grouped three-way specification
restricts teacher-effect trajectories to

θg,jt “ νj `

ℓ
ÿ

k“1

ugkvjkwtk. (30)

Define
aj “ pνj , v

1
jq

1, hgt “ p1, pug d wtq
1q1.

Let BpU,W q P RGTˆpℓ`1q have row h1
gt in position pt´ 1qG` g. Then

θj “ BpU,W qaj .

Impose the Gaussian coefficient distribution

aj „ Nℓ`1pm,Ωq, Ω ľ 0, (31)

independently across teachers, conditional on the observed regressors and observation design.
This induces the restrictions

µ “ BpU,W qm, Λ “ BpU,W qΩBpU,W q1. (32)

Thus, the grouped three-way model restricts both population parameters of the general
Gaussian model through the same group–year loading matrix.

To interpret these restrictions, partition

m “

ˆ

mν

mv

˙

, Ω “

ˆ

ωνν ω1
νv

ωνv Ωvv

˙

.

The population mean for group g and year t becomes

µgt “ mν ` pug d wtq
1mv “ mν `

ℓ
ÿ

k“1

ugkmv,kwtk,

while the covariance between a teacher’s effects for pg, tq and ph, sq is

Λpg,tq,ph,sq “ ωνν ` pug d wtq
1ωνv ` ω1

νvpuh d wsq ` pug d wtq
1Ωvvpuh d wsq.

Here, ωνν generates covariance across every group-year pair because the teacher baseline νj
enters all effects. The two terms involving ωνv allow teachers’ baseline effectiveness to cor-
relate with their responses to the interactive components. pug dwtq

1Ωvvpuh dwsq generates
covariance through teachers’ correlated responses to the shared group-year patterns.

Writing
HjpU,W q “ ZjBpU,W q,

the restricted marginal model has

ErYj | Xj , observation designs “ Xjδ `Hjm, Vj “ HjΩH
1
j ` σ2Inj

.

The restricted estimator therefore solves

min
δ,U,W,m,Ωľ0,σ2ą0

L
`

δ,BpU,W qm,BpU,W qΩBpU,W q1, σ2
˘

,

subject to the factor rank and identification constraints. The regression coefficients, shared
factors, coefficient distribution, and noise variance are estimated jointly.
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Posterior estimation of teacher effects. The same Gaussian posterior formulas apply
to both specifications. Let ψ “ pδ, µ,Λ, σ2q denote the marginal parameters, with pµ,Λq

estimated either freely or under (32). Conditional on the fitted parameters, the posterior
mean is

pθj “ pµ` pΛZ 1
j
pV´1
j

´

Yj ´Xj
pδ ´ Zjpµ

¯

, (33)

and its covariance is
pCθj “ pΛ ´ pΛZ 1

j
pV´1
j ZjpΛ. (34)

The empirical Bayes estimate and conditional posterior variance for an individual group–
teacher–year effect are

pθ EB
g,jt “ e1

gt
pθj , yVarpθg,jt | Y, pψq “ e1

gt
pCθj egt.

For the grouped three-way specification, these estimates can equivalently be computed
through the lower-dimensional teacher coefficients. Writing paj “ ppνj , pv

1
jq

1, their posterior
mean is

paj “ pm` pΩ pH 1
j
pV´1
j

´

Yj ´Xj
pδ ´ pHj pm

¯

, (35)

and their posterior covariance is

pCaj “ pΩ ´ pΩ pH 1
j
pV´1
j

pHj
pΩ. (36)

Consequently,
pθj “ pBpaj , pCθj “ pB pCaj

pB1,

and

pθ EB
g,jt “ pνj `

ℓ
ÿ

k“1

pugkpvjk pwtk.

The resulting posterior trajectories preserve the grouped three-way structure. All posterior
variances condition on the fitted shared parameters and exclude uncertainty from estimating
them.

Numerical implementation. For the unrestricted specification, an EM algorithm treats
θj as the latent vector. At iteration q, its E-step computes

θ
pqq

j “ Eψpqq rθj | Y s, C
θ,pqq

j “ Varψpqq pθj | Y q

using (33) and (34). Holding these moments fixed, define

Rθqpδq “

M
ÿ

j“1

„

›

›

›
Yj ´Xjδ ´ Zjθ

pqq

j

›

›

›

2

` tr
!

ZjC
θ,pqq

j Z 1
j

)

ȷ

.
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The M-step updates are

δpq`1q “

˜

ÿ

j

X 1
jXj

¸´1
ÿ

j

X 1
j

´

Yj ´ Zjθ
pqq

j

¯

,

µpq`1q “
1

M

ÿ

j

θ
pqq

j ,

Λpq`1q “
1

M

ÿ

j

„

C
θ,pqq

j `

´

θ
pqq

j ´ µpq`1q
¯´

θ
pqq

j ´ µpq`1q
¯1
ȷ

,

pσ2qpq`1q “
Rθqpδpq`1qq
ř

j nj
.

For the grouped three-way specification, we instead implement EM using aj as the latent
vector. At iteration q, the E-step computes

a
pqq

j “ Eraj | Y ;ψ
pqq

3 s, C
a,pqq

j “ Varpaj | Y ;ψ
pqq

3 q,

where ψ3 “ pδ, U,W,m,Ω, σ2q, using (35) and (36). Holding these moments fixed, define

Raq pδ, U,W q “

M
ÿ

j“1

„

›

›

›
Yj ´Xjδ ´HjpU,W qa

pqq

j

›

›

›

2

` tr
!

HjpU,W qC
a,pqq

j HjpU,W q1
)

ȷ

.

This objective follows from the expected complete-data log-likelihood. Its trace term ac-
counts for posterior uncertainty in the teacher coefficients and must be retained when up-
dating the factors and noise variance.

We update δ, U,W by alternating least squares to reduce Raq , yielding a generalized EM
algorithm. The remaining updates are

mpq`1q “
1

M

ÿ

j

a
pqq

j ,

Ωpq`1q “
1

M

ÿ

j

„

C
a,pqq

j `

´

a
pqq

j ´mpq`1q
¯´

a
pqq

j ´mpq`1q
¯1
ȷ

,

pσ2qpq`1q “
Raq

`

δpq`1q, U pq`1q,W pq`1q
˘

ř

j nj
.

For the structured specification, factor scales are normalized after all M-step updates
have been completed. For nonzero columns, define

su,k “

˜

1

G

ÿ

g

u2gk

¸1{2

, sw,k “

˜

1

T

ÿ

t

w2
tk

¸1{2

,

A “ diag p1, su,1sw,1, . . . , su,ℓsw,ℓq .

Apply the transformations

u˚
gk “

ugk
su,k

, w˚
tk “

wtk
sw,k

, m˚ “ Am, Ω˚ “ AΩA1.
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Since B˚ “ BA´1, these transformations preserve Bm and BΩB1, and hence preserve
the marginal likelihood. The noise-variance update is completed before normalization, and
the next E-step uses the normalized parameters. Signs and component labels are fixed by
convention.

Both implementations use positive-definite starting values for the latent covariance ma-
trix and a positive starting noise variance. Convergence is assessed using the observed
marginal likelihood, and multiple initializations can be used to assess sensitivity to local
optima.

11.9 Higher-order extension
Consider the grouped four-way separable fixed effects model

yijℓt “ x1
ijℓtδ `

r
ÿ

k“1

ugpiq,kvjkhℓkwtk ` εijℓt.

Let

F “ σpX,D,U, V,H,W q, I “ t1, . . . , Nu ˆ t1, . . . ,Mu ˆ t1, . . . , Lu ˆ t1, . . . , T u.

For a “ pia, ja, ℓa, taq P I, write εa “ εiajaℓata . Suppose that the following conditions hold.

Assumption 9 (Asymptotic Framework, Normalization, and Estimation). Along an asymp-
totic sequence satisfying

mintNMLT {G, NLT, NMT, NMLu Ñ 8,

the dimensions p and r remain fixed. The membership matrix D P t0, 1uNˆG has full column
rank, and

1 ď r ď mintG,M,L, T u.

For a constant cU ą 0 independent of the panel dimensions, let Θr be the set of quadruples
pU, V,H,W q P RGˆr ˆ RMˆr ˆ RLˆr ˆ RTˆr satisfying

diag

ˆ

1

M
V 1V

˙

“ diag

ˆ

1

T
W 1W

˙

“ diag

ˆ

1

L
H 1H

˙

“ ιr, λmax

ˆ

1

N
U 1D1DU

˙

ď cU ,

where ιr is the r-dimensional vector of ones. The true factor matrices admit a representation
in Θr. The least-squares estimator satisfies

pδ̂, Û , V̂ , Ĥ, Ŵ q P argmin
δPRp, pU,V,H,W qPΘr

1

NMLT

ÿ

pi,j,ℓ,tqPI

˜

yijℓt ´ x1
ijℓtδ ´

r
ÿ

k“1

ugpiq,kvjkhℓkwtk

¸2

.

Assumption 10 (Strong Factors and Stochastic Bounds). The regressor xijℓt has uniformly
bounded fourth moment conditional on group assignment, i.e., there exists a constant cx ă 8

independent of the panel dimensions,

sup
pi,j,ℓ,tqPI

Er}xijℓt}
4|Ds ď cx

almost surely, uniformly along the asymptotic sequence. The grouped-error satisfies

}EG} “ Opp
?
G`M ` L` T q,
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where

EG “ E ˆ1 pD1Dq´1{2D1 “

¨

˚

˝

1
a

Ng

N
ÿ

i“1
gpiq“g

εijℓt

˛

‹

‚

G,M,L,T

g,j,ℓ,t“1

.

For constants 0 ă c0 ď 1 ď c1 ă cU ă 8, with probability approaching one,

c0Ir ĺ
1

N
U 1D1DU ĺ c1Ir

c0Ir ĺ
1

M
V 1V ĺ c1Ir

c0Ir ĺ
1

L
H 1H ĺ c1Ir

c0Ir ĺ
1

T
W 1W ĺ c1Ir.

Assumption 11. The errors have uniformly finite fourth moments and Erεa | Fs “ 0. Let
Γab “ Erεaεb | Fs for a, b P I. For some finite constant cε, with probability approaching
one,

sup
aPI

ÿ

bPI
|Γab| ď cε.

Define

RD “ tpa, bq P I2 : gpiaq “ gpibq or ja “ jb or ℓa “ ℓb or ta “ tbu, zab “ εaεb ´ Γab.

For some finite constant c4, with probability approaching one,

sup
pa,bqPRD

ÿ

pc,dqPRD

|Covpzab, zcd | Fq| ď c4.

Assumption 12 (Identification of δ). There exists a constant cδ ą 0 such that, with prob-
ability approaching one,

inf
rUPRGˆr, rV PRMˆr,ĂHPRLˆr

λmin

„

1

NMLT
Xp5q

`

M
D rU˚ rV ˚ĂH

bMW

˘

X 1
p5q

ȷ

ě cδ.

Proposition 5. Suppose that Assumptions 9, 10, 11, and 12 hold. Let T be the tangent
space defined as

T pU, V,H,W q “

#

r
ÿ

k“1

`

Dak b vk b hk b wk `Duk b bk b hk b wk

`Duk b vk b ck b wk `Duk b vk b hk b dk
˘

:

ak P RG, bk P RM , ck P RL, dk P RT , k “ 1, . . . , r

+

.

evaluated at the true parameters pU, V,H,W q. Let

ΓNMLT “
1

NMLT
Xp5qMTX

1
p5q, ZNMLT “

1
?
NMLT

Xp5qMT vecpEq.
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The least squares estimator δ̂ defined in Assumption 9 satisfies

ΓNMLT

?
NMLT pδ̂ ´ δq “ ZNMLT ´ B1 ´ B2 ´ B3 ´ B4 `RNMLT ,

where RNMLT “ Op

´
b

G`M`L`T
NMLT `

pG`M`L`T q
3{2

NMLT

¯

. Here,

pF1, F2, F3, F4q “
`

pD1Dq1{2U, V,H,W
˘

, pd1, d2, d3, d4q “ pG,M,L, T q.

Let Cm be the Khatri–Rao product of the three Fa with a ‰ m, retaining increasing mode
order. Also define

Q “ DpD1Dq´1{2 b IM b IL b IT , ΩGm “ E
”

pEGpmqq1EGpmq | F
ı

.

The biases are given by

Bm “
1

?
NMLT

Xp5qPTQK
G
1,m vec

`

FmpF 1
mFmq´1pC 1

mCmq´1C 1
mΩGmMCm

˘

, m “ 1, 2, 3, 4.

Here KG
1,m converts the mode-m unfolding’s vectorization into the natural grouped tensor

order, and acts on tensors of dimensions GˆM ˆ Lˆ T . Their corresponding bounds are

B1 “ OppG{
?
NMLT q,B2 “ OppM{

?
NMLT q,B3 “ OppL{

?
NMLT q,B4 “ OppT {

?
NMLT q.

Proof outline. Write n “ NMLT , s “ G`M `L`T , and ρ “
a

s{n. Let Π and Π̂ denote
the true and estimated interactive components.

First, global least-squares optimality, uniform identification, and the grouped-error spec-
tral bound give

}δ̂ ´ δ} `
}Π̂ ´ Π}F

?
n

“ Oppρq.

The strong-factor conditions then yield normalized factor errors of order Oppρq after per-
mutation and sign alignment. Since c1 ă cU , the inequality constraint is inactive with
probability approaching one, and the unrestricted slope and factor normal equations hold.

Next, expand the joint normal equations around the true parameters and eliminate the
first-order factor perturbations using the tangent-space projector. A local parametrization
of the estimated loading spaces and the structured error-contraction bounds reduce the
quadratic terms to four mode-specific error Gram matrices. Consequently,

ΓNMLT

?
npδ̂ ´ δq “ ZNMLT ´

4
ÿ

m“1

Bsm `Op
`

ρ`
?
nρ3

˘

,

where Bsm is obtained from Bm by replacing ΩGm with pEG
pmq

q1EG
pmq

. Third-order factor
perturbations contribute Opp

?
nρ3q, while fourth-order terms are absorbed into this bound

because ρ Ñ 0.
Finally, let pd1, d2, d3, d4q “ pG,M,L, T q. The restricted fourth-product covariance con-

dition gives

Bsm ´ Bm “ Op

˜

c

dm
n

¸

, m “ 1, 2, 3, 4.

Summing these differences contributes Oppρq. Substitution and the identity
?
nρ3 “ s3{2{n

establish the stated expansion. Conditional covariance summability and the strong-factor
bounds additionally imply Bm “ Oppdm{

?
nq.
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11.10 Unbalanced Panel
In matched student–teacher data, only a subset of the potential student–teacher–year ob-
servations is available. Let Ω collect the observed indices, i.e.,

I “ t1, . . . , Nu ˆ t1, . . . ,Mu ˆ t1, . . . , T u, Ω Ď I, nΩ “ |Ω| ě 1.

The observation pattern may be random. For pi, j, tq P Ω, consider

yijt “ x1
ijtδ ` πijt ` εijt, πijt “

ℓ
ÿ

k“1

ugpiq,kvjkwtk.

Write ΠpU, V,W q “
řℓ
k“1pDuk ˝ vk ˝ wkq and πpU, V,W q “ vecpΠpU, V,W qq. Let RΩ P

t0, 1unΩˆNMT select the distinct observed entries in the order induced by the vectorization,
so RΩR

1
Ω “ InΩ

. Define
zΩ “ RΩ vecpZq,

for any third-order tensor Z of relevant dimensions so that we have yΩ “ RΩ vecpY q, eΩ “

RΩ vecpEq, Also define XΩ “ RΩX
1
p4q

. Then, we have

yΩ “ XΩδ ` πΩpU, V,W q ` eΩ,

where
πΩpU, V,W q “ RΩπpU, V,W q.

We distinguish convergence of the fitted interactive component on Ω from recovery of the
full latent tensor, including its unobserved entries.

For a constant cU ą 0 independent of the panel dimensions, use the normalized factor
space

Θℓ “

!

prU, rV ,ĂW q P RGˆℓ ˆ RMˆℓ ˆ RTˆℓ :

diag

ˆ

1

M
rV 1

rV

˙

“ diag

ˆ

1

T
ĂW 1

ĂW

˙

“ ιℓ, λmax

ˆ

1

N
rU 1D1D rU

˙

ď cU

)

.

We assume that cU is sufficiently large so that the true factor matrices admit a representation
in Θℓ. Define

SΩpδ, U, V,W q “
1

nΩ

ÿ

pi,j,tqPΩ

«

yijt ´ x1
ijtδ ´

ℓ
ÿ

k“1

ugpiq,kvjkwtk

ff2

“
1

nΩ
}yΩ ´XΩδ ´ πΩpU, V,W q}2,

and let
pδ̂, Û , V̂ , Ŵ q P argmin

δPRp, pU,V,W qPΘℓ

SΩpδ, U, V,W q (37)

be a global minimizer. Concentrating over δ gives

min
δPRp

}yΩ ´XΩδ ´ πΩpU, V,W q}2 “ }MXΩpyΩ ´ πΩpU, V,W qq}2.
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Whenever X 1
ΩXΩ is nonsingular, the first order condition for δ̂ is given by

δ̂ “

¨

˝

ÿ

pi,j,tqPΩ

xijtx
1
ijt

˛

‚

´1
ÿ

pi,j,tqPΩ

xijt

«

yijt ´

ℓ
ÿ

k“1

ûgpiq,kv̂jkŵtk

ff

. (38)

Define the observed slices

Ωpuq
g “ tpi, j, tq P Ω : gpiq “ gu, Ω

pvq

j “ tpi, j1, tq P Ω : j1 “ ju, Ω
pwq

t “ tpi, j, t1q P Ω : t1 “ tu.

At a minimizer for which λmaxpÛ 1D1DÛ{Nq ă cU , compensating column rescalings permit
unrestricted factor perturbations while maintaining the normalizations. If the corresponding
observed block Gram matrices are nonsingular, the factor normal equations consequently
yield

ûg “

»

–

ÿ

pi,j,tqPΩ
puq
g

pv̂j d ŵtqpv̂j d ŵtq
1

fi

fl

´1
ÿ

pi,j,tqPΩ
puq
g

pv̂j d ŵtqpyijt ´ x1
ijtδ̂q,

v̂j “

»

—

–

ÿ

pi,j,tqPΩ
pvq

j

pûgpiq d ŵtqpûgpiq d ŵtq
1

fi

ffi

fl

´1

ÿ

pi,j,tqPΩ
pvq

j

pûgpiq d ŵtqpyijt ´ x1
ijtδ̂q,

ŵt “

»

–

ÿ

pi,j,tqPΩ
pwq
t

pûgpiq d v̂jqpûgpiq d v̂jq
1

fi

fl

´1
ÿ

pi,j,tqPΩ
pwq
t

pûgpiq d v̂jqpyijt ´ x1
ijtδ̂q.

(39)

We iterate over (38) and (39) until convergence. We use multiple initial points and use the
parameters with the smallest objective function as our estimates.

Assumption 13 (Uniform slope identification in the observed sample). For rU P RGˆℓ and
rV P RMˆℓ, define

BΩprU, rV q “ RΩ

”

pD rU ˚ rV q b IT , D b IM bW
ı

,

where W is the true time-factor matrix. The observed regressors satisfy

1

nΩ
}XΩ}2F “ Opp1q.

There exists a constant cδ,Ω ą 0, independent of the panel dimensions, such that, with
probability approaching one,

inf
rUPRGˆℓ

rV PRMˆℓ

λmin

„

1

nΩ
X 1

ΩMBΩp rU, rV q
XΩ

ȷ

ě cδ,Ω.

Assumption 14 (Observed-sample exogeneity and error non-pervasiveness). Let

FΩ “ σpΩ, D, U, V,W,XΩq.
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The observed errors satisfy EreΩ | FΩs “ 0. For a constant cε ă 8 independent of the panel
dimensions, with probability approaching one,

›

›EreΩe
1
Ω | FΩs

›

› ď cε.

For a positive integer r, define

LDr “

#

r
ÿ

k“1

pDak ˝ bk ˝ ckq : ak P RG, bk P RM , ck P RT
+

, }E}Ω,r “ sup
ZPLD

r

}zΩ}ą0

|e1
ΩzΩ|

}zΩ}
,

where zΩ “ RΩ vecpZq. For the fixed rank ℓ, we have the following bound

}E}Ω,2ℓ “ Op

´?
G`M ` T

¯

.

Assumption 13 supplies global slope separation from candidate interactive components in
the observed sample. Assumption 14 controls a supremum in the observed norm and there-
fore applies to an estimated low-rank difference that depends on the errors. Assumption 14
provides a high-level condition that implies non-pervasiveness of the errors on the observed
sample. Conditioning on Ω makes the exogeneity requirement conditional on the realized
observation pattern. The conditional mean-zero restriction also conditions on the observa-
tion pattern. Neither assumption alone identifies interactive-component values outside the
observed sample.

Assumption 15 (Sampling stability for the full interactive component). There exists a con-
stant cΠ ą 0, independent of the panel dimensions, such that, with probability approaching
one,

1

nΩ
}RΩpπprU, rV ,ĂW q ´ πpU, V,W qq}2 ě

cΠ
NMT

}πprU, rV ,ĂW q ´ πpU, V,W q}2 (40)

uniformly for all prU, rV ,ĂW q P Θℓ.

Assumption 15 is imposed only for conclusions about the full latent component. It rules
out feasible components that differ substantially from the truth but are indistinguishable,
or nearly indistinguishable, on the observed matches. The condition concerns differences
from the true component, not every tensor of a given rank.

Lemma 3 (Convergence with an unbalanced sample). Maintain the model, membership
conditions, normalized parameter space, and true-parameter feasibility specified above. Let
p, ℓ be fixed, and suppose that

ρΩ “

c

G`M ` T

nΩ
, ρΩ Ñp 0. (41)

Let pδ̂, Û , V̂ , Ŵ q be a global minimizer in (37), and suppose that Assumptions 13 and 14
hold.

(i) Observed-sample convergence. The slope and observed interactive component satisfy

}δ̂ ´ δ} `
}RΩpπ̂ ´ πq}

?
nΩ

“ OppρΩq. (42)
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(ii) Full-component convergence. If Assumption 15 also holds, then

}Π̂ ´ Π}F
?
NMT

“ OppρΩq. (43)

(iii) Full joint loading-space convergence. Suppose Assumption 15 holds and, for a constant
cf ą 0 independent of the panel dimensions, with probability approaching one,

1

N
U 1D1DU ľ cfIℓ,

1

M
V 1V ľ cfIℓ,

1

T
W 1W ľ cfIℓ. (44)

Then
1

?
MT

}MV̂ ˚Ŵ pV ˚W q}F “ OppρΩq,

1
?
NT

}MDÛ˚Ŵ pDU ˚W q}F “ OppρΩq,

1
?
NM

}MDÛ˚V̂ pDU ˚ V q}F “ OppρΩq.

(45)

The observed-sample conclusion requires neither Assumption 15 nor the strong-factor bounds
in (44). All conclusions are aggregate-norm statements, not uniform fixed-index consistency
results.

Remark: Observed fit and full-tensor recovery. Part (i) establishes convergence of
the interactive fitted values on the observed matches. Recovery of the full latent tensor
additionally requires Assumption 15, which ensures that feasible departures from the true
component remain detectable in the observed sample. This condition concerns the geometry
of the matches as well as their number. Observing every group, teacher, and period does not
by itself establish sampling stability, since disconnected match patterns can leave unobserved
interactions unidentified.

Remark: Random matching and conditional exogeneity. The observation pattern
may depend on the regressors and latent factors, provided EreΩ | FΩs “ 0. Conditioning
on Ω makes this exogeneity requirement explicit for the realized matches. The low-rank
error supremum is a separate stochastic restriction: it controls error-dependent fitted tensor
differences in the observed norm and must be imposed or established in addition to the
conditional covariance bound.

11.11 Lemmas used in Proofs
Lemma 4 (Conditional contraction bounds). Let e “ vecpEq, with entries indexed by I in
the order induced by vec. Let zRD stack the variables tzab : pa, bq P RDu in a fixed ordering
of the relevant ordered pairs. Suppose Assumption 3 holds. The following statements hold.

(i) For every conformable F-measurable matrix A, we have

Er}Ae}2 | Fs ď cε}A}2F (46)

with probability approaching one. Consequently,

}Ae} “ Opp}A}F q.
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(ii) For every conformable F-measurable matrix B, we have

Er}BzRD}2 | Fs ď c4}B}2F (47)

with probability approaching one. Consequently,

}BzRD} “ Opp}B}F q.

(iii) For every F-measurable square matrix K conformable with e, we have

Er|e1Ke| | Fs ď cε}K}˚

with probability approaching one, where } ¨ }˚ denotes the nuclear norm. Consequently,

|e1Ke| “ Opp}K}˚q.

No symmetry or pair-support restriction on K is required.

The bounds in parts (i) and (iii), including their stochastic-order consequences, also hold
with e replaced by Q1e for any F-measurable matrix Q satisfying Q1Q “ I. In particular,
they apply to

eG “ vecpEGq “ Q1e, Q “ tDpD1Dq´1{2u b IM b IT .

The coefficient matrices and vectors, including their dimensions, may vary with the panel
dimensions. All stochastic-order statements with a random nonnegative scale are interpreted
using the convention 0{0 “ 0; in each application above, a zero scale implies that the corre-
sponding numerator is zero.

Proof. Let E2, and E4 be the event that

sup
aPI

ÿ

bPI
|Γab| ď cε.

and
sup

pa,bqPRD

ÿ

pc,dqPRD

|Covpzab, zcd | Fq| ď c4

holds in Assumption 3.
Part (i). Let

Γ “ Eree1 | Fs “ pΓabqa,bPI ,

where the rows and columns follow the ordering of e. Since Ere | Fs “ 0, the matrix Γ is the
conditional covariance matrix of e. In particular, it is symmetric and positive semidefinite.
Its induced matrix 1-norm and 8-norm are equal, so

}Γ} ď t}Γ}1}Γ}8u1{2 “ sup
aPI

ÿ

bPI
|Γab| ď cε on E2.

Because A is F-measurable,

Er}Ae}2 | Fs “ tr
`

AEree1 | FsA1
˘

“ trpAΓA1q

ď }Γ}op trpAA
1q

ď cε}A}2F on E2.
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This proves (46).
For any K ą 0, conditional Markov’s inequality yields

1E2
Pp}Ae} ą K}A}F | Fq ď

cε
K2

1E2
.

When }A}F “ 0, the event inside the conditional probability is empty. Taking expectations
and bounding the probability of Ec2 gives

Pp}Ae} ą K}A}F q ď
cε
K2

` PpEc2q.

Since PpEc2q Ñ 0, first taking the limit superior along the asymptotic sequence and then
letting K Ñ 8 proves }Ae} “ Opp}A}F q.
Part (ii). By the definition of zab,

Erzab | Fs “ 0, pa, bq P RD.

The finite fourth-moment condition ensures that these centered products have finite second
moments. Let

ΣRD “ ErzRDz1
RD | Fs.

Its entries are
rΣRD spa,bq,pc,dq “ Covpzab, zcd | Fq.

The matrix ΣRD is symmetric and positive semidefinite. Consequently, Assumption 3 im-
plies

}ΣRD}op ď sup
pa,bqPRD

ÿ

pc,dqPRD

|Covpzab, zcd | Fq| ď c4 on E4.

Because B is F-measurable,

Er}BzRD}2 | Fs “ trpBΣRDB1q

ď }ΣRD}op}B}2F

ď c4}B}2F on E4.

This proves (47). As in part (i), localization permits arbitrary finite F-measurable B.
Conditional Markov’s inequality then gives, for every K ą 0,

Pp}BzRD} ą K}B}F q ď
c4
K2

` PpEc4q.

Since PpEc4q Ñ 0, the asserted stochastic order follows.
Part (iii). On E2, write a singular value decomposition K “

ř

h σhahb
1
h, where }ah} “

}bh} “ 1. Part (i) and conditional Cauchy–Schwarz give

Er|e1Ke| | Fs ď
ÿ

h

σh
␣

Erpa1
heq

2 | FsErpb1
heq

2 | Fs
(1{2

ď cε
ÿ

h

σh “ cε}K}˚.

Conditional Markov’s inequality yields, for every L ą 0,

P
`

|e1Ke| ą L}K}˚

˘

ď cε{L` PpEc2q,
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which proves the asserted stochastic order under the stated zero-scale convention.
For the coordinate extension, apply parts (i) and (iii) to AQ1 and QKQ1, respectively.

Since Q1Q “ I,
}AQ1}F “ }A}F , }QKQ1}˚ “ }K}˚.

Lemma 5 (Low-rank tensor contraction bounds). Let E P RN1ˆN2ˆN3 . Fix m P t1, 2, 3u,
and let r1 ă r2 be the remaining mode indices, ordered consistently with the Kronecker
products below. Let R,R0 P RNr1

ˆℓ and S, S0 P RNr2
ˆℓ. If R ˚ S has full column rank, then

›

›EpmqPR˚S

›

›

F
ď ℓ}E}, (48)

›

›EpmqMR˚SpR0 ˚ S0q
›

›

F
ď

?
ℓ` 1 }E} }MR˚SpR0 ˚ S0q}F . (49)

For the grouped setting, let E P RNˆMˆT and let D P t0, 1uNˆG have full column rank.
Define

QD “ DpD1Dq´1{2, EG “ E ˆ1 Q
1
D, Ū “ pD1Dq1{2U, Ū0 “ pD1Dq1{2U0,

where U,U0 P RGˆℓ, V, V0 P RMˆℓ, and W,W0 P RTˆℓ. Let pm,L,L0q P tp2,W,W0q, p3, V, V0qu.
If pDU ˚ Lq has full column rank, then

›

›EpmqPDU˚L

›

›

F
“

›

›

›
EGpmqPŪ˚L

›

›

›

F
ď ℓ}EG}, (50)

›

›EpmqMDU˚LpDU0 ˚ L0q
›

›

F
“

›

›

›
EGpmqMŪ˚LpŪ0 ˚ L0q

›

›

›

F
ď

?
ℓ` 1 }EG} }MDU˚LpDU0 ˚ L0q}F .

(51)

All bounds are deterministic and uniform over the admissible loading matrices.
Let Lm Ď RNm have dimension rm, and let Qm denote its orthogonal projector, for

m “ 1, 2, 3. Define

V “ pRN1 b L2 b L3q ` pL1 b RN2 b L3q ` pL1 b L2 b RN3q.

Its orthogonal projector is

PV “ IN1
bQ2 bQ3 `Q1 b pIN2

´Q2q bQ3 `Q1 bQ2 b pIN3
´Q3q.

Writing e “ vecpEq and cV “
?
r2r3 ` r1r3 ` r1r2, we have

}PVe} ď cV}E}. (52)

Consequently,
|e1z| ď cV}E}}z}, z P V,

and every conformable matrix H satisfying H “ HPV obeys

}He} ď cV}H}}E}.

These inequalities are deterministic and uniform over the subspaces and coefficient matrices.
They therefore also apply when these objects depend on the errors.
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Proof. For q P RNr1
Nr2 , let mat´mpqq P RNr1

ˆNr2 denote its reshape, with mat´mpab bq “

ab1. Let r “ rankpmat´mpqqq, and write a singular value decomposition as

mat´mpqq “

r
ÿ

h“1

σhahb
1
h, }ah} “ }bh} “ 1.

Then q “
řr
h“1 σhpahbbhq. For every unit vector c P RNm , the scalar c1Epmqpahbbhq is the

contraction of E against unit vectors in its three modes, so its absolute value is bounded by
the tensor spectral norm }E}. Consequently,

}Epmqq} “ sup
}c}“1

ˇ

ˇ

ˇ

ˇ

ˇ

r
ÿ

h“1

σhc
1Epmqpah b bhq

ˇ

ˇ

ˇ

ˇ

ˇ

ď }E}

r
ÿ

h“1

σh “ }E}}mat´mpqq}˚

ď
?
r }E}

˜

r
ÿ

h“1

σ2
h

¸1{2

“
?
r }E}}q}.

(53)

Here } ¨ }˚ denotes the nuclear norm, the last inequality follows from Cauchy–Schwarz, and
the last equality uses }mat´mpqq}F “ }q}. The case q “ 0 is immediate.

Let Q “ pq1, . . . , qℓq be an orthonormal basis of the column space of R ˚ S, and write
MR˚SpR0 ˚S0q “ pd1, . . . , dℓq. Each qk is a linear combination of the ℓ columns of R ˚S, so
its reshape has rank at most ℓ. Each dk is a rank-one column of R0 ˚ S0 minus an element
in the column space of R ˚S, so its reshape has rank at most ℓ`1. Since PR˚S “ QQ1, (53)
therefore implies

›

›EpmqPR˚S

›

›

2

F
“

ℓ
ÿ

k“1

}Epmqqk}2 ď ℓ}E}2
ℓ
ÿ

k“1

}qk}2 “ ℓ2}E}2,

›

›EpmqMR˚SpR0 ˚ S0q
›

›

2

F
“

ℓ
ÿ

k“1

}Epmqdk}2 ď pℓ` 1q}E}2
ℓ
ÿ

k“1

}dk}2 “ pℓ` 1q}E}2 }MR˚SpR0 ˚ S0q}
2
F .

Taking square roots proves (48)–(49).
For either grouped case, let K be the number of rows of L, and set Q “ QD b IK . Since

Q1
DQD “ IG, the Khatri–Rao and matricization identities give

Q1Q “ IGK , pDU ˚ Lq “ QpŪ ˚ Lq, pDU0 ˚ L0q “ QpŪ0 ˚ L0q, EGpmq “ EpmqQ.

In particular, pDU ˚ Lq has full column rank, and

PDU˚L “ QPŪ˚LQ
1, MDU˚LpDU0 ˚ L0q “ QMŪ˚LpŪ0 ˚ L0q.

Consequently,

EpmqPDU˚L “ EGpmqPŪ˚LQ
1, EpmqMDU˚LpDU0 ˚ L0q “ EGpmqMŪ˚LpŪ0 ˚ L0q.

Because Q1Q “ IGK , multiplication by Q on the left or by Q1 on the right preserves the
Frobenius norm. Applying (48), (49) to EG, Ū ˚ L, and Ū0 ˚ L0 now proves (50), (51).
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The three summands defining PV are mutually orthogonal projectors whose ranges sum
to V. Let tbhu

r2
h“1 and tcku

r3
k“1 be orthonormal bases of L2 and L3. The definition of the

tensor spectral norm gives

}pIN1
b b1

h b c1
kqe} “ sup

}a}“1

|pa1 b b1
h b c1

kqe| ď }E}.

Therefore,
}pIN1 bQ2 bQ3qe}2 ď r2r3}E}2.

The other two summands are bounded analogously by r1r3}E}2 and r1r2}E}2, since their
additional complementary projectors cannot increase the norm. Orthogonality proves (52).
The remaining bounds follow from z “ PVz and H “ HPV .

Lemma 6 (Convergence of the generated regressors). Under Assumptions 1, 2, 3, and 4,
the global least-squares estimator defined in Assumption 1 satisfies

1
?
MT

›

›MV̂ ˚Ŵ pV ˚W q
›

›

F
“ Op

˜

c

G`M ` T

NMT

¸

,

1
?
NT

›

›MDÛ˚Ŵ pDU ˚W q
›

›

F
“ Op

˜

c

G`M ` T

NMT

¸

,

1
?
NM

›

›MDÛ˚V̂ pDU ˚ V q
›

›

F
“ Op

˜

c

G`M ` T

NMT

¸

,

}δ̂ ´ δ} “ Op

˜

c

G`M ` T

NMT

¸

.

Also, the common component satisfies

}Π̂ ´ Π}F
?
NMT

“ Op

˜

c

G`M ` T

NMT

¸

.

Proof. Let n “ NMT , s “ G ` M ` T , ρ “
a

s{n, QD “ DpD1Dq´1{2, EG “ E ˆ1 Q
1
D,

and e “ vecpEq. Assumption 2 and Lemma 4(i) give

}X}F?
n

“ Opp1q,

›

›

›

›

Xp4qe
?
n

›

›

›

›

“ Opp1q,
}EG}
?
n

“ Oppρq. (54)

Let Π and Π̂ denote the true and estimated common-component tensors, and define

γ̂ “ δ̂ ´ δ, ∆ “ Π̂ ´ Π, R “ X ˆ4 γ̂
1 ` ∆, rn “

}R}F?
n
.

Global least-squares optimality implies }E ´R}
2
F ď }E}

2
F , and hence

}R}
2
F ď 2}γ̂}}Xp4qe} ` 2|xE,∆y|. (55)

Let pU, V,W q and pÛ , V̂ , Ŵ q be the true and estimated fixed effects. Choose a full-
column-rank submatrix K of rpDÛ ˚ V̂ q, pDU ˚ V qs with the same column space. Since

∆p3q “ Ŵ pDÛ ˚ V̂ q1 ´W pDU ˚ V q1, ∆p3qPK “ ∆p3q,
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and K contains at most 2ℓ grouped rank-one columns, Lemma 5 gives

|xE,∆y| “ |xEp3qPK ,∆p3qy|

ď
›

›Ep3qPK
›

›

F
}∆}F ď 2ℓ}EG} }∆}F . (56)

The contraction bound is deterministic and uniform, so it applies to the data-dependent
matrix K.

Next, MWΠp3q “ 0 and Π̂p3qMDÛ˚V̂ “ 0. Therefore, Assumption 4 implies that, with
probability approaching one,

r2n ě
1

n

›

›MWRp3qMDÛ˚V̂

›

›

2

F

“ γ̂1

„

1

n
Xp4qpMDÛ˚V̂ bMW qX 1

p4q

ȷ

γ̂

ě cδ}γ̂}2

for some cδ ą 0. On this event,

}γ̂} ď c
´1{2
δ rn,

}∆}F?
n

ď rn `
}X}F?

n
}γ̂} ď

ˆ

1 ` c
´1{2
δ

}X}F?
n

˙

rn.

Substituting these inequalities and (56) into (55), and using (54) and n´1{2 ď ρ, yields

r2n ď
2

?
n

›

›

›

›

Xp4qe
?
n

›

›

›

›

}γ̂} ` 4ℓ
}EG}
?
n

}∆}F?
n

ď Oppρqrn.

Thus rn “ Oppρq, and consequently

}δ̂ ´ δ} `

›

›

›
Π̂ ´ Π

›

›

›

F?
n

“ Oppρq. (57)

It remains to obtain the three span bounds. For m “ 1, 2, 3, write Πpmq “ AmC
1
m, where

pAm, Cm, smq “

$

’

&

’

%

pDU, V ˚W,Nq, m “ 1,

pV,DU ˚W,Mq, m “ 2,

pW,DU ˚ V, T q, m “ 3,

and let Âm, Ĉm denote the corresponding estimated matrices. Since Π̂pmq “ ÂmĈ
1
m,

∆pmqMĈm
“ ´AmC

1
mMĈm

.

Assumption 2 bounds λminpA1
mAm{smq away from zero with probability approaching one.

Hence, for each m,
c

sm
n

›

›

›
MĈm

Cm

›

›

›

F
ď

„

λmin

ˆ

A1
mAm
sm

˙ȷ´1{2
}∆}F?
n

“ Oppρq.

The normalizations
a

sm{n are 1{
?
MT , 1{

?
NT , and 1{

?
NM , respectively. Together with

(57), these establish all four claims.
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A Proofs for Section 5 (Asymptotic Theory)
Lemma 1 (Normalized factor alignment and asymptotic inactivity of the inequality con-
straint). Suppose that Assumptions 1, 2, 3, and 4 hold. Let pU, V,W q denote the true factor
matrices in the normalized representation satisfying (7). Let pδ̂, Û , V̂ , Ŵ q be the global least-
squares estimator defined in Assumption 1. There exist possibly random ℓ ˆ ℓ permutation
and diagonal sign matrices Πℓ, Sv, Sw, with the diagonal entries of Sv and Sw belonging to
t´1, 1u, such that

}DpÛΠℓSvSw ´ Uq}F
?
N

`
}V̂ΠℓSv ´ V }F

?
M

`
}ŴΠℓSw ´W }F

?
T

“ Op

˜

c

G`M ` T

NMT

¸

.

(8)
Define the residual tensor

Ê “ Y ´X ˆ4 δ̂
1 ´

ℓ
ÿ

k“1

pDûk ˝ v̂k ˝ ŵkq.

With probability approaching one, the estimator satisfies the unrestricted normal equations

Xp4q vecpÊq “ 0, D1Êp1qpV̂ ˚ Ŵ q “ 0,

Êp2qpDÛ ˚ Ŵ q “ 0, Êp3qpDÛ ˚ V̂ q “ 0.
(9)

Proof. Write n “ NMT , s “ G`M `T , and ρ “
a

s{n. Assumption 1 implies ρ Ñ 0. Let
Π and Π̂ denote the true and estimated common-component tensors. Define

QD “ DpD1Dq´1{2, A1 “
pD1Dq1{2U

?
N

, A2 “
V

?
M
, A3 “

W
?
T
,

with estimated counterparts Âm, and set

P “
1

?
n
Π ˆ1 Q

1
D, P̂ “

1
?
n
Π̂ ˆ1 Q

1
D, h “ P̂ ´ P.

Also, define
C1 “ A2 ˚A3, Ĉ1 “ Â2 ˚ Â3.

Then
Pp1q “ A1C

1
1, P̂p1q “ Â1Ĉ

1
1.

The preliminary common-component bound established by the global least-squares compar-
ison in Lemma 6 gives

}h}F “
}Π̂ ´ Π}F

?
n

“ Oppρq. (58)

This bound uses global optimality and does not require the factor normal equations. The
equality follows because Q1

DQD “ IG and the first-mode fibers of both Π and Π̂ belong to
colpDq. All inverses below are used on the indicated events whose probabilities tend to one;
the eventual permutation and sign matrices may be defined arbitrarily on the complementary
events.
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1. Conditioning of the estimated joint loading space. On the strong-factor event,

c0Iℓ ĺ A1
mAm ĺ c1Iℓ, m “ 1, 2, 3.

For every z P Rℓ,
}C1z}2 “ }A2 diagpzqA1

3}2F

ě σminpA2q2σminpA3q2} diagpzq}2F

ě c20}z}2.

Thus σminpC1q ě c0, and

σℓpPp1qq ě σminpA1qσminpC1q ě c
3{2
0 .

By (58) and the singular-value perturbation inequality,

σℓpP̂p1qq ě σℓpPp1qq ´ }hp1q} ě
c
3{2
0

2

with probability approaching one. Since P̂p1q “ Â1Ĉ
1
1 has rank at most ℓ, it follows that Â1

and Ĉ1 have full column rank on this event. Moreover, feasibility gives }Â1} ď
?
cU , so

σminpĈ1q ě
σℓpP̂p1qq

}Â1}
ě b˚, b˚ :“

c
3{2
0

2
?
cU

ą 0. (59)

The identity
hp1qMĈ1

“ ´A1C
1
1MĈ1

and the lower bound on σminpA1q imply

}MĈ1
C1}F ď c

´1{2
0 }h}F .

Since colpC1q and colpĈ1q both have dimension ℓ, their projector distance satisfies

}PĈ1
´ PC1

} “

›

›

›
MĈ1

C1pC 1
1C1q´1{2

›

›

›

ď
}MĈ1

C1}F

σminpC1q

ď c
´3{2
0 }h}F “ Oppρq.

2. Normalization-preserving alignment. For m “ 2, 3, let d2 “ M and d3 “ T , and
complete Am to an invertible square matrix

Bm “ rAm, Am,Ks,

where the columns of Am,K form an orthonormal basis of colpAmqK. Then

B1
mBm “

ˆ

A1
mAm 0
0 Idm´ℓ

˙

.

Because c0 ď 1 ď c1, the strong-factor event gives

}Bm} ď
?
c1, }B´1

m } ď c
´1{2
0 .
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Let
L “ B´1

2 bB´1
3 .

Since B´1
m am,k “ e

pdmq

k for k “ 1, . . . , ℓ, the image of colpC1q under L is

H0 “ spante
pMq

k b e
pT q

k : k “ 1, . . . , ℓu,

where pe
pMq

k q and pe
pT q

k q are elementary basis of dimension M and T respectively. Further-
more,

}L} ď c´1
0 , }L´1} ď c1.

For any nonzero z P colpĈ1q, we have PĈ1
z “ z and LPC1z P H0. Consequently,

distpLz,H0q “ min
z0PH0

}Lz ´ z0} ď }Lz ´ LPC1
z} “ }LpPĈ1

´ PC1
qz} ď }L}}PĈ1

´ PC1
}}z}.

Also,

}Lz} ě
}z}

}L´1}
.

It follows that
ϵn :“ sup

zPcolpĈ1q

}z}“1

distpLz,H0q

}Lz}

ď }L}}L´1}}PĈ1
´ PC1}

ď
c1
c0

}PĈ1
´ PC1} “ Oppρq.

(60)

For each estimated component r “ 1, . . . , ℓ, define

xr “
B´1

2 â2,r

}B´1
2 â2,r}

, yr “
B´1

3 â3,r

}B´1
3 â3,r}

,

where am,r and âm,r denote columns of Am and Âm. Let ĉr “ â2,r b â3,r be column r of
Ĉ1. The column normalizations imply }ĉr} “ 1, and

qr :“ xr b yr “
Lĉr

}Lĉr}
.

Therefore, qr is a unit vector in L colpĈ1q and

}MH0
qr} “

distpLĉr,H0q

}Lĉr}
ď ϵn.

The vectors epMq

k b e
pT q

k , k “ 1, . . . , ℓ, are orthonormal, so

PH0qr “

ℓ
ÿ

k“1

xr,kyr,kpe
pMq

k b e
pT q

k q.

By orthogonality,

1 ´

ℓ
ÿ

k“1

x2r,ky
2
r,k “ }MH0

qr}
2 ď ϵ2n.
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Choose kr maximizing x2r,k over k “ 1, . . . , ℓ, with ties broken by a fixed rule. Since xr
and yr are unit vectors,

1 ´ ϵ2n ď

ℓ
ÿ

k“1

x2r,ky
2
r,k ď x2r,kr

ℓ
ÿ

k“1

y2r,k ď x2r,kr .

Moreover,
ℓ
ÿ

k“1

x2r,ky
2
r,k ď y2r,kr `

ÿ

kďℓ
k‰kr

x2r,k ď y2r,kr ` 1 ´ x2r,kr ď y2r,kr ` ϵ2n.

Hence
x2r,kr ě 1 ´ ϵ2n, y2r,kr ě 1 ´ 2ϵ2n.

Choose signs sv,r, sw,r P t´1, 1u satisfying

sv,rxr,kr “ |xr,kr |, sw,ryr,kr “ |yr,kr |.

Then
}xr ´ sv,re

pMq

kr
}2 “ 2p1 ´ |xr,kr |q ď 2p1 ´ x2r,kr q ď 2ϵ2n,

}yr ´ sw,re
pT q

kr
}2 “ 2p1 ´ |yr,kr |q ď 2p1 ´ y2r,kr q ď 4ϵ2n.

To return to the original coordinates, note that for any invertible matrix B and unit
vectors x, y,

›

›

›

›

Bx

}Bx}
´

By

}By}

›

›

›

›

ď
2}Bpx´ yq}

}Bx}
ď

2}B}

σminpBq
}x´ y}.

The estimated column normalizations give

â2,r “
B2xr

}B2xr}
, â3,r “

B3yr
}B3yr}

,

while the true column normalizations imply

Bmpse
pdmq

k q

}Bmpse
pdmq

k q}
“ sam,k, s P t´1, 1u.

The uniform bounds on Bm and B´1
m therefore yield

}â2,r ´ sv,ra2,kr} ` }â3,r ´ sw,ra3,kr} ď Kϵn, r “ 1, . . . , ℓ, (61)

where K is a finite constant depending only on c0 and c1.
We next show that different estimated components select different coordinates. Let

ck “ a2,k b a3,k and ηr “ sv,rsw,r. Since all columns of A2, A3, Â2, Â3 have unit norm, (61)
implies

}ĉr ´ ηrckr} ď Kϵn.

If kr “ ks for some r ‰ s, then

}ĉr ´ ηrηsĉs} ď 2Kϵn.
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Consequently,

σminpĈ1q ď

›

›

›

›

Ĉ1
er ´ ηrηses

?
2

›

›

›

›

“
}ĉr ´ ηrηsĉs}

?
2

ď
?
2Kϵn.

This contradicts (59) whenever
?
2Kϵn ă b˚. Since ϵn “ opp1q, the map r ÞÑ kr is a

permutation with probability approaching one.
Choose a permutation matrix Πℓ that reorders the estimated columns according to this

matching, and choose diagonal sign matrices Sv, Sw that remove the corresponding signs.
Define

Ǎ1 “ Â1ΠℓSvSw, Ǎ2 “ Â2ΠℓSv, Ǎ3 “ Â3ΠℓSw.

The transformation preserves the fitted tensor and the column normalizations. Since ℓ is
fixed, (61) and (60) give

}Ǎ2 ´A2}F ` }Ǎ3 ´A3}F “ Oppρq.

Let
Č1 “ Ǎ2 ˚ Ǎ3 “ Ĉ1ΠℓSvSw.

The unit column norms imply

}Č1 ´ C1}F ď }Ǎ2 ´A2}F ` }Ǎ3 ´A3}F “ Oppρq.

Moreover, ΠℓSvSw is orthogonal, so (59) yields

›

›Č1pČ 1
1Č1q´1

›

› “
1

σminpČ1q
“

1

σminpĈ1q
ď b´1

˚ “
2
?
cU

c
3{2
0

with probability approaching one.
Because the fitted tensor is unchanged, P̂p1q “ Ǎ1Č

1
1. Therefore,

hp1q `A1pC1 ´ Č1q1 “ pǍ1 ´A1qČ 1
1,

and hence
Ǎ1 ´A1 “

“

hp1q `A1pC1 ´ Č1q1
‰

Č1pČ 1
1Č1q´1.

Taking Frobenius norms and using }A1} ď
?
c1 gives

}Ǎ1 ´A1}F ď b´1
˚

␣

}h}F `
?
c1}Č1 ´ C1}F

(

“ Oppρq.

Thus
3
ÿ

m“1

}Ǎm ´Am}F “ Oppρq. (62)

Finally, for every conformable matrix H,

}pD1Dq1{2H}F “ }DH}F .

Consequently, (62) is exactly the weighted factor-alignment rate in (8).
3. Eigenvalue consistency and inactivity of the upper bound. For the inactivity of
the upper bound in the parameter constraints, we show

P
"

λmax

ˆ

1

N
Û 1D1DÛ

˙

ă cU

*

Ñ 1. (63)
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Since ΠℓSvSw is orthogonal,

λmaxpÂ1
1Â1q “ λmaxpǍ1

1Ǎ1q.

Moreover, feasibility gives }Ǎ1} “ }Â1} ď
?
cU . On the strong-factor event,

}Ǎ1
1Ǎ1 ´A1

1A1} ď p}Ǎ1} ` }A1}q}Ǎ1 ´A1}

ď p
?
cU `

?
c1q}Ǎ1 ´A1}

“ Oppρq.

The largest-eigenvalue perturbation inequality therefore gives
ˇ

ˇ

ˇ
λmaxpÂ1

1Â1q ´ λmaxpA1
1A1q

ˇ

ˇ

ˇ
ď }Ǎ1

1Ǎ1 ´A1
1A1} “ Oppρq,

which proves
ˇ

ˇ

ˇ

ˇ

λmax

ˆ

1

N
Û 1D1DÛ

˙

´ λmax

ˆ

1

N
U 1D1DU

˙
ˇ

ˇ

ˇ

ˇ

“ Oppρq

Since λmaxpA1
1A1q ď c1 with probability approaching one and cU ´ c1 ą 0 is fixed,

P
"

λmaxpÂ1
1Â1q ą

c1 ` cU
2

*

ď PtλmaxpA1
1A1q ą c1u ` P

"

ˇ

ˇ

ˇ
λmaxpÂ1

1Â1q ´ λmaxpA1
1A1q

ˇ

ˇ

ˇ
ą
cU ´ c1

2

*

Ñ 0.

This proves (63).
4. Validity of the unrestricted normal equations. Work at the original estimated
factors on the strict-slack event in (63), and evaluate all gradients below at pδ̂, Û , V̂ , Ŵ q.
Since δ is unrestricted and sufficiently small perturbations of U remain feasible,

∇δSNMT “ 0, ∇USNMT “ 0.

These are the slope and U -block equations in (9).
The equality constraints }vk}2 “ M and }wk}2 “ T remain in force. First-order opti-

mality along their tangent directions implies that, for each k, there exist scalars αk, βk such
that

∇vkSNMT “ αkv̂k, ∇wk
SNMT “ βkŵk.

Direct differentiation of the trilinear component gives

û1
k∇uk

SNMT “ v̂1
k∇vkSNMT “ ŵ1

k∇wk
SNMT

“ ´
2

n

A

Ê,Dûk ˝ v̂k ˝ ŵk

E

F
.

Since ∇uk
SNMT “ 0, all three radial derivatives vanish. Hence

0 “ v̂1
k∇vkSNMT “ αk}v̂k}2 “ αkM,

and
0 “ ŵ1

k∇wk
SNMT “ βk}ŵk}2 “ βkT.
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Because M,T ą 0, we obtain αk “ βk “ 0 for every k. Thus the unrestricted gradients with
respect to V and W also vanish. Differentiating the criterion with respect to these blocks
gives

Êp2qpDÛ ˚ Ŵ q “ 0, Êp3qpDÛ ˚ V̂ q “ 0.

Together with the slope and U -block equations, these establish (9) on an event whose prob-
ability tends to one.

Proposition 1. Suppose that Assumptions 1, 2, 3, and 4 hold. Let T be the tangent space
defined in (6) evaluated at the true parameters pU, V,W q. Let

ΓNMT “
1

NMT
Xp4qMTX

1
p4q, ZNMT “

1
?
NMT

Xp4qMT vecpEq.

The least squares estimator δ̂ defined in Assumption 1 satisfies

ΓNMT

?
NMT pδ̂ ´ δq “ ZNMT ´ B1 ´ B2 ´ B3 `RNMT , (10)

where the remainder term RNMT has the bound Op

´
b

G`M`T
NMT `

pG`M`T q
3{2

NMT

¯

and the
mode specific bias terms are given by

B1 “
1

?
NMT

Xp4qPTQ vec
`

ŪpŪ 1Ūq´1ppV ˚W q1pV ˚W qq´1pV ˚W q1ΩG1 MV ˚W

˘

B2 “
1

?
NMT

Xp4qPTQK
G
1,2 vec

`

V pV 1V q´1ppŪ ˚W q1pŪ ˚W qq´1pŪ ˚W q1ΩG2 MŪ˚W

˘

B3 “
1

?
NMT

Xp4qPTQK
G
1,3 vec

`

W pW 1W q´1ppŪ ˚ V q1pŪ ˚ V qq´1pŪ ˚ V q1ΩG3 MŪ˚V

˘

.

Here, Ū “ pD1Dq1{2U and ΩGm “ ErpEG
pmq

q1EG
pmq

| Fs for m “ 1, 2, 3. The matrix Q is
defined as

QD “ DpD1Dq´1{2, Q “ QD b IM b IT

and PT is projection on (6). and KG
1,m denotes the mode-permutation matrix for tensors

of dimensions G ˆ M ˆ T .24 All factor-dependent matrices and projectors in the displayed
bias terms are evaluated at the true parameters. Moreover,

B1 “ OppG{
?
NMT q, B2 “ OppM{

?
NMT q, B3 “ OppT {

?
NMT q.

Proof. Write

n “ NMT, s “ G`M`T, ρ “

c

s

n
, d1 “ G, d2 “ M, d3 “ T, dˆ “ GMT.

Assumption 1 implies ρ Ñ 0, while p and ℓ remain fixed. All ordinary inverses and unre-
stricted normal equations below are used on events whose probabilities tend to one.

For v P Rdˆ , let vpmq denote the mode-m matricization of its tensor reshape, with
the remaining modes ordered increasingly, and let vm denote the inverse operation. Thus
vmpvpmqq “ v. Put Jm “ KG

m,1, so that

Jmv “ vecpvpmqq, vmpBq “ J 1
m vecpBq.

24For example, the matrix KG
1,2 satisfies pu b v b wq “ KG

1,2pv b u b wq for all u, v, w of dimension G, M ,
and T respectively. A general definition of the mode-permutation matrices is in Appendix 11.1.
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Define

QD “ DpD1Dq´1{2, Q “ QD b IM b IT , X “
Xp4q
?
n
, XG “ XQ.

Then Q1Q “ Idˆ
. Let

e “ vecpEq, EG “ E ˆ1 Q
1
D, eG “ Q1e “ vecpEGq,

and introduce the normalized factors

A1 “
pD1Dq1{2U

?
N

, A2 “
V

?
M
, A3 “

W
?
T
.

Writing am,k for column k of Am, define

p0 “

ℓ
ÿ

k“1

a1,k b a2,k b a3,k, vecpΠq “
?
nQp0,

and

C1 “ A2 ˚A3, C2 “ A1 ˚A3, C3 “ A1 ˚A2, Ym “ pp0qpmq “ AmC
1
m.

Estimated quantities are defined analogously.
For each mode, let

T G
m “

␣

v P Rdˆ : vpmq “ BC 1
m, B P Rdmˆℓ

(

,

with orthogonal projector
Pm “ J 1

mpIdm b PCm
qJm.

Let PG project onto
T G “ T G

1 ` T G
2 ` T G

3 ,

and put

MG “ Idˆ
´ PG, T “ QT G, PT “ QPGQ1, MT “ In ´ PT .

Use hats for the corresponding estimated spaces and projectors, and write

∆G “ P̂G ´ PG.

Finally, define
Γn “ XMT X

1 “ ΓNMT , Zn “ XMT e “ ZNMT .

The pseudoinverse of Ym is

Ψm “ Y `
m “ CmpC 1

mCmq´1pA1
mAmq´1A1

m.

In these coordinates, the bias vectors in the statement can be written as

Bm “
1

?
n
XGP

G vm
`

Ψ1
mΩGmMCm

˘

, ΩGm “ ErpEGpmqq1EGpmq | Fs,
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where we’ve used PTQ “ QPG. Write

γ “ δ̂ ´ δ, θ “
?
nγ, h “ p̂´ p0,

and define the residual vectors

ê “ e´X 1
p4qγ ´

?
nQh, êG “ Q1ê “ eG ´ X1

Gθ ´
?
nh.

Let ÊG denote the grouped residual tensor satisfying vecpÊGq “ êG, so that

ÊGpmq “ pêGqpmq.

The projector MDU˚V bMW annihilates each true tangent block, and hence MDU˚V b

MW ĺ MT . Assumption 4 therefore gives, with probability approaching one,

Γn ľ
1

n
Xp4qpMDU˚V bMW qX 1

p4q ľ cδIp, }Γ´1
n } ď c´1

δ .

Assumption 2 also gives

}Xp4q}F
?
n

`
}Xp4qQ}F

?
n

“ Opp1q, }Γn} “ Opp1q.

Throughout the proof, conditional linear and nuclear-norm contractions follow from Lemma
4(i), (iii), while contractions involving error-dependent structured spaces follow from Lemma
5.
1. Alignment, tangent-projector control, and first-order approximations. Apply
Lemma 1 and replace the estimated factors by their jointly aligned signed-permutation
representatives, retaining the hat notation. This transformation leaves the fitted tensor,
residuals, and estimated loading and tangent spaces unchanged. The lemma gives

η :“
3
ÿ

m“1

}Âm ´Am}F “ Oppρq. (64)

Trilinearity and the strong-factor bounds therefore imply

}h} `

3
ÿ

m“1

}Ĉm ´ Cm}F “ Oppρq.

The singular values of the true factors and Khatri–Rao matrices are bounded above and
away from zero on the strong-factor event. For example,

}C1z}2 “ }A2 diagpzqA1
3}2F ě c20}z}2.

Hence their estimated counterparts have full column rank with probability approaching one,
and

max
m“1,2,3

!

}pÂ1
mÂmq´1} ` }pĈ 1

mĈmq´1}

)

“ Opp1q.

The equal-rank projector identity gives

}PĈm
´ PCm} ď

}MĈm
Cm}F

σminpCmq

ď
}Ĉm ´ Cm}F

σminpCmq
“ Oppρq, m “ 1, 2, 3.

(65)

90



Lemma 1 also supplies the unrestricted normal equations. In normalized grouped coor-
dinates, they imply

Xp4qê “ 0, ÊGpmqĈm “ 0, m “ 1, 2, 3, P̂GêG “ 0. (66)

The last identity holds because êG is orthogonal to each estimated tangent block. The slope
equation can be written as

XX1γ “
1

?
n
Xe´ XGh.

Since XX1 ľ Γn ľ cδIp, Xe “ Opp1q by (46), and n´1{2 ď ρ, we obtain

}γ} ` }h} “ Oppρq. (67)

We next control the full tangent projector. Let

S “ P1 ` P2 ` P3.

Its range is T G, so PG “ SS`. To bound S`, complete each Am to an invertible square
matrix Bm “ rAm, Am,Ks, with orthonormal complement columns, and put B “ B1 bB2 b

B3. On the strong-factor event,

κpBq “ }B}}B´1} ď pc1{c0q3{2.

Under B´1, the tangent blocks become coordinate subspaces supported on pi, k, kq, pk, j, kq,
and pk, k, tq, respectively. Their only shared coordinates are pk, k, kq. Assigning these shared
coordinates to the first block gives, for every x P T G, an orthogonal coordinate decomposi-
tion

B´1x “ z1 ` z2 ` z3, xm “ Bzm P T G
m , x “ x1 ` x2 ` x3.

Consequently,

3
ÿ

m“1

}xm}2 ď }B}2
3
ÿ

m“1

}zm}2 “ }B}2}B´1x}2 ď κpBq2}x}2.

Since

}x}2 “

3
ÿ

m“1

xPmx, xmy ď px1Sxq1{2

˜

3
ÿ

m“1

}xm}2

¸1{2

,

we obtain
λ`
minpSq ě κpBq´2, }S`} ď κpBq2 “ Opp1q. (68)

The same coordinate construction gives dimpT Gq “ ℓps ´ 2q. By (64), the estimated
factors have full column rank with probability approaching one, so the estimated tangent
space has the same dimension. With Ŝ “ P̂1`P̂2`P̂3, equation (65) implies }Ŝ´S} “ Oppρq.
Therefore,

}∆G} “ }pIdˆ
´ P̂GqPG}

“ }pIdˆ
´ P̂GqpS ´ ŜqS`}

ď }S ´ Ŝ}}S`} “ Oppρq.
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The true and estimated tangent spaces are contained in the space V generated by Lm “

colrAm, Âms, whose dimensions are at most 2ℓ. Hence ∆G “ ∆GPV , and Lemma 5 gives

}∆G} “ Oppρq, }∆GeG} ď 2
?
3 ℓ }∆G}}EG} “ Opp

?
s ρq. (69)

Combining the slope equation with the definition of êG gives the exact residual-score
identity

Γnθ “ Zn ` XGP
GêG ´

?
nXGM

Gh. (70)

To use this identity, write ∆Am “ Âm ´Am and expand

h “ q1 ` q2 ` q3,

where

q1 “

ℓ
ÿ

k“1

r∆a1,k b a2,k b a3,k ` a1,k b ∆a2,k b a3,k ` a1,k b a2,k b ∆a3,ks ,

q2 “

ℓ
ÿ

k“1

r∆a1,k b ∆a2,k b a3,k ` ∆a1,k b a2,k b ∆a3,k ` a1,k b ∆a2,k b ∆a3,ks ,

q3 “

ℓ
ÿ

k“1

∆a1,k b ∆a2,k b ∆a3,k.

Then q1 P T G, and

}q1} “ Oppρq, }q2} “ Oppρ2q, }q3} “ Oppρ3q, }MGh} “ Oppρ2q.

Also, q1 ` 2q2 ` 3q3 is the derivative at t “ 1 of the tensor generated by Am ` t∆Am, so it
belongs to T̂ G. Direct subtraction consequently gives

2MGh´ ∆Gh “ ´pIdˆ
´ P̂Gqq3 ` ∆Gpq2 ` q3q,

and therefore
MGh “

1

2
∆Gh`Oppρ3q. (71)

By (66), PGêG “ ´∆GêG. Equations (67) and (69) imply

}∆GêG} ď }∆GeG} ` }∆G}}XG}}θ} `
?
n }∆G}}h}

“ Opp
?
nρ2q.

Since Zn “ Opp1q by Lemma 4 (i), the exact score equation yields

Γnθ “ Zn `Opps{
?
nq.

Define

θ1 “ Γ´1
n Zn, r0 “ eG ´ X1

Gθ1, ξ “ PGr0, q “
ξ

?
n
.

Here, θ1, ξ, and MGr0 are the slope change, common-component change, and grouped
residual from the model obtained by replacing the nonlinear factor component with its
tangent-space approximation, i.e.,

min
ϑPRp, zPT G

›

›e´ X1ϑ´Qz
›

›

2
.
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Then
θ1 “ Opp1q, θ ´ θ1 “ Opps{

?
nq, }q} “ Oppρq.

The last bound uses }PGeG} “ Opp
?
sq, which follows from Lemma 5 with the true loading

spaces. In particular,
}γ} “ Oppn´1{2 ` s{nq.

Let
F0 “ Q1 ´ X1

GΓ
´1
n XMT , r0 “ F0e, ξ “ PGF0e. (72)

The matrices F0, PGF0, and S`PGF0 are F -measurable and have Opp1q operator norms.
The slope-adjusted linearized error admits the representation r0 “ F0e. Consequently, the
linearized common-component change q “ n´1{2PGF0e and the first-order grouped fitted
residual MGF0e are also linear in the original errors, conditional on F . This representation
is useful because products involving these objects can be written as quadratic forms in e,
with F -measurable coefficient matrices.

The identity P̂GêG “ 0 also gives

h´ q “ MGh´
1

?
n
PGX1

Gpθ ´ θ1q `
1

?
n
∆GêG.

Each term on the right is Oppρ2q. Thus

}h´ q} “ Oppρ2q, }êG ´MGr0} “ Opp
?
nρ2q, (73)

where the second bound follows from

êG ´MGr0 “ ´X1
Gpθ ´ θ1q ´

?
nph´ qq.

2. Graph-aligned loading spaces and the exact tangent score. For each mode,
define

JCm “ pC 1
mCmq´1C 1

mĈm, Fm “ ĈmpJCmq´1 ´ Cm.

The aligned rate gives

JCm “ Iℓ ` pC 1
mCmq´1C 1

mpĈm ´ Cmq “ Iℓ `Oppρq.

Hence JCm is nonsingular with probability approaching one. Since CmJCm “ PCm
Ĉm,

Fm “ MCm
pĈm ´ CmqpJCmq´1.

It follows that

C 1
mFm “ 0, colpCm ` Fmq “ colpĈmq, }Fm}F “ Oppρq. (74)

The loading normal equations therefore imply

ÊGpmqCm “ ´ÊGpmqFm. (75)

Define
rAm “ p̂pmqCmpC 1

mCmq´1.

Then
p̂pmq “ rAmpCm ` Fmq1, rAm “ Am ` hpmqCmpC 1

mCmq´1,
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so } rAm ´Am}F “ Oppρq. Since C 1
mFm “ 0,

Fm “ MCmh
1
pmq

rAmp rA1
m
rAmq´1.

Let
F p1q
m “ MCmq

1
pmqAmpA1

mAmq´1.

The inverse perturbation identity, the strong-factor bounds, and (73) give

}Fm ´ F p1q
m }F “ Oppρ2q. (76)

Indeed, the difference is bounded by a constant in probability times

}h´ q} ` }h}} rAm ´Am}F .

For slope coordinate r “ 1, . . . , p, let er denote the corresponding coordinate vector and
define

xr “ X1
Ger, tr “ S`xr, Lm,r “ ptrqpmqCmpC 1

mCmq´1.

These matrices are F-measurable, and }Lm,r}F “ Opp1q. Since

PGxr “

3
ÿ

m“1

Pmtr, pPmtrqpmq “ Lm,rC
1
m,

equation (75) gives

x1
rP

GêG “ ´

3
ÿ

m“1

xÊGpmq, Lm,rF
1
myF .

Thus (70) becomes

rΓnθsr “ rZnsr ´
?
nx1

rM
Gh´

3
ÿ

m“1

xÊGpmq, Lm,rF
1
myF . (77)

3. The normal common-component contraction. We establish the sharper scalar
bound

?
nx1

rM
Gh “ Op

ˆ

ρ`
s3{2

n

˙

. (78)

The preliminary bound }MGh} “ Oppρ2q alone is insufficient for this conclusion. We begin
by obtaining a first-order expansion of the sum of the tangent-block projectors, with an
explicit second-order remainder.

Fix m P t1, 2, 3u and write
Gm “ C 1

mCm.

The strong-factor bounds imply that }Cm} and }G´1
m } are bounded on an event whose

probability tends to one. More precisely, if a ă b are the modes other than m, then

c0}z} ď }Cmz} “ }Aa diagpzqA1
b}F ď c1}z}, z P Rℓ.

Consequently,
}Cm} ď c1, λminpGmq ě c20, }G´1

m } ď c´2
0 .
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All inverse identities below are evaluated on this event. By (74),

C 1
mFm “ 0, colpCm ` Fmq “ colpĈmq, }Fm} ď }Fm}F “ Oppρq.

In particular,
pCm ` Fmq1pCm ` Fmq “ Gm ` F 1

mFm.

Since Gm is positive definite and F 1
mFm is positive semidefinite, Cm ` Fm has full column

rank. Its column-space projector is therefore

PĈm
“ pCm ` FmqpGm ` F 1

mFmq´1pCm ` Fmq1.

To expand the inverse, define

Rinv
m “ pGm ` F 1

mFmq´1 ´G´1
m .

The exact inverse identity gives

Rinv
m “ ´pGm ` F 1

mFmq´1F 1
mFmG

´1
m .

Moreover, Gm ` F 1
mFm ľ Gm implies

}pGm ` F 1
mFmq´1} ď }G´1

m }.

Hence
}Rinv

m } ď }pGm ` F 1
mFmq´1}}F 1

mFm}}G´1
m }

ď }G´1
m }2}Fm}2

“ Oppρ2q.

Thus the inverse perturbation is second order because the graph orthogonality eliminates
the linear cross terms from the Gram matrix.

Substituting pGm`F 1
mFmq´1 “ G´1

m `Rinv
m into the projector formula and using PCm

“

CmG
´1
m C 1

m gives
PĈm

´ PCm
“ FmG

´1
m C 1

m ` CmG
´1
m F 1

m `RCm,

where the remainder is exactly

RCm “ FmG
´1
m F 1

m ` pCm ` FmqRinv
m pCm ` Fmq1.

Its operator norm satisfies

}RCm} ď }G´1
m }}Fm}2 ` }Cm ` Fm}2}Rinv

m }

ď
␣

}G´1
m } ` }Cm ` Fm}2}G´1

m }2
(

}Fm}2

“ Oppρ2q.

We have therefore obtained

PĈm
´ PCm

“ FmpC 1
mCmq´1C 1

m ` CmpC 1
mCmq´1F 1

m `RCm, }RCm} “ Oppρ2q. (79)

We next replace Fm by its first-order approximation. Recall that

F p1q
m “ MCm

q1
pmqAmpA1

mAmq´1,
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and, by (76),
RFm :“ Fm ´ F p1q

m , }RFm}F “ Oppρ2q.

Substituting Fm “ F
p1q
m `RFm into the two linear terms in (79) gives

PĈm
´ PCm

“ F p1q
m G´1

m C 1
m ` CmG

´1
m pF p1q

m q1 ` rRCm,

where
rRCm “ RCm `RFmG

´1
m C 1

m ` CmG
´1
m pRFmq1.

Because
}CmG

´1
m } “

1

σminpCmq
,

the replacement error obeys

} rRCm} ď }RCm} ` 2}RFm}}CmG
´1
m }

ď }RCm} `
2}RFm}F

σminpCmq

“ Oppρ2q.

Thus replacing Fm by F p1q
m in the linear projector terms preserves the second-order remain-

der.
Recall the normalized common-component pseudoinverse

Ψm “ CmG
´1
m pA1

mAmq´1A1
m, Ψ1

m “ AmpA1
mAmq´1G´1

m C 1
m.

The retained first-order terms can therefore be written as

F p1q
m G´1

m C 1
m “ MCm

q1
pmqAmpA1

mAmq´1G´1
m C 1

m

“ MCmq
1
pmqΨ

1
m,

and
CmG

´1
m pF p1q

m q1 “ CmG
´1
m pA1

mAmq´1A1
mqpmqMCm

“ ΨmqpmqMCm
.

For v P Rdˆ , define the symmetric matrix

Lmpvq “ MCm
v1

pmqΨ
1
m ` ΨmvpmqMCm

.

The preceding calculations show that

PĈm
´ PCm “ Lmpqq ` rRCm, } rRCm} “ Oppρ2q. (80)

Define the associated matrix-valued linear maps

Kmpvq “ J 1
mpIdm b LmpvqqJm, Kpvq “

3
ÿ

m“1

Kmpvq.

For every v, the two summands defining Lmpvq are transposes of one another, and

}Lmpvq} ď 2}Ψm}}vpmq}

ď 2}Ψm}}vpmq}F

“ 2}Ψm}}v}.
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Since Jm is orthogonal and }Idm bB} “ }B} for every matrix B,

}Kmpvq} “ }Lmpvq}.

It follows that

}Kpvq} ď

3
ÿ

m“1

}Kmpvq} ď 2

˜

3
ÿ

m“1

}Ψm}

¸

}v}.

The strong-factor bounds also give

}Ψm} ď
1

σminpCmqσminpAmq
ď c

´3{2
0

on the strong-factor event. Hence
ř

m }Ψm} “ Opp1q, and in particular }Kpqq} “ Oppρq.
Finally, recall that

Pm “ J 1
mpIdm b PCmqJm, P̂m “ J 1

mpIdm b PĈm
qJm,

and

S “

3
ÿ

m“1

Pm, Ŝ “

3
ÿ

m“1

P̂m.

Equation (80) gives the exact remainder representation

Ŝ ´ S ´ Kpqq “

3
ÿ

m“1

J 1
mpIdm b rRCmqJm.

Consequently,

}Ŝ ´ S ´ Kpqq} ď

3
ÿ

m“1

›

›

›
J 1
mpIdm b rRCmqJm

›

›

›

“

3
ÿ

m“1

} rRCm}

“ Oppρ2q.

Thus
Ŝ ´ S “ Kpqq `Oppρ2q

in operator norm. No dimension factor is introduced when passing from the loading-space
projectors to the tangent-block projectors, because multiplication by the orthogonal mode-
permutation matrices and taking a Kronecker product with an identity matrix preserve the
operator norm.

The identities ŜpIdˆ
´ P̂Gq “ 0 and pPG ` ∆Gq2 “ PG ` ∆G imply

∆G “ MGpŜ ´ SqS` ` S`pŜ ´ SqMG `RS ,

where
RS “ p∆Gq2 ´ S`pŜ ´ Sq∆G ´ ∆GpŜ ´ SqS`.

Equations (68) and (69) imply }RS} “ Oppρ2q. Therefore,

∆G “ MGKpqqS` ` S`KpqqMG `RG∆, }RG∆} “ Oppρ2q.
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Using (71), MGq “ 0, and (73), we obtain

MGh “
1

2
∆Gq `

1

2
∆Gph´ qq `Oppρ3q

“
1

2
MGKpqqS`q `Oppρ3q.

For fixed m, put
Zm “ pMGxrqpmq, Tm “ pS`qqpmq.

Orthogonality to the m-th tangent block gives

ZmCm “ 0, ZmMCm “ Zm, ZmΨm “ 0.

Since Lmpqq is symmetric, row-major vectorization gives

pKmpqqS`qqpmq “ TmLmpqq.

Consequently,

xMGxr,KmpqqS`qy “ xZm, TmMCmq
1
pmqΨ

1
myF ` xZm, TmΨmqpmqMCm

yF

“ xZmΨm, TmMCm
q1

pmqyF ` xZmMCm
, TmΨmqpmqyF

“ xZm, TmΨmqpmqyF .

With ξ “
?
n q, this proves

?
nx1

rM
Gh “

1

2
?
n

3
ÿ

m“1

@

pMGxrqpmq, pS
`ξqpmqΨmξpmq

D

F
`Opp

?
nρ3q. (81)

Fix m and write

d´m “
dˆ

dm
, Zm “ pMGxrqpmq P Rdmˆd´m .

In addition to the mode-permutation matrix Jm, define the permutation matrix J̃m P

Rdˆˆdˆ by
Jmv “ vecpvpmqq, J̃mv “ vecpv1

pmqq, v P Rdˆ .

Thus Jm vectorizes the mode-m matricization, whereas J̃m vectorizes its transpose. Both
matrices are orthogonal:

J 1
mJm “ J̃ 1

mJ̃m “ Idˆ
, }Jm} “ }J̃m} “ 1.

Since Ψm P Rd´mˆdm , define

Qm,r “ Zm b Ψm P Rdˆˆdˆ .
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The Frobenius inner-product identity xA,BCyF “ xAC 1, ByF and the row-major vectoriza-
tion identity vecpABCq “ pAb C 1q vecpBq give

@

Zm, pS
`ξqpmqΨmξpmq

D

F
“

A

Zmξ
1
pmq, pS

`ξqpmqΨm

E

F

“ vecpZmξ
1
pmqq1 vecppS`ξqpmqΨmq

“ vecpξ1
pmqq1pZ 1

m b IdmqpIdm b Ψ1
mq vecppS`ξqpmqq

“ vecpξ1
pmqq1pZ 1

m b Ψ1
mq vecppS`ξqpmqq

“ vecppS`ξqpmqq1Qm,r vecpξ1
pmqq

“ pJmS
`ξq1Qm,rpJ̃mξq.

The fourth equality uses the mixed-product identity for Kronecker products, and the fifth
follows by transposing the scalar. In particular, Qm,r is an exact Kronecker product, with
the transposed matricization on the right represented by J̃m.

We next bound the nuclear norm of Qm,r. Since MG is an orthogonal projector,

}Zm}F “ }MGxr} ď }xr} “ Opp1q.

The strong-factor bounds imply }Ψm} “ Opp1q and rankpΨmq “ ℓ with probability ap-
proaching one. Since ℓ is fixed,

}Ψm}F ď
?
ℓ }Ψm} “ Opp1q.

The Frobenius norm and rank identities for Kronecker products therefore give

}Qm,r}F “ }Zm}F }Ψm}F “ Opp1q

and
rankpQm,rq “ rankpZmq rankpΨmq ď ℓdm.

Applying Cauchy–Schwarz to the nonzero singular values yields

}Qm,r}˚ ď

b

rankpQm,rq }Qm,r}F ď
a

ℓdm }Qm,r}F “ Opp
a

dmq.

By (72), ξ “ PGF0e, so

vecppS`ξqpmqq “ JmS
`PGF0e, vecpξ1

pmqq “ J̃mP
GF0e.

Consequently,
@

Zm, pS
`ξqpmqΨmξpmq

D

F
“ e1Hm,re,

where
Hm,r “ pJmS

`PGF0q1Qm,rpJ̃mP
GF0q P Rnˆn.

All matrices defining Hm,r are F -measurable. Moreover, Jm and J̃m are orthogonal, while
S`PGF0 and PGF0 have Opp1q operator norms. The nuclear-norm inequality }ABC}˚ ď

}A}}B}˚}C} therefore gives

}Hm,r}˚ ď }JmS
`PGF0} }Qm,r}˚ }J̃mP

GF0}

“ }S`PGF0} }Qm,r}˚ }PGF0}

“ Opp
a

dmq.
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On the conditional covariance-summability event, Lemma 4 (iii) implies

Er|e1Hm,re| | Fs ď cε}Hm,r}˚.

Conditional Markov’s inequality, localized to events on which }Hm,r}˚{
?
dm is bounded,

yields
@

Zm, pS
`ξqpmqΨmξpmq

D

F
“ e1Hm,re “ Opp

a

dmq.

Substituting these bounds into (81) gives

?
nx1

rM
Gh “

1

2
?
n

3
ÿ

m“1

e1Hm,re`Opp
?
nρ3q

“ Op

ˆ
?
d1 `

?
d2 `

?
d3

?
n

`
?
nρ3

˙

.

Finally,
a

d1 `
a

d2 `
a

d3 ď
a

3pd1 ` d2 ` d3q “
?
3s,

?
nρ3 “

s3{2

n
.

Therefore,
?
nx1

rM
Gh “ Op

ˆ

ρ`
s3{2

n

˙

,

which proves (78).
4. First-order expansion of the graph score. Define

Dm,r “ Lm,rpA
1
mAmq´1A1

m “ ptrqpmqΨm.

These matrices are F-measurable and have Opp1q operator norms. By (73) and (74),
ˇ

ˇ

ˇ
xÊGpmq ´ pMGr0qpmq, Lm,rF

1
myF

ˇ

ˇ

ˇ
ď }êG ´MGr0}}Lm,r}}Fm}F

“ Opp
?
nρ3q.

Next, let
zm “ vm

´

Lm,rpFm ´ F p1q
m q1

¯

.

Then }zm} “ Oppρ2q due to (76) and }Lm,r} “ Opp1q. To obtain an explicit tangent-block
decomposition of q, define

Bqj “ pS`qqpjqCjpC
1
jCjq

´1 P Rdjˆℓ, j “ 1, 2, 3.

The inverses are well defined on the strong-factor event. Multiplying by C 1
j gives

BqjC
1
j “ pS`qqpjqCjpC

1
jCjq

´1C 1
j “ pS`qqpjqPCj

.

This matrix is the mode-j matricization of the projection of S`q onto T G
j . Indeed, recall

that
Pj “ J 1

jpIdj b PCj
qJj , Jjv “ vecpvpjqq.
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For any v P Rdˆ , the row-major vectorization identity and the symmetry of PCj imply

JjPjv “ pIdj b PCj qJjv

“ pIdj b PCj q vecpvpjqq

“ vecpvpjqPCj
q.

Consequently,
pPjvqpjq “ vpjqPCj

.

Applying this identity to v “ S`q yields

BqjC
1
j “ pPjS

`qqpjq,

and hence, because vj reverses mode-j matricization,

vjpB
q
jC

1
jq “ PjS

`q P T G
j .

Since S “ P1 `P2 `P3 has range T G, its Moore–Penrose pseudoinverse satisfies SS` “

PG. Moreover, q P T G, so PGq “ q. Summing the preceding identities therefore gives

3
ÿ

j“1

vjpB
q
jC

1
jq “

3
ÿ

j“1

PjS
`q

“ pP1 ` P2 ` P3qS`q

“ SS`q

“ PGq “ q.

Thus

q “

3
ÿ

j“1

vjpB
q
jC

1
jq.

This is an exact tangent-block decomposition, but its three summands need not be mutually
orthogonal. The use of S`q, rather than q, accounts for the overlap among the tangent
blocks: in general,

ř

j Pjq “ Sq ‰ q, whereas
ř

j PjS
`q “ q. Let

Lj “ colrAj , Âj , B
q
j s, rj “ dimpLjq ď 3ℓ, j “ 1, 2, 3.

The dimension bound holds because each of the three matrices has ℓ columns. These spaces
contain the true loading directions, the estimated loading directions, and the directions
appearing in the tangent decomposition of q.

Fix m, let a ă b be the other two modes, and define

U´m “ La b Lb Ď Rdadb .

We first verify that the columns of both Fm and F p1q
m belong to U´m. Recall that

Cm “ Aa ˚Ab, Ĉm “ Âa ˚ Âb.

Every column of Cm is a tensor product of a column of Aa and a column of Ab, and the
same statement holds for the estimated matrices. Since colpAjq, colpÂjq Ď Lj ,

colpCmq Ď U´m, colpĈmq Ď U´m.
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The graph representation
Fm “ ĈmpJCmq´1 ´ Cm

then implies
colpFmq Ď colpĈmq ` colpCmq Ď U´m,

because right multiplication only forms linear combinations of columns.
Next, the tangent decomposition

q “

3
ÿ

j“1

vjpB
q
jC

1
jq

has the following mode-m representation:

qpmq “ BqmC
1
m `Am pBqa ˚Ab `Aa ˚Bqb q

1
.

The first term is the contribution from the m-th tangent block, while the two terms inside
the parentheses arise from the other two tangent blocks. Transposing gives

q1
pmq “ CmpBqmq1 ` pBqa ˚Ab `Aa ˚Bqb qA1

m.

Since colpBqj q Ď Lj , each of Cm, Bqa ˚Ab, and Aa ˚Bqb has columns in U´m. Consequently,

colpq1
pmqq Ď colrCm, B

q
a ˚Ab, Aa ˚Bqb s Ď U´m.

The space U´m is also preserved by MCm . Indeed, for any u P U´m,

PCm
u P colpCmq Ď U´m,

and therefore
MCm

u “ u´ PCm
u P U´m.

Using
F p1q
m “ MCm

q1
pmqAmpA1

mAmq´1,

we conclude that
colpF p1q

m q Ď U´m.

Thus
colpFm ´ F p1q

m q Ď U´m.

Recall that
zm “ vm

´

Lm,rpFm ´ F p1q
m q1

¯

.

Its transposed mode-m matricization satisfies

pzmq1
pmq “ pFm ´ F p1q

m qL1
m,r,

so
colppzmq1

pmqq Ď U´m.
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Equivalently, the mode-m direction of zm is unrestricted, while its other two modes are
restricted to La and Lb. In the original tensor ordering, this gives

z1 P Rd1 b L2 b L3,

z2 P L1 b Rd2 b L3,

z3 P L1 b L2 b Rd3 .

Hence every zm belongs to the structured space

V “ pRd1 b L2 b L3q ` pL1 b Rd2 b L3q ` pL1 b L2 b Rd3q.

Because colpAjq Ď Lj for every j, each true tangent block is contained in the corresponding
summand of V. Therefore,

T G Ď V.

In particular, PGzm P T G Ď V. Since zm P V and V is a linear space,

MGzm “ zm ´ PGzm P V.

Let PV denote the orthogonal projector onto V. Lemma 5 with rj “ dimpLjq ď 3ℓ gives
the deterministic bound

}PVeG} ď
?
r2r3 ` r1r3 ` r1r2 }EG}

ď 3
?
3 ℓ }EG}.

Here }EG} is the tensor spectral norm. Since MGzm P V,

xeG,M
Gzmy “ xPVeG,M

Gzmy.

Using r0 “ eG ´ X1
Gθ1, the symmetry of MG, and Cauchy–Schwarz, we therefore obtain

|xMGr0, zmy| “ |xr0,M
Gzmy|

ď |xeG,M
Gzmy| ` |xX1

Gθ1,M
Gzmy|

“ |xPVeG,M
Gzmy| ` |xX1

Gθ1,M
Gzmy|

ď p}PVeG} ` }XG}}θ1}q }MGzm}

ď

´

3
?
3 ℓ }EG} ` }XG}}θ1}

¯

}zm}.

Since ℓ is fixed and

}EG} “ Opp
?
sq, }XG} “ Opp1q, }θ1} “ Opp1q, }zm} “ Oppρ2q,

it follows that
|xMGr0, zmy| “ Opp

?
s ρ2q “ Opp

?
nρ3q.

The subspace inclusions and the structured contraction inequality hold for every realized
choice of the factors, graph errors, and mode spaces. Consequently, the argument remains
valid when Fm, q, zm, and Lj depend on the errors. It does not require these objects to be
F-measurable, and no conditional independence between them and eG is used.
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Finally, pMGr0qpmqCm “ 0 and q “ ξ{
?
n imply

xpMGr0qpmq, Lm,rpF
p1q
m q1yF “

1
?
n

xpMGr0qpmq, Dm,rξpmqyF .

Substitution into (77), together with (78), gives

rΓnθsr “ rZnsr ´
1

?
n

3
ÿ

m“1

xpMGr0qpmq, Dm,rpP
Gr0qpmqyF `Op

ˆ

ρ`
s3{2

n

˙

. (82)

5. Reduction to error Gram matrices. Note that we have

xpMGr0qpmq, Dm,rpP
Gr0qpmqyF “ vecppMGr0qpmqq1 vecpDm,rpP

Gr0qpmqq

“ vecppMGr0qpmqq1pDm,r b Id´m
q vecppPGr0qpmqq

“ r1
0M

GJ 1
mpDm,r b Id´m

qJmP
Gr0.

Let

Λm,r “ J 1
mpDm,r b Id´m

qJm, Λr “

3
ÿ

m“1

Λm,r.

Then }Λr} “ Opp1q, and the quadratic term in (82) is

1
?
n
r1
0M

GΛrP
Gr0.

We first remove the slope adjustment. By (72), F0 ´ Q1 “ ´X1
GΓ

´1
n XMT has rank at most

p and operator norm Opp1q. Therefore,

F 1
0M

GΛrP
GF0 ´QMGΛrP

GQ1

has rank at most 3p and operator norm Opp1q, and hence has nuclear norm Opp1q. Lemma
4 (iii) gives

1
?
n
r1
0M

GΛrP
Gr0 “

1
?
n
e1
GM

GΛrP
GeG `Oppn´1{2q. (83)

Decompose the tangent space into its component inside the product loading space and
its three orthogonal exterior blocks:

PG “ P0 `

3
ÿ

h“1

P ˝
h , P ˝

h “ J 1
hpMAh

b PCh
qJh.

Here P0 projects onto
T G X tcolpA1q b colpA2q b colpA3qu,

so rankpP0q ď ℓ3. This decomposition follows by splitting each unrestricted loading pertur-
bation into its projection onto the corresponding loading space and its orthogonal comple-
ment. The exterior blocks are mutually orthogonal and orthogonal to the product loading
space.

Fix a mode h, and let a ă b be the other two modes. Define

D
p´q

h,r “ Da,r b Idb ` Ida bDb,r, Bh,r “ MCh
D

p´q

h,r PCh
.
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For every matrix Y satisfying A1
hY “ 0,
`

MGvhpY q
˘

phq
“ YMCh

.

Indeed, Y PCh
belongs to the h-th tangent block, while YMCh

is orthogonal to that block.
It is also orthogonal to the other tangent blocks, whose mode-h matricizations have columns
in colpAhq.

For an arbitrary v P Rdˆ , define, for each h “ 1, 2, 3,

Vh “ vphq, z˝
h “ P ˝

hv, Z˝
h “ pz˝

hqphq “ MAh
VhPCh

.

Thus Vh is the mode-h matricization of the common input v, whereas Z˝
h is the mode-h

matricization of its h-th exterior tangent component. In particular,

A1
hZ

˝
h “ 0, Z˝

hPCh
“ Z˝

h.

Fix h, and let a ă b be the other two modes. The transformation in mode h satisfies

pΛh,rz
˝
hqphq “ Dh,rZ

˝
h

“ Dh,rZ
˝
hPCh

“
“

Dh,rZ
˝
hChpC 1

hChq´1
‰

C 1
h.

Hence Λh,rz
˝
h P T G

h , and therefore

MGΛh,rz
˝
h “ 0.

The transformations in the other two modes act on the same input component z˝
h and satisfy

pΛa,rz
˝
hqphq “ Z˝

hpDa,r b Idbq1, pΛb,rz
˝
hqphq “ Z˝

hpIda bDb,rq
1.

Consequently, we have
`

pΛa,r ` Λb,rqz
˝
h

˘

phq
“ Z˝

hpD
p´q

h,r q1.

Since
A1
hZ

˝
hpD

p´q

h,r q1 “ 0,

the previously established residual-projection identity applies to Y “ Z˝
hpD

p´q

h,r q1. Using
Λr “ Λh,r ` Λa,r ` Λb,r, we obtain

pMGΛrP
˝
hvqphq “ pMGΛrz

˝
hqphq

“
`

MGpΛa,r ` Λb,rqz
˝
h

˘

phq

“ Z˝
hpD

p´q

h,r q1MCh

“ MAh
VhPCh

pD
p´q

h,r q1MCh

“ MAh
VhB

1
h,r.

By row-major vectorization,

JhM
GΛrP

˝
hv “ vec

`

pMGΛrP
˝
hvqphq

˘

“ vecpMAh
VhB

1
h,rq

“ pMAh
bBh,rq vecpVhq

“ pMAh
bBh,rqJhv.
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Since v was arbitrary and Jh is orthogonal, this proves

MGΛrP
˝
h “ J 1

hpMAh
bBh,rqJh, h “ 1, 2, 3.

Finally, the decomposition PG “ P0 `
ř3
h“1 P

˝
h gives

MGΛrP
G “ MGΛrP0 `

3
ÿ

h“1

MGΛrP
˝
h

“ MGΛrP0 `

3
ÿ

h“1

J 1
hpMAh

bBh,rqJh.

Each Bh,r has rank at most ℓ, and

}Bh,r} ď }D
p´q

h,r } ď }Da,r} ` }Db,r} “ Opp1q.

Replacing MAh
by Idh ´ PAh

gives

MGΛrP
G “

3
ÿ

h“1

J 1
hpIdh bBh,rqJh ` Rr,

where

Rr “ MGΛrP0 ´

3
ÿ

h“1

J 1
hpPAh

bBh,rqJh.

Since rankpPAh
q “ ℓ,

rankpRrq ď ℓ3 ` 3ℓ2, }Rr} ď }Λr} `

3
ÿ

h“1

}Bh,r} “ Opp1q.

Thus }Rr}˚ “ Opp1q. All these coefficients are F-measurable, so Lemma 4 (iii) implies

e1
GRreG “ Opp1q.

If f 1
h,i is row i of EG

phq
, then

e1
GJ

1
hpIdh bBh,rqJheG “

dh
ÿ

i“1

f 1
h,iBh,rfh,i

“ tr
´

Bh,rpE
G
phqq1EGphq

¯

.

Therefore,

1
?
n
e1
GM

GΛrP
GeG “

1
?
n

3
ÿ

h“1

tr
´

Bh,rpE
G
phqq1EGphq

¯

`Oppn´1{2q. (84)

The coefficients admit an expression that does not involve S`. Since ΨmYm “ PCm and
Dm,r “ ptrqpmqΨm,

pΛm,rp0qpmq “ Dm,rYm “ ptrqpmqPCm
,
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and hence

Λrp0 “

3
ÿ

m“1

Λm,rp0 “

3
ÿ

m“1

Pmtr “ Str “ PGxr.

The mode-m version of this identity is

pPGxrqpmq “ Dm,rYm ` YmpDp´q
m,rq

1.

Premultiplying its transpose by MCm
and postmultiplying by Ψ1

m gives

Bm,r “ MCm
pPGxrq

1
pmqΨ

1
m. (85)

Here we used MCmY
1
m “ 0 and Y 1

mΨ1
m “ PCm

. In particular,

}Bm,r}F “ Opp1q, }Bm,r}˚ “ Opp1q.

Define the sample bias vectors

Bsm “
1

?
n
XGP

G vm

´

Ψ1
mpEGpmqq1EGpmqMCm

¯

.

Equation (85) implies

rBsmsr “
1

?
n
tr
´

Bm,rpE
G
pmqq1EGpmq

¯

.

Combining (82), (83), and (84), using fixed p and n´1{2 ď ρ, yields

Γnθ “ Zn ´

3
ÿ

m“1

Bsm `Op

ˆ

ρ`
s3{2

n

˙

. (86)

6. Conditional centering and bias orders. For each coordinate r,

rBsm ´ Bmsr “
1

?
n
tr
”

Bm,r

!

pEGpmqq1EGpmq ´ ΩGm

)ı

.

The corresponding quadratic coefficient in the original error coordinates is

Km,r “ QJ 1
mpIdm bBm,rqJmQ

1.

Because Q1Q “ Idˆ
and Jm is orthogonal,

}Km,r}
2
F “ dm}Bm,r}

2
F “ Oppdmq. (87)

The nonzero coefficients of Km,r are supported on RD. For m “ 1,

pEGp1qq1EGp1q “ E1
p1qPDEp1q,

and pPDqii1 vanishes unless gpiq “ gpi1q. For the other two modes,

EGp2q “ Ep2qpQD b IT q, EGp3q “ Ep3qpQD b IM q,

so the Gram products retain a common teacher index and a common time index, respectively.
Consequently,

rBsm ´ Bmsr “
1

?
n

ÿ

pa,bqPRD

rKm,rsabzab.
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The fourth-order covariance row-sum condition in Assumption 3 therefore gives

E
”

|rBsm ´ Bmsr|
2
ˇ

ˇ

ˇ
F
ı

ď
c4
n

}Km,r}
2
F

on an event whose probability tends to one. By (87) and conditional Markov’s inequality,

Bsm ´ Bm “ Op

˜

c

dm
n

¸

.

Summing over the three modes produces an Oppρq difference. Substitution into (86) gives

Γn
?
nγ “ Zn ´ B1 ´ B2 ´ B3 `Op

ˆ

ρ`
s3{2

n

˙

.

Since γ “ δ̂ ´ δ, this proves (10).
Finally, each row-block conditional covariance of EG

pmq
has operator norm at most cε on

the covariance-summability event. Therefore,

}ΩGm} ď cεdm.

Using (85),

|rBmsr| “
1

?
n

ˇ

ˇtrpBm,rΩ
G
mq

ˇ

ˇ

ď
1

?
n

}Bm,r}˚}ΩGm}

“ Oppdm{
?
nq.

Since p is fixed and pd1, d2, d3q “ pG,M, T q, this proves the three asserted bias orders.
The stated expansion uses only ρ Ñ 0; its displayed remainder is opp1q if, additionally,
s3{2{n Ñ 0.

Proposition 2 (Fixed-index expansions with mode-specific remainders). Suppose that As-
sumptions 1, 2, 3, 4, and 5 hold. Let pδ̂, Û , V̂ , Ŵ q be the global least-squares estimator
defined in Assumption 1, and let Hu, Hv, Hw be the alignment matrices defined as

H 1
u “ pV ˚W q1pV̂ ˚ Ŵ q

”

pV̂ ˚ Ŵ q1pV̂ ˚ Ŵ q

ı´1

,

H 1
v “ pDU ˚W q1pDÛ ˚ Ŵ q

”

pDÛ ˚ Ŵ q1pDÛ ˚ Ŵ q

ı´1

,

H 1
w “ pDU ˚ V q1pDÛ ˚ V̂ q

”

pDÛ ˚ V̂ q1pDÛ ˚ V̂ q

ı´1

and let ΣVW “
`

1
M V 1V

˘

d
`

1
TW

1W
˘

, ΣUW “
`

1
NU

1D1DU
˘

d
`

1
TW

1W
˘

, and ΣUV “
`

1
NU

1D1DU
˘

d
`

1
M V 1V

˘

.
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For each fixed admissible group g, teacher j, and period t, define

Su,g “
1

a

NgMT

ÿ

1ďiďN
gpiq“g

M
ÿ

j1“1

T
ÿ

t1“1

εij1t1 pvj1 d wt1 q,

Sv,j “
1

?
NT

N
ÿ

i“1

T
ÿ

t1“1

εijt1 pugpiq d wt1 q,

Sw,t “
1

?
NM

N
ÿ

i“1

M
ÿ

j1“1

εij1tpugpiq d vj1 q,

and the ℓˆ p cross-moment matrices

Qu,g “
1

NgMT

ÿ

1ďiďN
gpiq“g

M
ÿ

j1“1

T
ÿ

t1“1

pvj1 d wt1 qx1
ij1t1 ,

Qv,j “
1

NT

N
ÿ

i“1

T
ÿ

t1“1

pugpiq d wt1 qx1
ijt1 ,

Qw,t “
1

NM

N
ÿ

i“1

M
ÿ

j1“1

pugpiq d vj1 qx1
ij1t.

Let θNMT “
?
NMT pδ̂ ´ δq. Then

?
NMH´1

w pŵt ´Hwwtq “ Σ´1
UV

„

Sw,t ´
1

?
T
Qw,tθNMT

ȷ

`Rw,t,NMT ,

?
NTH´1

v pv̂j ´Hvvjq “ Σ´1
UW

„

Sv,j ´
1

?
M
Qv,jθNMT

ȷ

`Rv,j,NMT ,

a

NgMTH´1
u pûg ´Huugq “ Σ´1

VW

«

Su,g ´

c

Ng
N
Qu,gθNMT

ff

`Ru,g,NMT .

The remainder vectors satisfy

}Rw,t,NMT } “ Op

˜

ρ`

?
N

T
?
M

`

?
M

T
?
N

¸

,

}Rv,j,NMT } “ Op

˜

ρ`

?
N

M
?
T

`

?
T

M
?
N

¸

,

}Ru,g,NMT } “ Op

˜

ρ`

a

NgM

N
?
T

`

a

NgT

N
?
M

`
a

NgMT ρ4

¸

,

where ρ “

b

G`M`T
NMT . If NgG{N “ Opp1q, we have

}Ru,g,NMT } “ Op

˜

ρ`

a

NgM

N
?
T

`

a

NgT

N
?
M

¸

.
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The group-size condition holds, in particular, when G remains fixed or when Ng “ OppN{Gq

for the group under consideration.

Proof. Write

n “ NMT, s “ G`M ` T, ρ “

c

s

n
, γ “ δ̂ ´ δ, θ “ θNMT “

?
nγ.

Assumption 1 implies ρ Ñ 0, while p and ℓ remain fixed. All slice arguments below are
pointwise in the fixed admissible index under consideration.

1. Grouped coordinates and an exact remainder identity. By Lemma 1, the esti-
mated factor and Khatri–Rao loading matrices have full column rank and well-conditioned
normalized Gram matrices with probability approaching one, the relevant loading spaces
converge, and the unrestricted block normal equations hold. All inverses and normal equa-
tions below are evaluated on these events. Inverse expressions may be assigned arbitrary
values wherever they are undefined without affecting the asserted stochastic orders.

Define

QD “ DpD1Dq´1{2, Q “ QDbIMbIT , e “ vecpEq, EG “ Eˆ1Q
1
D, eG “ Q1e.

Let

A1 “
pD1Dq1{2U

?
N

, A2 “
V

?
M
, A3 “

W
?
T
, pd1, d2, d3q “ pG,M, T q.

Set dˆ “ GMT , d´m “ dˆ{dm, and

C1 “ A2 ˚A3, C2 “ A1 ˚A3, C3 “ A1 ˚A2, Σm “ C 1
mCm.

Thus
pΣ1,Σ2,Σ3q “ pΣVW ,ΣUW ,ΣUV q.

These are the normalized Gram matrices evaluated at the true factors. Use hats for the
estimated counterparts.

For v P Rdˆ , let vpmq denote the mode-m matricization of its tensor reshape, with the
remaining modes ordered increasingly, and let vm denote the inverse operation. Define the
mode-permutation matrices by

Jm “ KG
m,1, Jmv “ vecpvpmqq, vmpBq “ J 1

m vecpBq.

Writing am,λ for column λ of Am, define

p0 “

ℓ
ÿ

λ“1

a1,λ b a2,λ b a3,λ, pp0qpmq “ AmC
1
m,

and define p̂ analogously. Put
h “ p̂´ p0.

Write pH1, H2, H3q “ pHu, Hv, Hwq. The scalar normalizations and the group-coordinate
isometries preserve the alignment matrices in the proposition, so

Hm “ pĈ 1
mĈmq´1Ĉ 1

mCm.
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The true and estimated Gram matrices are well conditioned in probability, and the cor-
responding loading spaces converge. Consequently, Ĉ 1

mCm and Hm are nonsingular with
probability approaching one, and

}H´1
m } “ Opp1q.

Define the graph-alignment matrix and graph error by

JCm “ pC 1
mCmq´1C 1

mĈm, Fm “ ĈmpJCmq´1 ´ Cm.

Then
C 1
mFm “ 0, Ĉm “ pCm ` FmqJCm, Ĉ 1

mCm “ pJCmq1Σm.

The graph error is invariant to changes of basis in the estimated loading space: replacing
Ĉm by ĈmR, for nonsingular R, replaces JCm by JCmR and leaves Fm unchanged. Hence
the graph-error bounds established using the signed-permutation alignment in Proposition
1 apply to the present representatives as well.

Define XG “ X ˆ1 Q
1
D. Let eGm,k P Rd´m be the transpose of row k of EG

pmq
, and let

XG
m,k P Rd´mˆp stack the corresponding regressor vectors from XG. To distinguish factor

rows from the columns am,λ, write

αm,k “ A1
me

pdmq

k , α̂m,k “ Â1
me

pdmq

k ,

where e
pdmq

k is the k-th coordinate vector in Rdm . Thus αm,k and α̂m,k are the transposes
of row k of the corresponding normalized factor matrices.

The block normal equations give
?
n pα̂m,k ´Hmαm,kq “ pĈ 1

mĈmq´1Ĉ 1
mteGm,k ´XG

m,kγu.

Premultiplying by H´1
m and using the graph representation yields the exact identity

?
nH´1

m pα̂m,k ´Hmαm,kq “ pĈ 1
mCmq´1Ĉ 1

mteGm,k ´XG
m,kγu

“ Σ´1
m pCm ` Fmq1teGm,k ´XG

m,kγu. (88)

Indeed,

pĈ 1
mCmq´1Ĉ 1

m “
`

pJCmq1Σm
˘´1

pJCmq1pCm ` Fmq1 “ Σ´1
m pCm ` Fmq1.

The normalized rows satisfy

α1,g “

c

Ng
N
ug, α2,j “

vj
?
M
, α3,t “

wt
?
T
,

with analogous identities for their estimators. Therefore, the left-hand side of (88) has
exactly the group, teacher, and period normalizations in the proposition. Moreover,

C 1
1e
G
1,g “ Su,g, C 1

2e
G
2,j “ Sv,j , C 1

3e
G
3,t “ Sw,t,

and

C 1
1X

G
1,gγ “

c

Ng
N
Qu,gθ,

C 1
2X

G
2,jγ “

1
?
M
Qv,jθ,

C 1
3X

G
3,tγ “

1
?
T
Qw,tθ.
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It therefore remains to bound

Rm,k “ Σ´1
m F 1

mteGm,k ´XG
m,kγu, (89)

where
pR1,g, R2,j , R3,tq “ pRu,g,NMT , Rv,j,NMT , Rw,t,NMT q.

2. First-order graph expansion and slice moments. Retain the tangent-space nota-
tion from the proof of Proposition 1. For m “ 1, 2, 3, define

T G
m “

␣

v P Rdˆ : vpmq “ BC 1
m, B P Rdmˆℓ

(

, Pm “ J 1
mpIdm b PCmqJm.

Let PG be the orthogonal projector onto

T G “ T G
1 ` T G

2 ` T G
3 ,

and write

S “ P1 ` P2 ` P3, PG “ SS`, MG “ Idˆ
´ PG, MT “ In ´QPGQ1.

The bound }S`} “ Opp1q is established in the proof of Proposition 1.
Define

X “
Xp4q
?
n
, XG “ XQ, Γn “ XMT X

1, Zn “ XMT e,

and
θ1 “ Γ´1

n Zn, F0 “ Q1 ´ X1
GΓ

´1
n XMT .

Then
r0 “ F0e “ eG ´ X1

Gθ1, ξ “ PGr0, q “
ξ

?
n
.

For convenience, put

A “ PGF0, q “
1

?
n

A e.

The conditional regressor-moment bound gives }X}F “ Opp1q, while identification gives
}Γ´1
n } “ Opp1q. Hence A is F-measurable and

}A } “ Opp1q.

The preliminary linearization bounds established in the proof of Proposition 1 give

}γ} “ Oppn´1{2 ` ρ2q, θ1 “ Opp1q, }h} ` }q} “ Oppρq, }h´ q} “ Oppρ2q. (90)

In particular, no bound
?
nγ “ Opp1q is used.

Define the linear map

Dmpvq “ MCmv
1
pmqAmpA1

mAmq´1.

Its operator norm between the relevant Euclidean and Frobenius spaces is Opp1q. The graph
expansion is

Fm “ F p1q
m ` Em, F p1q

m “ Dmpqq, }Em}F “ Oppρ2q. (91)
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To recall its algebraic basis, set

rAm “ p̂pmqCmΣ´1
m “ Am ` hpmqCmΣ´1

m .

The graph representation implies

p̂pmq “ rAmpCm ` Fmq1, Fm “ MCm
h1

pmq
rAmp rA1

m
rAmq´1.

The strong-factor bounds, the inverse perturbation identity, and (90) therefore yield (91).
Write

κ1,g “
a

NgMT, κ2,j “
?
NT, κ3,t “

?
NM.

The conditional fourth-moment bound on the regressors implies

}XG
m,k}F “ Oppκm,kq. (92)

Indeed, conditional on D, each regressor second moment is at most c1{2
x . For the group slice,

}XG
1,g}2F ď

ÿ

i:gpiq“g

M
ÿ

j“1

T
ÿ

t“1

}xijt}
2,

whose conditional expectation is at most c1{2
x NgMT . For teacher and period slices, multipli-

cation by Q1
D is a Frobenius contraction, giving the corresponding conditional expectation

bounds c1{2
x NT and c1{2

x NM .
On the conditional covariance-summability event, Assumption 3 also gives

Er}eGm,k}2 | Fs ď cεd´m, Er}Be}2 | Fs ď cε}B}2F

for every conformable F-measurable matrix B. We additionally use

Er|e1Ke| | Fs ď cε}K}˚ (93)

for every F-measurable square matrix K, where }¨}˚ denotes the nuclear norm. This follows
from a singular value decomposition and conditional Cauchy–Schwarz, as in Lemma 4 (iii).
The same inequality holds for eG, since

›

›EreGe
1
G | Fs

›

› “
›

›Q1Eree1 | FsQ
›

› ď cε.

All conditional bounds below are used on these high-probability events, with localization
for random coefficient norms.

3. The graph–regressor contribution. Because q “ A e{
?
n, each entry of pF

p1q
m q1XG

m,k

is a linear contraction of e with an F-measurable coefficient vector. More precisely, the
matrix mapping e to the vectorization of this product has Frobenius norm at most

}A }}AmpA1
mAmq´1}F }XG

m,k}F
?
n

.

Lemma 4(i), (92), and fixed p, ℓ therefore give

}pF p1q
m q1XG

m,k}F “ Op

ˆ

κm,k
?
n

˙

.
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Combining this bound with (91) and the slope rate in (90),

}F 1
mX

G
m,kγ} ď }pF p1q

m q1XG
m,k}F }γ} ` }Em}F }XG

m,k}F }γ}

“ Op

´

κm,kpn´1{2 ` ρ2q2
¯

“ Op
`

ρ` κm,kρ
4
˘

. (94)

For the last equality, use κm,k ď
?
n, n´1{2 ď ρ, and ρ Ñ 0:

κm,kpn´1{2 ` ρ2q2 “
κm,k
n

`
2κm,kρ

2

?
n

` κm,kρ
4 ď n´1{2 ` 2ρ2 ` κm,kρ

4.

The conditional linear-contraction argument is what avoids the larger bound obtained by
replacing }pF

p1q
m q1XG

m,k}F with }F
p1q
m }F }XG

m,k}F .

4. The higher-order graph–error contribution. Use the tangent decomposition from
the proof of Proposition 1. Define

Bqa “ pS`qqpaqCapC 1
aCaq´1, a “ 1, 2, 3.

Then
vapBqaC

1
aq “ PaS

`q.

Since q P T G and SS` “ PG,

q “

3
ÿ

a“1

vapBqaC
1
aq.

For each mode a, let
La “ colrAa, Âa, B

q
as, dimpLaq ď 3ℓ.

Fix m, and let a ă b be the other two modes. Every column of Fm belongs to La b Lb,
because

Fm “ ĈmpJCmq´1 ´ Cm, Cm “ Aa ˚Ab, Ĉm “ Âa ˚ Âb.

The tangent representation of q gives

q1
pmq “ CmpBqmq1 ` pBqa ˚Ab `Aa ˚Bqb qA1

m,

so every column of q1
pmq

also lies in La b Lb. Since colpCmq is contained in that product
space, applying MCm

preserves it. Thus the columns of

F p1q
m “ MCm

q1
pmqAmpA1

mAmq´1

belong to the same product space. Consequently, each column of Em “ Fm´F
p1q
m , reshaped

as a da ˆ db matrix, has rank at most 3ℓ.
The matrix spectral norm of a fixed mode-m slice of EG is at most the tensor spectral

norm }EG}. Applying the nuclear/Frobenius inequality to each rank-at-most-3ℓ column
reshape, and also using ordinary Cauchy–Schwarz, gives the deterministic bound

}E 1
me

G
m,k} ď mint

?
3ℓ}EG}, }eGm,k}u}Em}F .

The spectral-error assumption, the slice second-moment bound, and (91) therefore imply

}E 1
me

G
m,k} “ Op

´

ρ2 mint
?
s,
a

d´mu

¯

. (95)

This argument holds for every realized choice of the estimated loading spaces; it does not
treat these spaces or Em as F -measurable.
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5. The first-order graph–error contribution. We first separate the overlap among
the tangent blocks. Let P0 denote the orthogonal projector onto

T G X tcolpA1q b colpA2q b colpA3qu,

and let
P ˝
a “ J 1

apMAa
b PCa

qJa, a “ 1, 2, 3.

Splitting each tangent direction into its component in colpAaq and its orthogonal complement
gives

PG “ P0 `

3
ÿ

a“1

P ˝
a , Pa “ P ˝

a ` J 1
apPAa

b PCa
qJa.

Consequently,

PG “

3
ÿ

a“1

Pa ` RP , RP :“ PG ´ S “ P0 ´

3
ÿ

a“1

J 1
apPAa b PCaqJa.

Every term in the last expression has range contained in the product loading space. Hence

rankpRP q ď ℓ3, }RP } ď }PG} `

3
ÿ

a“1

}Pa} ď 4.

The mode-m block makes no contribution to the graph map. Indeed,

pPmvqpmq “ vpmqPCm

implies
DmpPmvq “ MCm

PCm
v1

pmqAmpA1
mAmq´1 “ 0.

The term generated by RP contributes Oppn´1{2q to pF
p1q
m q1eGm,k. For each coordinate, its

quadratic-form coefficient has rank at most ℓ3 and operator norm Opp1q before multiplication
by n´1{2, so (93) applies.

The part of q equal to

´
1

?
n
PGX1

Gθ1

also contributes Oppn´1{2q. To see this, expand over the fixed number p of coordinates of θ1.
Each remaining coefficient vector is F-measurable and has Opp1q norm, so its contraction
with eGm,k is Opp1q, while θ1 “ Opp1q.

For every a ‰ m, replacing MCm
eGm,k by eGm,k in the remaining quadratic term introduces

an additional Oppn´1{2q error. The difference contains PCm
eGm,k, and its quadratic-form

coefficient has rank at most ℓ and operator norm Opp1q. Therefore,

pF p1q
m q1eGm,k “

1
?
n

ÿ

a‰m

pA1
mAmq´1A1

mpPaeGqpmqe
G
m,k `Oppn´1{2q. (96)

Fix distinct m, a, and let b be the remaining mode. Write Emab for EG with its modes
ordered as pm, a, bq. To distinguish factor-component indices from the slope-coordinate
index used in Proposition 1, use µ, ν P t1, . . . , ℓu. Since

pA1
mAmq´1A1

mAm “ Iℓ,
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and Pa projects the other two modes onto colpCaq, the µ-th coordinate of the mode-a
summand satisfies

„

1
?
n

pA1
mAmq´1A1

mpPaeGqpmqe
G
m,k

ȷ

µ

“

ℓ
ÿ

ν“1

rΣ´1
a sµνT

µν
ma,k,

where

Tµνma,k “
1

?
n

dm
ÿ

u“1

da
ÿ

v“1

db
ÿ

w,w1“1

Emab
kvw Emab

uvw1 rAmsuνrAbswµrAbsw1ν . (97)

The strong-factor bounds give }Σ´1
a } “ Opp1q.

We first bound the centered contraction. Let KG,µν
ma,k be the coefficient matrix satisfying

Tµνma,k “ e1
GK

G,µν
ma,keG.

Its squared Frobenius norm is

}KG,µν
ma,k}2F “

da
n

}rAms¨ν}2}rAbs¨µ}2}rAbs¨ν}2 “ Oppda{nq.

The coefficient in the original error coordinates is

Kµν
ma,k “ QKG,µν

ma,kQ
1.

Since Q1Q “ Idˆ
,

}Kµν
ma,k}F “ }KG,µν

ma,k}F .

Its nonzero ordered error pairs share the mode-a index in grouped coordinates. In the
original coordinates, they therefore have a common group, teacher, or period, according as
a “ 1, 2, 3. Thus the coefficient is supported on RD. Lemma 4(ii) yields

Tµνma,k ´ ErTµνma,k | Fs “ Op

˜

c

da
n

¸

.

For the conditional means, let

I1,g “ Ipgq
g , I2,j “ Ipjq

j , I3,t “ Iptq
t

be the source slices in Assumption 5. Their cardinalities are κ2m,k. For an original error
index α, abbreviate

uα “ ugpiαq, vα “ vjα , wα “ wtα .

Also define

χJpα, βq “ 1tjα “ jβu, χT pα, βq “ 1ttα “ tβu, pαβ “ pPDqiαiβ ,

where
pαβ “

1tgpiαq “ gpiβqu

Ngpiαq

.

Expanding the normalized grouped errors and factors in (97) gives

Tµνma,k “
1

κm,kcma

ÿ

αPIm,k

ÿ

βPI
χmapα, βqϕαψβεαεβ , (98)
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with the following coefficients, where the arguments of χJ , χT , p are suppressed:

pm, aq ϕα ψβ χma cma
p1, 2q wα,µ uβ,νwβ,ν χJ NT
p1, 3q vα,µ uβ,νvβ,ν χT NM
p2, 1q wα,µ vβ,νwβ,ν p MT
p2, 3q uα,µ uβ,νvβ,ν χT NM
p3, 1q vα,µ vβ,νwβ,ν p MT
p3, 2q uα,µ uβ,νwβ,ν χJ NT

For example,

Tµν12,g “
1

NT
a

NgMT

ÿ

i:gpiq“g

N
ÿ

i1“1

M
ÿ

j“1

T
ÿ

t,t1“1

εijtεi1jt1ugpi1q,νwt,µwt1,ν .

The source grouped error supplies the factor N´1{2
g , while the destination grouped-error

normalization cancels the corresponding group-size normalization in A1.
In every row of the table,

0 ď χmapα, βq ď 1, |ψβ |2 ď ωβ ,

where ωβ is defined in Assumption 5. Let

Γαβ “ Erεαεβ | Fs.

The conditional covariance row-sum bound and the factor Gram bounds imply
ÿ

αPIm,k

ÿ

βPI
|Γαβ | |ϕα|2 ď cε

ÿ

αPIm,k

|ϕα|2

“ Oppκ2m,kq.

Assumption 5 also gives
ÿ

αPIm,k

ÿ

βPI
|Γαβ | |ψβ |2 ď

ÿ

αPIm,k

ÿ

βPI
|Γαβ |ωβ

“ Oppκ2m,kq.

Weighted Cauchy–Schwarz in (98) therefore yields

ˇ

ˇ

ˇ
ErTµνma,k | Fs

ˇ

ˇ

ˇ
ď

1

κm,kcma

¨

˝

ÿ

αPIm,k

ÿ

βPI
|Γαβ | |ϕα|2

˛

‚

1{2

ˆ

¨

˝

ÿ

αPIm,k

ÿ

βPI
|Γαβ | |ψβ |2

˛

‚

1{2

“ Op

ˆ

κm,k
cma

˙

. (99)
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Define

b1,g “

a

NgM

N
?
T

`

a

NgT

N
?
M
,

b2,j “

?
N

M
?
T

`

?
T

M
?
N
,

b3,t “

?
N

T
?
M

`

?
M

T
?
N
.

These are exactly
bm,k “

ÿ

a‰m

κm,k
cma

.

Combining (96)–(99), using fixed ℓ, }Σ´1
a } “ Opp1q, and

a

da{n ď ρ, gives

}pF p1q
m q1eGm,k} “ Oppρ` bm,kq. (100)

6. Rate comparisons and conclusion. The higher-order error term in (95) is absorbed
by the same rate:

ρ2 mint
?
s,
a

d´mu À ρ` bm,k. (101)

To verify this, first suppose dm “ maxa“1,2,3 da. Since s ď 3dm and n “ pN{Gqdmd´m,

ρ2
a

d´m ď
3dm

a

d´m

n
ď 3

c

G

N
ρ ď 3ρ.

Otherwise, one of the other two modes attains the largest dimension, so

ρ2
?
s “

s3{2

n
ď

3
?
3

n

ÿ

a‰m

d3{2
a ď 3

?
3 bm,k.

The last inequality follows from the displayed expressions for bm,k, using G ď N , Ng ě 1,
and N,M, T ě 1.

Equations (91), (95), (100), and (101) imply

}F 1
me

G
m,k} ď }pF p1q

m q1eGm,k} ` }E 1
me

G
m,k} “ Oppρ` bm,kq.

Combining this with (94), (89), and }Σ´1
m } “ Opp1q proves the unified remainder bound

}Rm,k} “ Oppρ` bm,k ` κm,kρ
4q. (102)

For the period block, G ď N gives

κ3,tρ
4 “ ρ2

G`M ` T

T
?
NM

ď ρ2

˜ ?
N

T
?
M

`

?
M

T
?
N

`
1

?
NM

¸

.

Since 1{
?
NM ď ρ and ρ Ñ 0, this term is absorbed into ρ` b3,t. Similarly,

κ2,jρ
4 ď ρ2

˜ ?
N

M
?
T

`

?
T

M
?
N

`
1

?
NT

¸

118



is absorbed into ρ` b2,j . Thus (102) yields

}Rw,t,NMT } “ Op

˜

ρ`

?
N

T
?
M

`

?
M

T
?
N

¸

and

}Rv,j,NMT } “ Op

˜

ρ`

?
N

M
?
T

`

?
T

M
?
N

¸

.

For the group block, retaining κ1,gρ4 gives

}Ru,g,NMT } “ Op

˜

ρ`

a

NgM

N
?
T

`

a

NgT

N
?
M

`
a

NgMT ρ4

¸

.

Finally, suppose NgG{N “ Opp1q. Then

a

NgMT ρ4 “ ρ2

«

c

NgG

N

c

G

n
`

a

NgM

N
?
T

`

a

NgT

N
?
M

ff

“ ρ2 rOppρq ` b1,gs

“ oppρ` b1,gq.

Hence the group remainder simplifies to

}Ru,g,NMT } “ Op

˜

ρ`

a

NgM

N
?
T

`

a

NgT

N
?
M

¸

.

The group-size condition holds when G remains fixed, since Ng ď N , and when Ng “

OppN{Gq for the group under consideration. Together with the exact identity (88) and the
score and regressor identities in Step 1, these bounds establish all three expansions and
the stated remainder rates. The remainder vectors are opp1q whenever their corresponding
displayed rates tend to zero.

Theorem 1 (Joint asymptotic normality of the slope and aligned factor errors). Suppose
that Assumptions 1, 2, 3, 4, 5, and 6 hold. Let pδ̂, Û , V̂ , Ŵ q be the global least-squares
estimator defined in Assumption 1. Suppose that

pG`M ` T q3{2

NMT
Ñ 0. (11)

Let bδ “ b1 ` b2 ` b3, and use the limiting matrices and vectors defined in Assumption 6.
The estimated factors are expressed in the true-factor column labeling and sign orienta-

tion. Specifically, among the equivalent least-squares triples

pÛΠℓSvSw, V̂ΠℓSv, ŴΠℓSwq,

where Πℓ ranges over ℓ ˆ ℓ permutation matrices and Sv, Sw range over diagonal matrices
with entries in t´1, 1u, choose a representative minimizing

1

M
}V̂ΠℓSv ´ V }2F `

1

T
}ŴΠℓSw ´W }2F .

Retain the hat notation for the selected representative, and define Hu, Hv, Hw from it as in
Proposition 2. The followings hold.
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1. (Identity limits of the alignment matrices.)
The matrices Hu, Hv, Hw are nonsingular with probability approaching one and satisfy

Hu
p

ÝÑ Iℓ, Hv
p

ÝÑ Iℓ, Hw
p

ÝÑ Iℓ.

2. (Slope central limit theorem.)
The slope estimator satisfies

?
NMT pδ̂ ´ δq

d
ÝÑ N

`

´Γ´1
δ bδ, Γ

´1
δ ΩZΓ

´1
δ

˘

.

3. (Joint fixed-index central limit theorem.)
Fix an admissible triple pg, j, tq and suppose additionally that

N `M

T
?
NM

Ñ 0,
N ` T

M
?
NT

Ñ 0,

a

NgpM ` T q

N
?
MT

p
ÝÑ 0. (12)

Let
Cu,g “

?
πg Qu,g.

Then the aligned factor errors satisfy
¨

˚

˚

˝

a

NgMT pûg ´Huugq
?
NT pv̂j ´Hvvjq?
NMpŵt ´Hwwtq?
NMT pδ̂ ´ δq

˛

‹

‹

‚

d
ÝÑ N

`

µgjt, AgjtΣgjtA1
gjt

˘

, (13)

where

Agjt “

¨

˚

˚

˚

˝

Σ
´1

VW 0 0 ´Σ
´1

VWCu,gΓ
´1
δ

0 Σ
´1

UW 0 0

0 0 Σ
´1

UV 0
0 0 0 Γ´1

δ

˛

‹

‹

‹

‚

, µgjt “

¨

˚

˚

˝

Σ
´1

VWCu,gΓ
´1
δ bδ

0ℓ
0ℓ

´Γ´1
δ bδ

˛

‹

‹

‚

.

For completeness, define

Vu,g “ Σ
´1

VW

”

Γvwg ` Cu,gΓ
´1
δ ΩZΓ

´1
δ C 1

u,g ´ ΞgZΓ
´1
δ C 1

u,g ´ Cu,gΓ
´1
δ Ξ1

gZ

ı

Σ
´1

VW ,

Vv,j “ Σ
´1

UWΓuwj Σ
´1

UW ,

Vw,t “ Σ
´1

UV Γ
uv
t Σ

´1

UV .

The marginal fixed-index limits are

a

NgMT pûg ´Huugq
d

ÝÑ N
´

Σ
´1

VWCu,gΓ
´1
δ bδ, Vu,g

¯

,

?
NT pv̂j ´Hvvjq

d
ÝÑ N p0, Vv,jq,

?
NMpŵt ´Hwwtq

d
ÝÑ N p0, Vw,tq.

(14)
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Proof. Write

n “ NMT, s “ G`M ` T, ρ “

c

s

n
, γ “ δ̂ ´ δ, θ “ θNMT “

?
nγ.

Assumption 1 implies ρ Ñ 0. Throughout, the estimated factors are represented using the
column matching and compensating signs specified in the theorem. All inverse expressions
are evaluated on events whose probabilities tend to one and may be extended arbitrarily
elsewhere.

1. Identity limits of the alignment matrices. Introduce the normalized grouped
factors

QD “ DpD1Dq´1{2, A1 “
pD1Dq1{2U

?
N

, A2 “
V

?
M
, A3 “

W
?
T
,

with estimated counterparts Âm.
Lemma 1 supplies an equivalent signed-permuted representative whose sum of squared

normalized V - and W -errors is Oppρ2q. The representative specified in the theorem mini-
mizes this sum over the same finite collection. Therefore,

}Â2 ´A2}2F ` }Â3 ´A3}2F “ Oppρ2q,

and hence
}Â2 ´A2}F ` }Â3 ´A3}F “ Oppρq.

The minimum is well defined because the collection is finite, and the stated tie-breaking rule
defines a particular representative.

Let Π and Π̂ denote the true and estimated common-component tensors. Define their
normalized grouped vectors by

p0 “
1

?
n
vecpΠ ˆ1 Q

1
Dq, p̂ “

1
?
n
vecpΠ̂ ˆ1 Q

1
Dq, h “ p̂´ p0.

Also, put
C1 “ A2 ˚A3, C2 “ A1 ˚A3, C3 “ A1 ˚A2,

and define Ĉm analogously. The factor-alignment rate in Lemma 1, the bounded normalized
factor norms, and trilinearity imply the common-component rate

}h} “
}Π̂ ´ Π}F

?
n

“ Oppρq.

The equality follows because Q1
DQD “ IG and the first-mode fibers of both common com-

ponents belong to colpDq. The common-component difference is unchanged by the choice
of signed-permuted representative.

The true and estimated columns of A2 and A3 have unit norm. Expanding the Khatri–
Rao difference gives

Ĉ1 ´ C1 “ pÂ2 ´A2q ˚ Â3 `A2 ˚ pÂ3 ´A3q,

so
}Ĉ1 ´ C1}F ď }Â2 ´A2}F ` }Â3 ´A3}F “ Oppρq.
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On the strong-factor event,
σminpC1q ě c0.

Consequently, σminpĈ1q is bounded away from zero with probability approaching one, and
›

›

›
Ĉ1pĈ 1

1Ĉ1q´1
›

›

›
“

1

σminpĈ1q
“ Opp1q.

As in the preceding proofs, hp1q denotes the mode-1 matricization of the tensor reshape
of h. Since

hp1q “ Â1Ĉ
1
1 ´A1C

1
1,

we have the exact identity

Â1 ´A1 “

”

hp1q `A1pC1 ´ Ĉ1q1
ı

Ĉ1pĈ 1
1Ĉ1q´1.

The preceding bounds and }A1} “ Opp1q imply

}Â1 ´A1}F “ Oppρq.

Expanding the other two Khatri–Rao differences in the same way therefore gives

3
ÿ

m“1

}Âm ´Am}F “ Oppρq,
3
ÿ

m“1

}Ĉm ´ Cm}F “ Oppρq. (103)

The strong-factor bounds imply that the singular values of each Cm are bounded above and
away from zero. Hence

max
m“1,2,3

!

}Ĉm} ` }pĈ 1
mĈmq´1}

)

“ Opp1q.

Writing pH1, H2, H3q “ pHu, Hv, Hwq, the definitions in Proposition 2 become

Hm “ pĈ 1
mĈmq´1Ĉ 1

mCm, m “ 1, 2, 3.

The scalar normalizations and isometric group embeddings cancel from these projection
coefficients. Thus

Hm ´ Iℓ “ pĈ 1
mĈmq´1Ĉ 1

mpCm ´ Ĉmq.

Equation (103) implies
3
ÿ

m“1

}Hm ´ Iℓ} “ Oppρq.

Because ρ Ñ 0, the event

max
m“1,2,3

}Hm ´ Iℓ} ă
1

2

has probability tending to one. On this event, every Hm is nonsingular, }H´1
m } ď 2, and

H´1
m ´ Iℓ “ ´H´1

m pHm ´ Iℓq.

Therefore,
3
ÿ

m“1

␣

}Hm ´ Iℓ} ` }H´1
m ´ Iℓ}

(

“ Oppρq. (104)

This proves part (i) without imposing any alignment-limit condition in Assumption 6.
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2. Slope linearization and marginal limit. Proposition 1 gives

ΓNMT θ “ ZNMT ´ B1 ´ B2 ´ B3 `Op

ˆ

ρ`
s3{2

n

˙

.

The remainder is opp1q by (11) and ρ Ñ 0. Assumption 6 implies

ZNMT “ Opp1q,
3
ÿ

m“1

Bm
p

ÝÑ bδ, Γ´1
NMT

p
ÝÑ Γ´1

δ .

Consequently,
θ “ Γ´1

δ pZNMT ´ bδq ` opp1q “ Opp1q. (105)

The marginal score CLT in Assumption 6 gives

ZNMT
d

ÝÑ N p0,ΩZq.

The continuous mapping theorem and Slutsky’s theorem therefore imply

θ
d

ÝÑ N
`

´Γ´1
δ bδ, Γ

´1
δ ΩZΓ

´1
δ

˘

.

This proves part (ii), without using (12).

3. Fixed-index linearizations and removal of the inverse alignments. Fix an
admissible triple pg, j, tq and impose (12). Define

au,g,n “

a

NgpM ` T q

N
?
MT

“

a

NgM

N
?
T

`

a

NgT

N
?
M
,

av,n “
N ` T

M
?
NT

“

?
N

M
?
T

`

?
T

M
?
N
,

aw,n “
N `M

T
?
NM

“

?
N

T
?
M

`

?
M

T
?
N
.

Proposition 2 gives

}Ru,g,NMT } “ Op

´

ρ` au,g,n `
a

NgMT ρ4
¯

,

}Rv,j,NMT } “ Oppρ` av,nq,

}Rw,t,NMT } “ Oppρ` aw,nq.

The three quantities au,g,n, av,n, aw,n tend to zero under (12). Moreover, Ng ď N implies

a

NgMT ρ4 ď
?
nρ4 “ ρ

s3{2

n
“ opρq.

Hence
}Ru,g,NMT } ` }Rv,j,NMT } ` }Rw,t,NMT } “ opp1q. (106)

In particular, no additional condition on NgG{N is needed.
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The first two conditions in (12) imply T Ñ 8 and M Ñ 8, respectively, because

N `M

T
?
NM

ě
2

T
,

N ` T

M
?
NT

ě
2

M
.

Define the effective slope coefficients

Cu,g,n “

c

Ng
N
Qu,g, Cv,j,n “

1
?
M
Qv,j , Cw,t,n “

1
?
T
Qw,t.

The group-share and group cross-moment limits in Assumption 6, together with continuity
of the square-root function on r0, 1s, give

Cu,g,n
p

ÝÑ
?
πg Qu,g “ Cu,g.

For the other two modes, the boundedness assumptions Qv,j “ Opp1q and Qw,t “ Opp1q,
together with M,T Ñ 8, imply

Cu,g,n
p

ÝÑ Cu,g, Cv,j,n “ opp1q, Cw,t,n “ opp1q. (107)

Since θ “ Opp1q by (105), the teacher and period slope-estimation contributions are opp1q,
while the group contribution need not vanish.

Put
Du “ Σ

´1

VW , Dv “ Σ
´1

UW , Dw “ Σ
´1

UV , Dδ “ Γ´1
δ ,

and define the inverse-alignment-adjusted errors

ζu,g,n “
a

NgMT H´1
u pûg ´Huugq,

ζv,j,n “
?
NT H´1

v pv̂j ´Hvvjq,

ζw,t,n “
?
NM H´1

w pŵt ´Hwwtq.

Proposition 2 gives
ζu,g,n “ Σ´1

VW rSu,g ´ Cu,g,nθs `Ru,g,NMT ,

ζv,j,n “ Σ´1
UW rSv,j ´ Cv,j,nθs `Rv,j,NMT ,

ζw,t,n “ Σ´1
UV rSw,t ´ Cw,t,nθs `Rw,t,NMT .

The joint score CLT implies that the three loading scores and ZNMT are jointly bounded
in probability. The loading Gram limits, (106), and (107) therefore imply

ζu,g,n “ Du rSu,g ´ Cu,gθs ` opp1q,

ζv,j,n “ DvSv,j ` opp1q,

ζw,t,n “ DwSw,t ` opp1q.

For the group block, replacing Cu,g,n by Cu,g is valid because

pCu,g,n ´ Cu,gqθ “ opp1q.

Substituting (105) into the group expansion gives

ζu,g,n “ Du rSu,g ´ Cu,gDδpZNMT ´ bδqs ` opp1q,

ζv,j,n “ DvSv,j ` opp1q,

ζw,t,n “ DwSw,t ` opp1q.

(108)

124



These three vectors are jointly Opp1q. Thus (104) gives
a

NgMT pûg ´Huugq ´ ζu,g,n “ pHu ´ Iℓqζu,g,n “ opp1q,
?
NT pv̂j ´Hvvjq ´ ζv,j,n “ pHv ´ Iℓqζv,j,n “ opp1q,

?
NMpŵt ´Hwwtq ´ ζw,t,n “ pHw ´ Iℓqζw,t,n “ opp1q.

Consequently, (108) remains valid without the premultiplying inverse alignment matrices.
This proves

a

NgMT pûg ´Huugq “ Σ
´1

VW

“

Su,g ´ Cu,gΓ
´1
δ pZNMT ´ bδq

‰

` opp1q,
?
NT pv̂j ´Hvvjq “ Σ

´1

UWSv,j ` opp1q,
?
NMpŵt ´Hwwtq “ Σ

´1

UV Sw,t ` opp1q.

The finite-sample alignment matrices remain inside the centers throughout this argu-
ment. For example, replacing Huug by ug would additionally require

a

NgMT pHu ´ Iℓqug “ opp1q,

which does not follow from (104) alone. No such replacement is made here.

4. Joint Gaussian limit and marginal covariance matrices. Define the score and
estimator stacks

Sn “

¨

˚

˚

˝

Su,g
Sv,j
Sw,t

ZNMT

˛

‹

‹

‚

, Ln “

¨

˚

˚

˝

a

NgMT pûg ´Huugq
?
NT pv̂j ´Hvvjq?
NMpŵt ´Hwwtq

θ

˛

‹

‹

‚

.

Equations (105) and (108), together with the preceding removal of the inverse alignment
matrices, give

Ln “ AgjtSn ` µgjt ` opp1q,

where Agjt and µgjt are the deterministic matrix and vector specified in the theorem. In
particular,

Du rSu,g ´ Cu,gDδpZNMT ´ bδqs “ DuSu,g ´DuCu,gDδZNMT `DuCu,gDδbδ.

Thus the group-loading mean has the displayed plus sign, while the slope mean is ´Dδbδ.
Neither mean vector is asserted to have componentwise positive or negative entries.

Assumption 6 gives
Sn

d
ÝÑ N p0,Σgjtq.

The continuous mapping theorem and Slutsky’s theorem therefore imply

Ln
d

ÝÑ N
`

µgjt, AgjtΣgjtA1
gjt

˘

.

This proves (13). The stack with the first three blocks premultiplied by H´1
u , H´1

v , H´1
w

differs from Ln by opp1q and therefore has the same joint limit.
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To obtain the marginal covariance formulas, let
¨

˚

˚

˝

S8
u

S8
v

S8
w

Z8

˛

‹

‹

‚

„ N p0,Σgjtq.

The random part of the group-loading limit is

DupS8
u ´ Cu,gDδZ

8q.

Since
VarpS8

u q “ Γvwg , VarpZ8q “ ΩZ , CovpS8
u , Z

8q “ ΞgZ ,

and Du, Dδ are symmetric, its covariance is

VarrDupS8
u ´ Cu,gDδZ

8qs “ Du

”

Γvwg ` Cu,gDδΩZDδC
1
u,g ´ ΞgZDδC

1
u,g ´ Cu,gDδΞ

1
gZ

ı

Du

“ Vu,g.

Its mean is DuCu,gDδbδ. The teacher and period limits are DvS
8
v and DwS

8
w , respectively,

so their means are zero and their covariance matrices are

DvΓ
uw
j Dv “ Vv,j , DwΓ

uv
t Dw “ Vw,t.

These calculations establish (14). All cross-covariance blocks in Assumption 6 remain rep-
resented in the full covariance matrix AgjtΣgjtA1

gjt; none is assumed to vanish.
Finally, Agjt is invertible because it is block upper triangular with invertible diagonal

blocks. Therefore,
rankpAgjtΣgjtA1

gjtq “ rankpΣgjtq.

The joint limiting distribution may thus be degenerate when Σgjt is singular. This does not
affect the asserted convergence in distribution. All applications of the score CLT and the
fixed-index expansions concern the selected triple pg, j, tq, so the conclusions are pointwise,
as stated.

Proposition 3. Suppose that Assumptions 1, 2, 3, and 4 hold. Suppose also that Erεaεb |

Fs “ 0 for all distinct a, b P I. The true factor rows satisfy

1

N

G
ÿ

g“1

Ng}ug}4 `
1

M

M
ÿ

j“1

}vj}
4 `

1

T

T
ÿ

t“1

}wt}
4 “ Opp1q

and the group sizes satisfies
G
ÿ

g“1

1

Ng
“ Op

ˆ

G2

N

˙

. (16)

Let T be the tangent space defined in (6) evaluated at the true parameters pU, V,W q and let
ΓNMT and ZNMT be as defined in Proposition 1. Set pŪ “ pD1Dq1{2Û and

p pF1, pF2, pF3q “ ppŪ, V̂ , Ŵ q, p pC1, pC2, pC3q “ pV̂ ˚ Ŵ , pŪ ˚ Ŵ , pŪ ˚ V̂ q.
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Let pΩGm, m “ 1, 2, 3, be data-based estimators of the conditional covariance defined in (15),
of dimensions MT ˆMT , GT ˆGT , and GM ˆGM , respectively. Define

pBm “
1

?
NMT

Xp4qP pTQK
G
1,m vec

´

pFmp pF 1
m
pFmq´1p pC 1

m
pCmq´1

pC 1
m
pΩGmM pCm

¯

, m “ 1, 2, 3.

The bias-corrected estimator δ̂bc is defined as

δ̂bc “ δ̂ `
1

?
NMT

pΓ´1
NMT

´

pB1 ` pB2 ` pB3

¯

, pΓNMT “
1

NMT
Xp4qM pTX

1
p4q

Then, we have

ΓNMT

?
NMT pδ̂bc ´ δq “ ZNMT `Op

˜

c

G`M ` T

NMT
`

pG`M ` T q3{2

NMT

¸

. (17)

Proof. Write n “ NMT , s “ G`M ` T , ρ “
a

s{n, and γ “ δ̂ ´ δ. Assumption 1 implies
ρ Ñ 0. Let e “ vecpEq and ê “ vecpÊq, and put

BNMT “

3
ÿ

m“1

Bm, pBNMT “

3
ÿ

m“1

pBm.

We use the signed-permutation-aligned estimates supplied by Lemma 1. These relabelings
leave the fitted common component, the slope estimate, and the displayed bias formulas
unchanged. Unless a weighted norm or operator norm is specified, matrix norms below are
Frobenius norms. The conditional inequalities are applied on the covariance-bound events
from Assumption 3, whose probabilities approach one.

Step 1: Normalized coordinates and preliminary bounds. Put pd1, d2, d3q “ pG,M, T q

and define

µ1pgq “
Ng
N
, µ2pjq “

1

M
, µ3ptq “

1

T
, µ “ µ1 b µ2 b µ3.

For a probability-weight vector ν, write Dν “ diagpνq. For a matrix B with rows b1
q, define

}B}α,ν “

˜

ÿ

q

νpqq}bq}
α
2

¸1{α

, α ě 1.

For a square matrix P , write

}P }4,νÑ4,ν “ sup
z‰0

}Pz}4,ν

}z}4,ν
.

All weights are positive because D has full column rank.
Let

pB1, B2, B3q “ pU, V,W q, Am “ D1{2
µm
Bm.

Thus

A1 “
pD1Dq1{2U

?
N

, A2 “
V

?
M
, A3 “

W
?
T
.
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For complementary modes a ă b, put

B´m “ Ba ˚Bb, µ´m “ µa b µb, Lm “ Aa ˚Ab “ D1{2
µ´m

B´m.

Here Lm denotes a normalized pair matrix, whereas the matrices Cm in the proposition are
unnormalized. Define

Gm “ A1
mAm “ B1

mDµm
Bm, Jm “ L1

mLm “ Ga dGb,

and use hats for the estimated counterparts.
Lemma 1 gives

3
ÿ

m“1

}Âm ´Am}F “ Oppρq.

Since ℓ is fixed and the normalized factor norms are bounded, expanding the Khatri–Rao
products gives

3
ÿ

m“1

}L̂m ´ Lm}F “ Oppρq.

Consequently,
}Ĝm ´Gm}op ` }Ĵm ´ Jm}op “ Oppρq.

Assumption 2 gives c0Iℓ ĺ Gm ĺ c1Iℓ. Moreover, Jm is a principal submatrix of Ga b Gb,
so

c20Iℓ ĺ Jm ĺ c21Iℓ.

The true and estimated Gram inverses are therefore Opp1q in operator norm, and the inverse
identity gives

}Ĝ´1
m ´G´1

m }op ` }Ĵ´1
m ´ J´1

m }op “ Oppρq. (109)

Write pH1, H2, H3q “ pHu, Hv, Hwq and define

H 1
m “ L1

mL̂mĴ
´1
m , ∆m “ Âm ´AmH

1
m.

Since
H 1
m ´ Iℓ “ pLm ´ L̂mq1L̂mĴ

´1
m ,

we obtain
ÿ

m

}Hm ´ Iℓ}op `
ÿ

m

}∆m}F “ Oppρq.

The conditional regressor fourth-moment bound implies

1

n

ÿ

i,j,t

}xijt}
4
2 “ Opp1q,

}Xp4q}F
?
n

“ Opp1q.

Assumption 3 implies }Eree1 | Fs}op ď cε on its covariance-bound event. Hence

Er}ZNMT }22 | Fs ď
cε
n

}Xp4qMT }2F ď
cε
n

}Xp4q}2F ,

and conditional Markov’s inequality gives ZNMT “ Opp1q.
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Every CP tangent variation is annihilated by MDU˚V b MW : variations in U or V are
annihilated by MW , and variations in W are annihilated by MDU˚V . Thus

MT ľ MDU˚V bMW .

Assumption 4, evaluated at the true factors, consequently gives λminpΓNMT q ě cδ with
probability approaching one. Proposition 1 and BNMT “ Opps{

?
nq now imply

}γ}2 “ Op

ˆ

n´1{2 `
s

n
`

ρ
?
n

`
s3{2

n3{2

˙

“ Oppn´1{2 ` ρ2q “ Oppρq.

Here ρ{
?
n “

?
s{n ď s{n and s3{2{n3{2 “ ρ3 ď ρ2 eventually. No additional condition on

s3{2{n is needed for this preliminary bound.

Step 2: Fourth moments of factor errors and residual squares. Define the source
slices

Ip1q
g “ tpi, j, tq P I : gpiq “ gu, Ip2q

j “ tpi, j1, tq P I : j1 “ ju, Ip3q

t “ tpi, j, t1q P I : t1 “ tu.

Their cardinalities are NgMT , NT , and NM , respectively. Let S be any member of tIpmq
r :

m “ 1, 2, 3, 1 ď r ď dmu, and let L “
ř

aPS baεa for F-measurable scalar coefficients. Since
S2 Ď RD, Assumption 3 yields

VarpL2 | Fq ď c4
ÿ

a,bPS

b2ab
2
b “ c4

˜

ÿ

aPS

b2a

¸2

,

while its second-order bound gives ErL2 | Fs ď cε
ř

aPS b
2
a. Therefore,

ErL4 | Fs ď pc4 ` c2εq

˜

ÿ

aPS

b2a

¸2

. (110)

In particular, taking a single nonzero coefficient gives a uniform conditional bound on Erε4a |

Fs. Conditional Markov’s inequality implies

1

n

ÿ

a

ε4a “ Opp1q, }e}4 “ Oppn1{4q, }ed e}2 “ Opp
?
nq. (111)

Let QD “ DpD1Dq´1{2, EG “ E ˆ1 Q
1
D, and XG

γ “ pX ˆ4 γ
1q ˆ1 Q

1
D. Constraint

inactivity gives the unrestricted block equations

∆m “
1

?
n

pEG ´XG
γ qpmqL̂mĴ

´1
m .

For complementary modes a ă b, expand

L̂m “ pAa bAbqpH 1
a ˚H 1

bq `Rm,

where
Rm “ ∆a ˚ pAbH

1
bq ` pAaH

1
aq ˚ ∆b ` ∆a ˚ ∆b, }Rm}F “ Oppρq.
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Define the true-factor score vectors

zε1,g “
1

NgMT

ÿ

i:gpiq“g

ÿ

j1,t1

εij1t1 pvj1 b wt1 q,

zε2,j “
1

NT

ÿ

i,t1

εijt1 pugpiq b wt1 q,

zε3,t “
1

NM

ÿ

i,j1

εij1tpugpiq b vj1 q.

Let Zεm have rows pzεm,rq
1. The normalized Gram bounds imply that the squared coefficient

norms of each scalar score coordinate are bounded by constants times pNgMT q´1, pNT q´1,
and pNMq´1, respectively. Equation (110) therefore gives

Er}zε1,g}42 | Fs ď
C

pNgMT q2
, Er}zε2,j}

4
2 | Fs ď

C

pNT q2
, Er}zε3,t}

4
2 | Fs ď

C

pNMq2
.

Writing HN “
ř

g N
´1
g , the corresponding weighted averages satisfy

Er}Zε1}44,µ1
| Fs ď

CNHN

n2
,

Er}Zε2}44,µ2
| Fs ď

CM2

n2
,

Er}Zε3}44,µ3
| Fs ď

CT 2

n2
.

By (16) and conditional Markov’s inequality,

}Zεm}4,µm “ Op

˜

c

dm
n

¸

.

Undoing the normalizations in the block equations gives the exact decomposition

D´1{2
µm

∆m “ ZεmpH 1
a ˚H 1

bqĴ
´1
m ` ERm ´Xγ

m,

where
ERm “

1
?
n
D´1{2
µm

EGpmqRmĴ
´1
m , Xγ

m “
1

?
n
D´1{2
µm

pXG
γ qpmqL̂mĴ

´1
m .

The first contribution has weighted fourth norm Opp
a

dm{nq, since its right multiplier is
bounded in operator norm.

For the adaptive error contribution, define

η1,g “
}EGg,:,:}F
a

NgMT
, η2,j “

}EG:,j,:}F
?
NT

, η3,t “
}EG:,:,t}F
?
NM

.

Rowwise Cauchy–Schwarz gives

}pERmqr,:}2 ď }Ĵ´1
m }op}Rm}F ηm,r.
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Equation (110), applied to EGgjt “ N
´1{2
g

ř

i:gpiq“g εijt, gives Er|EGgjt|
4 | Fs ď C. Using

p
řK
k“1 e

2
kq2 ď K

řK
k“1 e

4
k within each grouped-error slice therefore yields

E

«

ÿ

g

µ1pgqη41,g | F

ff

ď
CHN

N
ď C,

E

«

1

M

ÿ

j

η42,j | F

ff

ď CpG{Nq2 ď C,

E

«

1

T

ÿ

t

η43,t | F

ff

ď CpG{Nq2 ď C.

Here Ng ě 1 implies HN ď G ď N . Consequently,

}ERm}4,µm
ď }Ĵ´1

m }op}Rm}F

˜

ÿ

r

µmprqη4m,r

¸1{4

“ Oppρq.

This deterministic bound permits Rm to depend on the errors.
For the regressor contribution, source-slice Cauchy–Schwarz and }L̂mĴ

´1
m }op “ Opp1q

give a common KNMT “ Opp1q such that

}pXγ
mqr,:}2 ď KNMT }γ}2

¨

˝

1

|Ipmq
r |

ÿ

aPIpmq
r

}xa}22

˛

‚

1{2

.

For modes 2 and 3, the grouped contraction cannot increase the source-slice Euclidean
norm; for mode 1, the same statement follows directly from Cauchy–Schwarz over the Ng
observations. Raising the bound to the fourth power and applying Jensen’s inequality gives

}Xγ
m}44,µm

ď K4
NMT }γ}42

ÿ

r

µmprq

|Ipmq
r |

ÿ

aPIpmq
r

}xa}42 “ K4
NMT }γ}42

1

n

ÿ

a

}xa}42.

Thus }Xγ
m}4,µm

“ Opp}γ}2q “ Oppρq.
Combining the three contributions gives

}D´1{2
µm

∆m}4,µm
“ Oppρq.

Since
B̂m ´Bm “ D´1{2

µm
∆m `BmpH 1

m ´ Iℓq,

the assumed true-factor fourth moments and the alignment bounds imply
3
ÿ

m“1

}B̂m ´Bm}4,µm
“ Oppρq,

3
ÿ

m“1

`

}Bm}4,µm
` }B̂m}4,µm

˘

“ Opp1q. (112)

Now let hijt “ x1
ijtγ ` π̂ijt ´ πijt, so ε̂ijt “ εijt ´ hijt. For scalar column vectors on

separate modes, their weighted tensor fourth norm is the product of their mode-specific
fourth norms. For each k, use the exact expansion

ûgkv̂jkŵtk ´ ugkvjkwtk “ pûgk ´ ugkqv̂jkŵtk

` ugkpv̂jk ´ vjkqŵtk

` ugkvjkpŵtk ´ wtkq.
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Equation (112), fixed ℓ, and the triangle inequality imply
˜

1

n

ÿ

i,j,t

|π̂ijt ´ πijt|
4

¸1{4

“ Oppρq.

The raw observation average equals the product-weighted grouped average because the
common-component error depends on i only through gpiq. Also,

˜

1

n

ÿ

i,j,t

|x1
ijtγ|4

¸1{4

ď }γ}2

˜

1

n

ÿ

i,j,t

}xijt}
4
2

¸1{4

“ Oppρq.

Consequently, identifying h with its vectorization,

}h}4 “ Oppn1{4ρq, }ed h}2 ď }e}4}h}4 “ Opp
?
sq, }hd h}2 “ }h}24 “ Opps{

?
nq.

Using êd ê´ ed e “ ´2ed h` hd h gives

}êd ê´ ed e}2 “ Op

ˆ

?
s`

s
?
n

˙

. (113)

Step 3: Tangent projectors and projected regressors. For a full-column-rank matrix
B and probability weights ν, put GB “ B1DνB and

P νB “ BG´1
B B1Dν .

This is the column-space projector for the weighted inner product induced by Dν . Hölder’s
inequality gives

}P νB}4,νÑ4,ν ď }B}4,ν}G´1
B }op}B}4{3,ν . (114)

If }B̂ ´ B}4,ν “ Oppρq, the true and estimated fourth norms are Opp1q, and the Gram
inverses are bounded, then }ĜB ´ GB}op “ Oppρq and }Ĝ´1

B ´ G´1
B }op “ Oppρq. The exact

expansion

P ν
B̂

´ P νB “ pB̂ ´BqĜ´1
B B̂1Dν

`BpĜ´1
B ´G´1

B qB̂1Dν

`BG´1
B pB̂ ´Bq1Dν

and }B̂ ´B}4{3,ν ď }B̂ ´B}4,ν imply

}P ν
B̂

´ P νB}4,νÑ4,ν “ Oppρq. (115)

Define
Pm “ BmG

´1
m B1

mDµm , P´m “ B´mJ
´1
m B1

´mDµ´m ,

with analogous estimated projectors. The rowwise inequality }bad bb}2 ď }ba}2}bb}2 implies

}B´m}4,µ´m ` }B̂´m}4,µ´m “ Opp1q.

Expanding B̂´m ´B´m “ pB̂a ´Baq ˚ B̂b `Ba ˚ pB̂b ´Bbq also gives

}B̂´m ´B´m}4,µ´m
“ Oppρq.
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Thus the mode and pair projectors have bounded weighted fourth-norm operator norms,
and their estimated-minus-true differences have order Oppρq.

Let Rℓ select the canonical coordinates pr, k, kq, pk, r, kq, and pk, k, rq in Rℓ3 , with dupli-
cates removed. It has r0 “ 3ℓ2 ´ 2ℓ orthonormal columns. Define

Φ “ pB1 bB2 bB3qRℓ, Gcore “ Φ1DµΦ “ R1
ℓpG1 bG2 bG3qRℓ.

The normalized Gram bounds imply

c30Ir0 ĺ Gcore ĺ c31Ir0 .

The product weights and the telescoping expansion of the full Kronecker product give

}Φ}4,µ ` }Φ̂}4,µ “ Opp1q, }Φ̂ ´ Φ}4,µ “ Oppρq.

Equations (114) and (115) therefore apply to the core projectors PµΦ and Pµ
Φ̂

.
The weighted projector onto the grouped physical tangent space has the orthogonal

decomposition

PµT “

3
ÿ

m“1

KG
1,m

“

pIdm ´ Pmq b P´m

‰

pKG
1,mq1 ` PµΦ . (116)

Indeed, split each mode variation into its weighted projection onto colpBmq and its orthog-
onal complement. The complementary variations generate colpBmqKµm b colpB´mq. These
three spaces are mutually orthogonal and orthogonal to the core space. The remaining
variations generate colpΦq, since their coefficient coordinates are exactly those selected by
Rℓ.

Applying a projector to each complementary slice and summing the fourth powers shows
that tensor extensions preserve the weighted fourth-norm bounds. Expanding each tensor-
product projector difference in (116) consequently gives

}PµT }4,µÑ4,µ ` }Pµ
pT

}4,µÑ4,µ “ Opp1q, }Pµ
pT

´ PµT }4,µÑ4,µ “ Oppρq. (117)

We also need the Euclidean projector bound. In normalized grouped coordinates, the
same tangent decomposition uses Am, Lm, and the core matrix Ψ “ pA1 bA2 bA3qRℓ. All
these matrices have bounded norms, Gram matrices bounded away from singularity, and
Frobenius perturbations Oppρq. The ordinary column-projector expansion therefore gives
an Oppρq operator-norm perturbation for each component and hence for their sum. Writing
Q “ QDbIM bIT , the original tangent projectors are obtained by the isometric embedding
Q. Consequently,

}P
pT ´ PT }op “ Oppρq. (118)

This argument uses normalized coordinates directly.
Let X̄G P RGMTˆp have rows x̄1

gjt, where x̄gjt “ N´1
g

ř

i:gpiq“g xijt, and put

X “ PµT X̄
G, pX “ Pµ

pT
X̄G.

Jensen’s inequality gives

}X̄G}44,µ ď
1

n

ÿ

i,j,t

}xijt}
4
2 “ Opp1q.
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Since the projections act columnwise and p is fixed, (117) implies

}X }4,µ ` } pX }4,µ “ Opp1q, } pX ´ X }4,µ “ Oppρq. (119)

The relation between physical and normalized grouped coordinates is

Q1PTX
1
p4q “

?
nD1{2

µ X , Q1P
pTX

1
p4q “

?
nD1{2

µ
pX . (120)

Step 4: Exact bias coefficients and coefficient rates. Write b1
m,r for row r of Bm

and c1
m,q for row q of B´m. Let ξ1

r,q be the row of X at source index r and complementary
index q. Define

Zm,q “
ÿ

r

µmprqbm,rξ
1
r,q P Rℓˆp.

Let Zm P Rdadbˆℓp have row q equal to vecpZm,qq
1, put Tm “ pIdadb ´P´mqZm, and let Tm,q

denote the ℓˆ p reshaping of row q. Define

km,q “ T 1
m,qG

´1
m J´1

m cm,q,

and let Km have rows k1
m,q. Define estimated quantities by replacing the factors, projected

regressors, Grams, and projectors with their estimated counterparts.
Hölder’s inequality in the source weights gives

}Zm}4,µ´m ď }Bm}4{3,µm
}X }4,µ “ Opp1q.

The blockwise identity

Ẑm,q ´ Zm,q “
ÿ

r

µmprqpb̂m,r ´ bm,rqξ̂
1
r,q `

ÿ

r

µmprqbm,rpξ̂r,q ´ ξr,qq
1

and (112) and (119) give }Ẑm ´ Zm}4,µ´m
“ Oppρq. The pair-projector bounds and

T̂m ´ Tm “ pI ´ P̂´mqpẐm ´ Zmq ´ pP̂´m ´ P´mqZm

then imply

}Tm}4,µ´m ` }T̂m}4,µ´m “ Opp1q, }T̂m ´ Tm}4,µ´m “ Oppρq.

Hölder’s inequality for the product of two weighted fourth-norm matrices gives

}Km}2,µ´m ď }G´1
m J´1

m }op}Tm}4,µ´m}B´m}4,µ´m “ Opp1q.

Expanding k̂m,q ´ km,q one factor at a time, keeping the inverse-Gram order G´1
m J´1

m , and
using (109) gives

}Km}2,µ´m
` }K̂m}2,µ´m

“ Opp1q, }K̂m ´Km}2,µ´m
“ Oppρq. (121)

To identify the bias coefficients exactly, note the unnormalized scalings

pF1, F2, F3q “ pŪ , V,W q “ p
?
NA1,

?
MA2,

?
TA3q,

and
pC1, C2, C3q “ pV ˚W, Ū ˚W, Ū ˚ V q “ p

?
MTL1,

?
NTL2,

?
NML3q.
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Thus the matrix inside the mode-m bias formula is

1
?
n
AmG

´1
m J´1

m L1
mΩGmMLm

.

Fix a regressor coordinate r, and let eppq
r be the rth canonical basis vector of Rp. Let

Y
prq
m unfold the grouped tensor with entries

a

µpg, j, tqξ
prq

gjt. Let Zprq
m have row q equal to

pZm,qe
ppq
r q1, and define T prq

m analogously. Then

pY prq
m q1Am “ D1{2

µ´m
Zprq
m , MLm

D1{2
µ´m

“ D1{2
µ´m

pI ´ P´mq.

Equation (120) and cyclicity of the trace give

Bprq
m “

1
?
n
tr
´

pY prq
m q1AmG

´1
m J´1

m L1
mΩGmMLm

¯

“
1

?
n
tr
´

D1{2
µ´m

T prq
m G´1

m J´1
m B1

´mD
1{2
µ´m

ΩGm

¯

“
1

?
n

ÿ

q

µ´mpqqpΩGmqqqk
prq
m,q.

The last equality uses conditional uncorrelatedness, which makes ΩGm diagonal. Stacking
coordinates, and repeating the calculation for estimated quantities, gives

Bm “
1

?
n

ÿ

q

µ´mpqqpΩGmqqqkm,q, pBm “
1

?
n

ÿ

q

µ´mpqqppΩGmqqqk̂m,q.

Put σ2
a “ Erε2a | Fs and σG,2gjt “ N´1

g

ř

i:gpiq“g σ
2
ijt. Under conditional uncorrelatedness,

pΩG1 qpj,tq,pj,tq “
ÿ

g

σG,2gjt , pΩG2 qpg,tq,pg,tq “
ÿ

j

σG,2gjt , pΩG3 qpg,jq,pg,jq “
ÿ

t

σG,2gjt .

Substituting these formulas and the residual-based estimators in (15) yields the exact rep-
resentations

Bm “
ÿ

a

λm,aσ
2
a,

pBm “
ÿ

a

λ̂m,aε̂
2
a,

where

λ1,ijt “
N

Ngpiqn3{2
k1,pj,tq, λ2,ijt “

M

n3{2
k2,pgpiq,tq, λ3,ijt “

T

n3{2
k3,pgpiq,jq.

The estimated coefficients replace km,q by k̂m,q.
Let Lm P Rnˆp have rows λ1

m,a, and define pLm similarly. Direct summation gives

}L1}2F “
NHN

n2
}K1}22,µ2bµ3

, }L2}2F “
M2

n2
}K2}22,µ1bµ3

, }L3}2F “
T 2

n2
}K3}22,µ1bµ2

.

The same identities apply to estimated coefficients and their differences. Equations (16)
and (121) consequently imply

}Lm}F ` } pLm}F “ Oppdm{nq, } pLm ´ Lm}F “ Oppdmρ{nq. (122)
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Step 5: The bias-estimation rate. Let q have entries qa “ ε2a´σ2
a. The exact coefficient

representations give

pBm ´ Bm “ L1
mq ` p pLm ´ Lmq1ped eq ` pL1

mpêd ê´ ed eq.

The true coefficients are F-measurable. Since all diagonal pairs pa, aq belong to RD, As-
sumption 3 implies

Var

˜

ÿ

a

λprq
m,aqa | F

¸

ď c4
ÿ

a

|λprq
m,a|2.

Conditional Chebyshev’s inequality and fixed p therefore give

}L1
mq}2 “ Oppdm{nq.

For the other terms, deterministic Cauchy–Schwarz inequalities, (111), (113), and (122) give

}p pLm ´ Lmq1ped eq}2 ď } pLm ´ Lm}F }ed e}2 “ Oppdmρ{
?
nq

and
} pL1

mpêd ê´ ed eq}2 ď } pLm}F }êd ê´ ed e}2 “ Op

ˆ

dm
?
s

n
`
dms

n
?
n

˙

.

No independence involving the estimated coefficients is used. Summing over modes and
using

ř

m dm “ s gives

pBNMT ´BNMT “ Op

ˆ

s

n
`
s3{2

n
`

s2

n3{2

˙

.

Because s{n “ ρ2, s2{n3{2 “ ρs3{2{n, and ρ Ñ 0, this proves

pBNMT ´BNMT “ Op

ˆ

ρ2 `
s3{2

n

˙

“ Op

ˆ

ρ`
s3{2

n

˙

. (123)

Step 6: The bias-corrected expansion. Equation (118) and }Xp4q}2op{n “ Opp1q imply

}pΓNMT ´ ΓNMT }op ď
}Xp4q}2op

n
}P

pT ´ PT }op “ Oppρq.

The lower eigenvalue bound established in Step 1 therefore gives

}pΓ´1
NMT }op “ Opp1q, }ΓNMT

pΓ´1
NMT ´ Ip}op “ Oppρq.

All inverses are well defined with probability approaching one; the estimator may be ex-
tended arbitrarily outside that event.

Let RNMT “ Oppρ ` s3{2{nq denote the remainder in Proposition 1. Substituting the
definition of δ̂bc into that expansion gives

ΓNMT

?
npδ̂bc ´ δq “ ZNMT `RNMT

` pΓNMT
pΓ´1
NMT ´ IpqBNMT

` ΓNMT
pΓ´1
NMT p pBNMT ´BNMT q.
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Since BNMT “ Opps{
?
nq,

pΓNMT
pΓ´1
NMT ´ IpqBNMT “ Oppρs{

?
nq “ Opps3{2{nq.

The last term is Oppρ` s3{2{nq by (123). Consequently,

ΓNMT

?
NMT pδ̂bc ´ δq “ ZNMT `Op

˜

c

G`M ` T

NMT
`

pG`M ` T q3{2

NMT

¸

,

which proves (17).

B Proofs for Section 6 (Selecting the Number of Inter-
active Components)

Proposition 4 (Consistency of the information criterion). Suppose that Assumptions 1, 2,
3, and 7 hold, with the true-factor restrictions evaluated at rank ℓ0. Let ℓmax be fixed, with
1 ď ℓ0 ď ℓmax, and define pℓ by (18). If the positive deterministic penalty satisfies

gpG,N,M, T q Ñ 0,
NMT

G`M ` T
gpG,N,M, T q Ñ 8, (19)

then, along the asymptotic sequence in Assumption 1, we have

Ptpℓ “ ℓ0u Ñ 1.

Proof. Let gn “ gpG,N,M, T q. Retain the notation

n “ NMT, s “ G`M ` T, ρ “

c

s

n
, X “

Xp4q
?
n
,

and define

e “ vecpEq, VE “
}E}2F

n
, QD “ DpD1Dq´1{2, EG “ E ˆ1 Q

1
D.

Vector norms are Euclidean norms, matrix norms without subscripts are operator norms,
and }EG} denotes the tensor spectral norm. The asymptotic framework gives

ρ2 “
G

NMT
`

1

NT
`

1

NM
Ñ 0.

Assumption 2 and Lemma 4(i) imply

}X}F “
}X}F
?
n

“ Opp1q, }Xe} “
}Xp4qe}

?
n

“ Opp1q, }EG} “ Opp
?
sq. (124)

Only the conditional mean-zero and second-order covariance restrictions in Assumption 3
are used in this proof.
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1. A uniform criterion bound. For an arbitrary candidate rank 0 ď ℓ ď ℓmax and an
admissible pair prδ,Πq, define

γ “ rδ ´ δ0, ∆Π “ Π ´ Π0, R “ X ˆ4 γ
1 ` ∆Π, r “

}R}F
?
n
.

Here R is the displacement of the fitted conditional mean from the true conditional mean.
Consequently,

Y ´X ˆ4
rδ1 ´ Π “ E ´R.

For ℓ ě 1, choose any admissible representation of Π with candidate factors prU, rV ,ĂW q,
and put

M
rU, rV “ MD rU˚ rV bMW0

.

For ℓ “ 0, use M
rU, rV “ INM bMW0 . This is an orthogonal projector. It annihilates vecpΠq

because the candidate mode-3 matricization satisfies

Πp3q “ ĂW pD rU ˚ rV q1,

and it annihilates vecpΠ0q because

Π0,p3q “ W0pDU0 ˚ V0q1.

Therefore,
M

rU, rV vecpRq “ M
rU, rVX

1
p4qγ.

On the identification event in Assumption 7,

r2 ě
1

n

›

›

›
M

rU, rV vecpRq

›

›

›

2

“ γ1
”

XM
rU, rV X

1
ı

γ

ě crank}γ}2.

This inequality is uniform over all candidate ranks and admissible representations. Hence

}γ} ď c
´1{2
rank r.

Also,
}∆Π}F

?
n

ď
}R}F
?
n

`
}X ˆ4 γ

1}F
?
n

“ r ` }X1γ}

ď r ` }X}F }γ}.

Consequently,

}γ} ď c
´1{2
rank r,

}∆Π}F
?
n

ď anr, an :“ 1 ` c
´1{2
rank }X}F “ Opp1q. (125)

The same random bound an applies to every candidate.
We next establish a deterministic error-contraction bound. Let

L “ ℓmax ` ℓ0.
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The difference ∆Π admits a grouped CP representation with at most ℓ` ℓ0 ď L terms. We
claim that

|xE,∆ΠyF | ď L}EG}}∆Π}F . (126)

To verify this, define the grouped tensor difference

∆G
Π “ ∆Π ˆ1 Q

1
D.

Because the first-mode fibers of ∆Π belong to colpDq “ colpQDq and Q1
DQD “ IG,

xE,∆ΠyF “ xEG,∆G
ΠyF , }∆G

Π}F “ }∆Π}F .

For ∆Π ‰ 0, choose a representation of ∆G
Π with at most L terms. Let

O1 P RGˆr1 , O2 P RMˆr2

be orthonormal bases of the spans of its first-mode and second-mode factor vectors. Then

O1
1O1 “ Ir1 , O1

2O2 “ Ir2 , r1, r2 ď L,

and
p∆G

Πqp3q “ p∆G
Πqp3qpO1 bO2qpO1 bO2q1.

If o1,a and o2,b are columns of O1 and O2, respectively, then
›

›

›
EGp3qpo1,a b o2,bq

›

›

›
“ sup

wPRT

}w}“1

ˇ

ˇ

@

EG, o1,a ˝ o2,b ˝ w
D

F

ˇ

ˇ

ď }EG}.

Since there are r1r2 such columns,

}EGp3qpO1 bO2q}F ď
?
r1r2 }EG}.

Using the displayed support identity and Cauchy–Schwarz,

|xE,∆ΠyF | “

ˇ

ˇ

ˇ

A

EGp3qpO1 bO2q, p∆G
Πqp3qpO1 bO2q

E

F

ˇ

ˇ

ˇ

ď }EGp3qpO1 bO2q}F }p∆G
Πqp3qpO1 bO2q}F

ď
?
r1r2 }EG}}∆G

Π}F

ď L}EG}}∆Π}F .

The bound is immediate when ∆Π “ 0. Thus (126) holds for every realization and every
admissible candidate. In particular, it applies to data-dependent candidate factors without
conditioning on them, and it does not require candidate factor matrices to satisfy strong-
factor lower bounds.
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Since Y “ X ˆ4 δ
1
0 ` Π0 ` E, equations (125) and (126) give

1

n
}Y ´X ˆ4

rδ1 ´ Π}2F ´ VE “ r2 ´
2

n
xE,RyF

ě r2 ´
2

?
n

}γ}}Xe} ´
2L

n
}EG}}∆Π}F

ě r2 ´ bnr

“

ˆ

r ´
bn
2

˙2

´
b2n
4

ě ´
1

4
b2n, (127)

where

bn “
2c

´1{2
rank?
n

}Xe} `
2Lan
?
n

}EG}.

By (124), fixed L, and n´1{2 ď ρ,

bn “ Oppρq, bn ě 0, bn “ opp1q.

The criterion inequality holds simultaneously over all candidate ranks and admissible pa-
rameter values on the identification event.

2. Overfitted ranks. For every ℓ ě ℓ0, the true common component Π0 belongs to CDℓ,cU
by zero padding. Evaluating the criterion at pδ0,Π0q therefore gives Vpℓq ď VE . Together
with (127),

VE ´
1

4
b2n ď Vpℓq ď VE , ℓ ě ℓ0,

simultaneously on an event whose probability tends to one.
The candidate classes are nested, so Vpℓq ď Vpℓ0q when ℓ ą ℓ0. Consequently,

0 ď Vpℓ0q ´ Vpℓq ď
1

4
b2n “ Opps{nq, ℓ ą ℓ0.

It follows that
PCpℓq ´ PCpℓ0q ě pℓ´ ℓ0qgn ´

1

4
b2n.

The penalty condition gives
b2n
gn

“ Op

ˆ

s{n

gn

˙

“ opp1q.

Therefore,
PCpℓq ą PCpℓ0q

with probability approaching one, simultaneously over all overfitted candidate ranks.
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3. Underfitted ranks. On the strong-factor event,

λmin

ˆ

1

N
U 1
0D

1DU0

˙

ě c0, λmin

ˆ

1

M
V 1
0V0

˙

ě c0, λmin

ˆ

1

T
W 1

0W0

˙

ě c0.

For every z P Rℓ0 ,

1

NM
}pDU0 ˚ V0qz}2 “

›

›

›

›

›

DU0
?
N

diagpzq

ˆ

V0
?
M

˙1
›

›

›

›

›

2

F

ě λmin

ˆ

1

N
U 1
0D

1DU0

˙

λmin

ˆ

1

M
V 1
0V0

˙

} diagpzq}2F

ě c20}z}2.

Hence
σminpDU0 ˚ V0q ě c0

?
NM, σminpW0q ě

a

c0T .

Since
Π0,p3q “ W0pDU0 ˚ V0q1,

the smallest nonzero singular value satisfies

σℓ0pΠ0,p3qq ě σminpW0qσminpDU0 ˚ V0q ě c
3{2
0

?
n.

Every candidate Π P CDℓ,cU has rankpΠp3qq ď ℓ. The matrix rank-approximation inequal-
ity therefore gives, for ℓ ă ℓ0,

1

n
}Π ´ Π0}2F “

1

n
}Πp3q ´ Π0,p3q}2F

ě
1

n

ℓ0
ÿ

k“ℓ`1

σkpΠ0,p3qq2

ě pℓ0 ´ ℓqc30.

(128)

Combining (125) and (128), every admissible candidate at rank ℓ ă ℓ0 satisfies

r ě rℓ,n, rℓ,n :“
c
3{2
0

?
ℓ0 ´ ℓ

an
.

Because an “ Opp1q and bn “ opp1q,

anbn “ opp1q.

In particular, with probability approaching one,

bn ď
1

2
rℓ,n

simultaneously for every ℓ ă ℓ0. On this event, r ě rℓ,n implies bn ď r{2, and (127) gives

1

n
}Y ´X ˆ4

rδ1 ´ Π}2F ´ VE ě r2 ´ bnr

ě
1

2
r2

ě
pℓ0 ´ ℓqc30

2a2n
.
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Taking the minimum over all admissible candidates at rank ℓ, and using Vpℓ0q ď VE , yields

Vpℓq ´ Vpℓ0q ě
pℓ0 ´ ℓqc30

2a2n
, ℓ ă ℓ0,

simultaneously with probability approaching one.
Therefore,

PCpℓq ´ PCpℓ0q “ Vpℓq ´ Vpℓ0q ´ pℓ0 ´ ℓqgn

ě pℓ0 ´ ℓq

ˆ

c30
2a2n

´ gn

˙

.

The lower bound may be random, but its positivity follows from

a2ngn “ opp1q,

because an “ Opp1q and gn Ñ 0. Thus

PCpℓq ą PCpℓ0q

with probability approaching one, simultaneously over all underfitted candidate ranks.
Combining the underfitting and overfitting comparisons over the finite candidate set

gives
P tPCpℓq ą PCpℓ0q for every ℓ ‰ ℓ0, 0 ď ℓ ď ℓmaxu Ñ 1.

On this event, ℓ0 is the unique minimizer of the penalized criterion. Hence

Ptpℓ “ ℓ0u Ñ 1.

C Proofs for Section 7 (Inclusion of Additive Fixed Ef-
fects)

Lemma 2 (Consistency with group, teacher, and period additive effects). Suppose As-
sumptions 1, 2, 3, and 8 hold. Both the true and candidate additive effects satisfy the
observation-weighted normalizations in (20). Define the global least-squares estimator by
(21). Then the slope and the interactive component satisfy

}δ̂ ´ δ} `
}Π̂ ´ Π}F

?
n

“ Op

˜

c

G`M ` T

NMT

¸

. (24)

The uncentered joint loading spaces satisfy

1
?
MT

}MV̂ ˚Ŵ pV ˚W q}F “ Op

˜

c

G`M ` T

NMT

¸

,

1
?
NT

}MDÛ˚Ŵ pDU ˚W q}F “ Op

˜

c

G`M ` T

NMT

¸

, (25)

1
?
NM

}MDÛ˚V̂ pDU ˚ V q}F “ Op

˜

c

G`M ` T

NMT

¸

.
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Moreover, the additive-effect estimators satisfy

|κ̂´ κ| “ Op

˜

1
?
NMT

`

c

G`M ` T

NMT

¸

,

1
?
N

}Dpµ̂´ µq} “

«

1

N

G
ÿ

g“1

Ngpµ̂g ´ µgq2

ff1{2

“ Op

˜

c

G

NMT
`

c

G`M ` T

NMT

¸

,

1
?
M

}ν̂ ´ ν} “ Op

˜

1
?
NT

`

c

G`M ` T

NMT

¸

,

1
?
T

}ξ̂ ´ ξ} “ Op

˜

1
?
NM

`

c

G`M ` T

NMT

¸

.

(26)

Proof. Write n “ NMT , s “ G`M `T , and ρ “
a

s{n. Assumption 1 gives ρ Ñ 0. Let A
and Â denote the true and estimated additive-effect tensors. All stochastic bounds involving
conditional covariances are understood on the events in Assumption 3, whose probabilities
tend to one, with localization for random coefficient norms. Only the conditional mean-zero
and second-order covariance restrictions in that assumption are needed below.

The conditional regressor-moment bound implies }X}F “ Opp
?
nq. Let e “ vecpEq.

Assumption 3 gives }Eree1 | Fs} ď Cε with probability approaching one. Therefore,

Er}Xp4qMAD
e}2 | Fs ď Cε}Xp4qMAD

}2F ď Cε}X}2F .

Conditional Markov’s inequality and Assumption 2 yield

}X}F
?
n

“ Opp1q, }Xp4qMAD
e} “ Opp

?
nq, }EG} “ Opp

?
sq. (129)

1. The slope and additive-within common component. For any factor triple,

ΠpU, V,W qAD “

ℓ
ÿ

k“1

”

Duck ˝ vck ˝ wck ` ūk ιN ˝ vck ˝ wck

` v̄kDu
c
k ˝ ιM ˝ wck ` w̄kDu

c
k ˝ vck ˝ ιT

ı

. (130)

Each first-mode vector belongs to colpDq. Hence every transformed common component
has a grouped CP representation with at most 4ℓ terms, and the difference of two such
components has at most 8ℓ terms.

For any grouped tensor Z with a representation of at most r terms,

|xE,Zy| ď r}EG}}Z}F . (131)

Indeed, let ZG “ Z ˆ1 Q
1
D, where QD “ DpD1Dq´1{2. Then xE,Zy “ xEG, ZGy and

}ZG}F “ }Z}F . Choose orthonormal bases B1, B2 for the spans of the first- and second-
mode vectors in a representation of ZG with at most r terms. Their column counts r1, r2
are at most r, and

ZGp3q “ ZGp3qpB1 bB2qpB1 bB2q1.
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Each column of EG
p3q

pB1 b B2q has Euclidean norm at most }EG}. Frobenius Cauchy–
Schwarz therefore proves (131), with

?
r1r2 ď r. The bound is pathwise and applies to

data-dependent tensors.
Set

γ “ δ̂ ´ δ0, ∆ “ Π̂ ´ Π0, ∆AD “ Π̂AD ´ ΠAD
0 ,

RAD
“ MAD

tX 1
p4qγ ` vecp∆qu, rn “

}RAD
}

?
n

.

Global optimality of the profiled estimator

pδ̂, Û , V̂ , Ŵ q P argmin
δPRp

pU,V,W qPΘℓ

1

n

›

›

›
MAD

ty ´X 1
p4qδ ´ πpU, V,W qu

›

›

›

2

.

implies }MAD
e´RAD

}2 ď }MAD
e}2 so that

}RAD
}2 ď 2xMAD

e,RAD
y

ď 2}γ}}Xp4qMAD
e} ` 2|xE,∆ADy|

ď 2}γ}}Xp4qMAD
e} ` 16ℓ}EG}}∆AD}F . (132)

The last line follows from (130)–(131).
Let

LÛ,V̂ “ M
rιNbιM , DÛ˚V̂ s

bMrιT ,W0s.

This orthogonal projector annihilates AD, vecpΠ0q, and vecpΠ̂q. To see this, note that the
column ιN b ιM in CA removes arbitrary year effects and the column ιT in WA “ rιT ,W s

removes group and teacher effects, which are constant over time.
Thus LÛ,V̂MAD

“ LÛ,V̂ , and the uniform identification condition gives

r2n ě
1

n
}LÛ,V̂RA}2 “ γ1

„

1

n
Xp4qLÛ,V̂X

1
p4q

ȷ

γ ě cδ,A}γ}2

with probability approaching one. Consequently,

}γ} ď c
´1{2
δ,A rn,

}∆AD}F
?
n

ď anrn, an “ 1 ` c
´1{2
δ,A

}X}F
?
n

“ Opp1q.

Dividing (132) by n gives r2n ď bnrn, where

bn “
2c

´1{2
δ,A

n
}Xp4qMAD

e} ` 16ℓan
}EG}
?
n

“ Oppρq.

Since rn, bn ě 0, this implies rn ď bn on the identification event. Therefore,

}δ̂ ´ δ0} `
}Π̂AD ´ ΠAD

0 }F
?
n

“ Oppρq. (133)
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2. Recovering the untransformed interactive component. We recover the full com-
ponent from its fully centered tensor and its three pairwise contractions.

Let pd1, d2, d3q “ pG,M, T q and define the unit constant directions in grouped coordi-
nates by

q1 “
pD1Dq1{2ιG

?
N

, q2 “
ιM

?
M
, q3 “

ιT
?
T
, Mqm “ Idm ´ qmq

1
m.

Introduce normalized true factors and their centered parts,

A1 “
pD1Dq1{2U0

?
N

, A2 “
V0

?
M
, A3 “

W0
?
T
, Bm “ MqmAm, αm “ A1

mqm.

Then Am “ Bm ` qmα
1
m. Use hats for the estimated counterparts. In particular,

B1 “
pD1Dq1{2U c0?

N
, B2 “

V c0?
M
, B3 “

W c
0?
T
,

so the centered-strength condition gives ccIℓ ĺ B1
mBm ĺ c1Iℓ with probability approaching

one.
Since A1

mAm “ B1
mBm ` αmα

1
m, Assumptions 2 and 8(i) imply

ccIℓ ĺ B1
mBm ĺ A1

mAm ĺ c1Iℓ, m “ 1, 2, 3, (134)

with probability approaching one. Below, À suppresses constants depending only on ℓ, cc, c1, cU .
Define the normalized grouped tensors and their difference by

C “
1

?
n
Π0 ˆ1 Q

1
D,

pC “
1

?
n
Π̂ ˆ1 Q

1
D, z “ vecppC ´ Cq.

Thus C “
řℓ
k“1 a1,k ˝ a2,k ˝ a3,k, with the analogous representation for pC. Let

Q “ QD b IM b IT , MG
AD

“ Q1MAD
Q.

Since Q1Q “ IGMT and the additive space is contained in colpQq, we have MAD
Q “ QMG

AD
,

and MG
AD

is the additive residual-maker in grouped coordinates. Consequently,

}z} “
}∆}F
?
n
, ηn :“ }MG

AD
z} “

}∆AD}F
?
n

“ Oppρq “ opp1q.

We first recover the raw loading spaces. Define

S1 “ C ˆ2 Mq2 ˆ3 Mq3 ,
pS1 “ pC ˆ2 Mq2 ˆ3 Mq3 .

Every grouped additive term has at least two modes proportional to the corresponding qm.
Hence centering in modes two and three annihilates the grouped additive space, giving

pIG bMq2 bMq3qMG
AD

“ IG bMq2 bMq3 .

It follows that
}pS1 ´ S1}F ď ηn, pS1qp1q “ A1pB2 ˚B3q1.
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The Schur-product identity and (134) imply

pB2 ˚B3q1pB2 ˚B3q “ pB1
2B2q d pB1

3B3q ľ c2cIℓ,

and therefore σℓppS1qp1qq ě c
3{2
c . Singular-value perturbation gives

σℓpppS1qp1qq ě c3{2
c ´ ηn ą 0

with probability approaching one. Since ppS1qp1q “ Â1pB̂2 ˚ B̂3q1 has rank at most ℓ, it has
rank exactly ℓ, as does Â1. Moreover,

cc}MÂ1
A1}F ď }MÂ1

pS1qp1q}F “ }MÂ1
tpS1qp1q ´ ppS1qp1qu}F ď ηn.

Repeating this argument cyclically yields

rankpÂmq “ ℓ, }MÂm
Am}F ď c´1

c ηn, m “ 1, 2, 3,

with probability approaching one.
Let Om “ AmpA1

mAmq´1{2, so that O1
mOm “ Iℓ and PAm “ OmO

1
m. Equality of the

true and estimated loading-space dimensions gives

}PÂm
´ PAm

}2F “ 2}MÂm
Om}2F .

Thus, by (134),

}PÂm
´ PAm

} ď
?
2}MÂm

Om}F ď
?
2 c´3{2

c ηn, m “ 1, 2, 3.

Next, define

P “ PA1
b PA2

b PA3
, pP “ PÂ1

b PÂ2
b PÂ3

, J “ Mq1 bMq2 bMq3 .

A telescoping expansion of the Kronecker products gives

} pP ´ P} ď

3
ÿ

m“1

}PÂm
´ PAm} À ηn.

The parameter-space restrictions imply

}pC}F ď

ℓ
ÿ

k“1

}â1,k}}â2,k}}â3,k} ď ℓ
a

CU .

Since P vecpCq “ vecpCq and pP vecppCq “ vecppCq,

}pIGMT ´ Pqz} “ }pIGMT ´ Pqp pP ´ Pq vecppCq}

ď } pP ´ P}}pC}F À ηn. (135)

To control the remaining component }Pz}, observe that

O1
mMqmOm “ pA1

mAmq´1{2B1
mBmpA1

mAmq´1{2 ľ
cc
c1
Iℓ.
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Let O “ O1 bO2 bO3. Then O1O “ Iℓ3 , P “ OO1, and

pJOq1pJOq “

3
â

m“1

pO1
mMqmOmq ľ

ˆ

cc
c1

˙3

Iℓ3 .

Consequently,

}J v} ě

ˆ

cc
c1

˙3{2

}v}, v P rangepPq.

Full centering annihilates the grouped additive space, so JMG
AD

“ J and }J z} ď }MG
AD

z} “

ηn. Therefore, using (135),

}Pz} ď

ˆ

c1
cc

˙3{2

}JPz} ď

ˆ

c1
cc

˙3{2

tηn ` }pIGMT ´ Pqz}u À ηn.

where we’ve used

}JPz} “ }J pz ´ pIGMT ´ Pqzq} “ }J z ´ J pIGMT ´ Pqz} ď }J z} ` }J pIGMT ´ Pqz}.

Together with (135), this proves

}Π̂ ´ Π0}F
?
n

“ }z} ď }Pz} ` }pIGMT ´ Pqz} À ηn “ Oppρq. (136)

Combining (133) and (136) establishes (24).

3. The uncentered joint loading spaces. The first-mode matricizations satisfy

pΠ0,p1q ´ Π̂p1qqMV̂ ˚Ŵ “ DU0pV0 ˚W0q1MV̂ ˚Ŵ .

Since U 1
0D

1DU0 ľ NccIℓ, it follows that
a

Ncc}MV̂ ˚Ŵ pV0 ˚W0q}F ď }pΠ0,p1q ´ Π̂p1qqMV̂ ˚Ŵ }F ď }∆}F .

Hence
}MV̂ ˚Ŵ pV0 ˚W0q}F

?
MT

ď c´1{2
c

}∆}F
?
n

“ Oppρq.

The other two bounds in (25) follow by cyclic permutation.

4. The additive effects. Let ∆a “ vecpÂ ´ Aq. The additive profiling identity gives

∆a “ PAD
te´X 1

p4qγ ´ vecp∆qu.

Denote the four mutually orthogonal summands of PAD
by Pκ, Pµ, Pν , Pξ, with respective

ranks
rκ “ 1, rµ “ G´ 1, rν “ M ´ 1, rξ “ T ´ 1.

These projectors are F-measurable. The conditional covariance bound implies

Er}Pbe}
2 | Fs ď Cεrb, b P tκ, µ, ν, ξu.
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By conditional Markov’s inequality, (129), (133), and (136),

}Pb∆a}
?
n

ď
}Pbe}
?
n

`
}X}F
?
n

}γ} `
}∆}F
?
n

“ Op

ˆ
c

rb
n

` ρ

˙

, b P tκ, µ, ν, ξu.

The observation-weighted additive normalizations give

}Pκ∆a}
?
n

“ |κ̂´ κ|,
}Pµ∆a}

?
n

“
}Dpµ̂´ µq}

?
N

,

}Pν∆a}
?
n

“
}ν̂ ´ ν}

?
M

,
}Pξ∆a}

?
n

“
}ξ̂ ´ ξ}

?
T

.

Substitution of the four ranks proves (26).

D Proofs for Section 11 (Appendix)
Lemma 3 (Convergence with an unbalanced sample). Maintain the model, membership
conditions, normalized parameter space, and true-parameter feasibility specified above. Let
p, ℓ be fixed, and suppose that

ρΩ “

c

G`M ` T

nΩ
, ρΩ Ñp 0. (41)

Let pδ̂, Û , V̂ , Ŵ q be a global minimizer in (37), and suppose that Assumptions 13 and 14
hold.

(i) Observed-sample convergence. The slope and observed interactive component satisfy

}δ̂ ´ δ} `
}RΩpπ̂ ´ πq}

?
nΩ

“ OppρΩq. (42)

(ii) Full-component convergence. If Assumption 15 also holds, then

}Π̂ ´ Π}F
?
NMT

“ OppρΩq. (43)

(iii) Full joint loading-space convergence. Suppose Assumption 15 holds and, for a constant
cf ą 0 independent of the panel dimensions, with probability approaching one,

1

N
U 1D1DU ľ cfIℓ,

1

M
V 1V ľ cfIℓ,

1

T
W 1W ľ cfIℓ. (44)

Then
1

?
MT

}MV̂ ˚Ŵ pV ˚W q}F “ OppρΩq,

1
?
NT

}MDÛ˚Ŵ pDU ˚W q}F “ OppρΩq,

1
?
NM

}MDÛ˚V̂ pDU ˚ V q}F “ OppρΩq.

(45)
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The observed-sample conclusion requires neither Assumption 15 nor the strong-factor bounds
in (44). All conclusions are aggregate-norm statements, not uniform fixed-index consistency
results.

Proof. In the proof, write pδ0, U0, V0,W0,Π0q for the true parameters and common compo-
nent denoted by pδ, U, V,W,Πq in the statement. Write m “ nΩ, n “ NMT , s “ G`M`T ,
and ρΩ “

a

s{m. All stochastic orders involving the random sample size are relative to its
realized positive value.

1. The observed regressor score. On the conditional covariance event in Assumption
14,

E

«

›

›

›

›

X 1
ΩeΩ?
m

›

›

›

›

2
ˇ

ˇ

ˇ

ˇ

ˇ

FΩ

ff

“
1

m
tr
`

X 1
ΩEreΩe

1
Ω | FΩsXΩ

˘

ď
cε
m

}XΩ}2F .

Conditional Markov’s inequality, the regressor bound in Assumption 13, and the probability
of the covariance event imply

›

›

›

›

X 1
ΩeΩ?
m

›

›

›

›

“ Opp1q,
}XΩ}F

?
m

“ Opp1q.

For the first assertion, one may first restrict to t}XΩ}2F {m ď Au for a fixed A, apply
the conditional probability bound there, and then make the complementary probability
arbitrarily small by choosing A sufficiently large.

2. Identification and the basic inequality. Set

γ “ δ̂´δ0, ∆ “ Π̂´Π0, rΩ “ XΩγ`RΩ vecp∆q, tΩ “
}rΩ}
?
m
, pBΩ “ BΩpÛ , V̂ q.

The candidate component lies in the first block of pBΩ, because

π̂Ω “ RΩtpDÛ ˚ V̂ q b IT u vecpŴ 1q.

The true component lies in its second block. Specifically, define b0 P RGMℓ by stacking the
vectors u0g d v0j in increasing group–teacher order. Then

π0,Ω “ RΩpD b IM bW0qb0.

Hence M
pBΩ
RΩ vecp∆q “ 0. On the uniform identification event,

t2Ω ě
1

m
}M

pBΩ
rΩ}2 “ γ1

ˆ

1

m
X 1

ΩM pBΩ
XΩ

˙

γ ě cδ,Ω}γ}2.

Although pBΩ depends on the errors, the inequality applies because the identification bound
is uniform over all candidate matrices. It follows that

}γ} ď c
´1{2
δ,Ω tΩ,

}RΩ vecp∆q}
?
m

ď aΩtΩ, aΩ “ 1 ` c
´1{2
δ,Ω

}XΩ}F
?
m

“ Opp1q. (137)
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The true parameters are feasible, so global least-squares optimality gives }eΩ ´ rΩ}2 ď

}eΩ}2. Moreover, ∆ P LD2ℓ, and therefore

|e1
ΩRΩ vecp∆q| ď }E}Ω,2ℓ}RΩ vecp∆q}.

This inequality is also valid when RΩ vecp∆q “ 0, in which case both sides are zero. Conse-
quently,

mt2Ω ď 2e1
ΩrΩ

ď 2}γ}}X 1
ΩeΩ} ` 2}E}Ω,2ℓ}RΩ vecp∆q}.

Using (137), divide by m to obtain t2Ω ď bΩtΩ, where

bΩ “
2c

´1{2
δ,Ω

m
}X 1

ΩeΩ} `
2aΩ
?
m

}E}Ω,2ℓ “ Op

ˆ

m´1{2 `

c

s

m

˙

“ OppρΩq.

Both tΩ and bΩ are nonnegative, so tΩ ď bΩ on the identification event. Thus tΩ “ OppρΩq,
and (137) proves (42). The convergence to zero follows from (41).

3. Recovery of the full component. On the sampling-stability event, uniformity of
(40) over the feasible parameter space permits evaluation at pÛ , V̂ , Ŵ q and gives

}∆}F
?
n

ď c
´1{2
Π

}RΩ vecp∆q}
?
m

“ OppρΩq.

This proves (43). No true-factor lower eigenvalue bound is used in this step.

4. The three joint loading spaces. For h “ 1, 2, 3, write Π0,phq “ Ah0C
1
h0, where

pAh0, Ch0, dhq “

$

’

&

’

%

pDU0, V0 ˚W0, Nq, h “ 1,

pV0, DU0 ˚W0,Mq, h “ 2,

pW0, DU0 ˚ V0, T q, h “ 3.

Let Âh, Ĉh denote the corresponding estimated matrices. Since Π̂phq “ ÂhĈ
1
h, we have

∆phqMĈh
“ ´Ah0C

1
h0MĈh

.

The Frobenius norm is unchanged by matricization and contracts under orthogonal projec-
tion. Hence

}∆}F ě }Ah0C
1
h0MĈh

}F ě tλminpA1
h0Ah0qu1{2}MĈh

Ch0}F .

On the true-factor strength event, it follows that
c

dh
n

}MĈh
Ch0}F ď

"

λmin

ˆ

A1
h0Ah0
dh

˙*´1{2
}∆}F
?
n

ď c
´1{2
f

}∆}F
?
n

“ OppρΩq.

The factors
a

dh{n equal 1{
?
MT , 1{

?
NT , and 1{

?
NM , respectively. This proves (45).

The argument uses Moore–Penrose projectors and does not assume that the estimated load-
ing matrices or observed slice Gram matrices are nonsingular.
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